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Conformal Invariants

• Hyperplanes: hyperbolic 

distance or angle

• Hyperbolic points/planes:

hyperbolic distance

• Ideal points with other 

objects: hyperbolic ratio
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Interior Balls

Every sphere 𝑆 in 𝕊𝑛−1 has 

two choices for an interior 

ball.
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Every sphere 𝑆 in 𝕊𝑛−1 has 

two choices for an interior 

ball.

In Lorentz space, we 

distinguish between the two 

by choosing either a positive 

space-like unit vector or a 

negative space-like unit 

vector.

𝑐 𝑐

𝑣+
𝑣−

𝕊𝑛−1 𝕊𝑛−1
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Four circles are independent if they 

do not belong to the same circle-

plane:

• Hyperbolic c-plane: All circles 

orthogonal to common circle.

• Parabolic c-plane: All circles 

contain common point.

• Elliptic c-plane: Collection 

Mobius-equivalent to 

collection of great circles.
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Rigidity of Intermingled Point and 
Circle Configurations

Theorem. (G.) Let {𝐶𝛼 , 𝑝𝛽: 𝛼, 𝛽 ∈ 𝒜} and {𝐶𝛼
′ , 𝑝𝛽

′ : 𝛼, 𝛽 ∈ 𝒜} be two collections of 

oriented circles and points, resp., in 𝕊2. Suppose each collection has an 

independent subcollection of four circles, {𝐶1, 𝐶2, 𝐶3, 𝐶4} and {𝐶1
′ , 𝐶2

′ , 𝐶3
′ , 𝐶4

′}, resp., 

where 𝑝𝛽, 𝑝𝛽
′ are not points in 𝐶𝑖 , 𝐶𝑖

′ resp., for each 𝑖 = 1,2,3,4. Then there is a 

unique Inversive transformation 𝜙 such that one of the following holds: either 

𝜙 𝐶𝛼 = 𝐶𝛼
′ and 𝜙 𝑝𝛽 = 𝑝𝛽′ for each 𝛼, 𝛽 in 𝒜, or else 𝜙 𝐶𝛼 = 𝐶𝛼

′ and 

𝜙 𝑝𝛽 = 𝑝𝛽
′ for each 𝛼, 𝛽 in 𝒜, if and only if 𝐶𝛼 , 𝐶𝑖 = (𝐶𝛼

′ , 𝐶𝑖
′) for each distinct 

pair 𝛼, 𝑖 in 𝒜, and 𝑝𝛽, 𝐶𝑖 , 𝐶𝑗 = (𝑝𝛽
′ , 𝐶𝑖

′, 𝐶𝑗
′) for each distinct triple 𝛽, 𝑖, 𝑗 in 𝒜.
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Thank You!



References

[1] Beardon. The Geometry of Discrete Groups. Springer-Verlag, New York (1983).

[2] Beardon, Minda. Conformal automorphisms of finitely connected regions. In P. Rippon & G. Stallard (Eds.), 
Transcendental Dynamics and Complex Analysis. (London Mathematical Society Lecture Note Series, pp. 37-
73). Cambridge: Cambridge University Press. 10.1017/CBO9780511735233.004

[3] Bowers, Bowers. Ma-Schlenker c-Octahedra in the 2-sphere. Discrete Comput. Geom., 60, 9-26 (2018) 
10.1090/ecgd/304

[4] Bowers, Bowers, Pratt. Rigidity of circle polyhedra in the 2-sphere and of hyperideal polyhedra in hyperbolic 
3-space. Trans. Amer. Math. Soc., 371 (2019), 4215-4249, 10.1090/tran/7483

[5] Crane, Short. Rigidity of configurations of balls and points in the n-sphere. The Quarterly Journal of 
Mathematics, Vol.62  Issue 2 (2011), pp.351-362. 10.1093/qmath/hap044

[6] Ratcliffe. Foundations of Hyperbolic Manifolds. Springer-Verlag, New York (2006).



Theorem. (G.)

Let 𝐾 be an edge-labeled, oriented triangulation of 𝕊2. 

Let 𝒞 and 𝒞′ be two inversive distance circle packings of 

𝕊2 based on triangulation 𝐾, where 𝒞 and 𝒞′ are 

coincident and consistently-oriented. Let 𝑇 be a face 

spanning tree of 𝐾∗. There is an edge-labeled subgraph 

𝐺 of 𝑇 such that if 𝒞 and 𝒞′ both realize the same 

edge-labeling on 𝐺, then there is a Möbius 

transformation 𝜙 such that 𝜙 𝒞 = 𝒞′.
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Distance Circle 

Packings
Ma-Schlenker C-Octahedra in 

the 2-Sphere

(Bowers & Bowers 2018)
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All space-like 
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Analogy: Three points are 

independent in 𝔼2 if they do not 

lie on a line.

Lemma. Let {𝐶1, 𝐶2, 𝐶3, 𝐶4} be a 

collection of fixed independent 

circles in 𝕊2. For circles 𝐶 and 

𝐶′,

ሾ

ሿ

InvDist 𝐶𝑖 , 𝐶 =

InvDist 𝐶𝑖 , 𝐶
′ ∀𝑖 ⇔ 𝐶 = 𝐶′.

𝑎

𝑎 𝑎

𝑏 𝑏

𝑎
𝑏

𝑐
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Subcollections
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Modified 
Rigidity 
Statement

Need less conformal invariant 

information:

• Before: 𝐾𝑚 needed for 

collection of 𝑚 spheres.

• After: 

𝑛 + 1 ! + (𝑚 − 𝑛 − 1)(𝑛 + 1), 

where  𝑛 + 1 is the number of 

spheres in independent 

subcollection.
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