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FRG Workshop on Geometric Methods for Analyzing Discrete Shapes

Harvard University, May 7-9 (Friday-Sunday), 2021

Featured lectures:
Christopher Bishop, Stony Brook
Keenan Crane, Carnegie Mellon

Speakers include:
Miri Ben-Chen, Technion – Israel Institute of Technology
Alexander Bobenko, Technische Universität Berlin, Germany
Ulrike Buecking, Free University, Germany
Nadav Dym, Duke University
Ivan Izmestiev, Vienna University of Technology
Yanwen Luo, Rutgers
Max Wardetzky, University of Goettingen
Stephan Tillmann, The University of Sydney
Xu Xu, Wuhan University

The workshop will run virtually due to the COVID-19.
https://cmsa.fas.harvard.edu/frg-2021/

Organizers:
David Glickenstein (University of Arizona)
Joel Hass (University of California, Davis)
Patrice Koehl (University of California, Davis)
Feng Luo (Rutgers University, New Brunswick)
Tianqi Wu (Harvard University)
S.-T. Yau (Harvard University)

Overview:
The workshop will bring together a community of 
researchers in mathematics, computer science and data 
sciences who develop theoretical and computational 
models to characterize analysis of shape and image 
data. The workshop will feature talks aimed at 
graduate students, newcomers and a broad spectrum of 
audiences. C. Bishop and K. Crane will each give two 
featured talks. The remaining part will background 
and research talks, organized discussions of open 
problems and potential applications.

https://cmsa.fas.harvard.edu/frg-2021/


Conformality from the Riemannian perspective

Two Riemannian metrics 𝑔𝑔 and ℎ on a smooth manifold 
𝑀𝑀 are conformal if there exists a smooth function 
𝑓𝑓:𝑀𝑀 → ℝ such that ℎ = 𝑒𝑒𝑓𝑓𝑔𝑔

Note that a conformal deformation changes the lengths 
of vectors but not the angles between vectors.

A conformal deformation of a Riemannian metrics:

�
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑡𝑡=0

𝑒𝑒𝑓𝑓𝑡𝑡𝑔𝑔 = 𝑢𝑢𝑔𝑔

if 𝑓𝑓0 is the zero function and �𝑑𝑑𝑓𝑓
𝑑𝑑𝑡𝑡 𝑡𝑡=0

= 𝑢𝑢.

Conformal deformation. Image: Bobenko-
Sechelmann-Springborn 2016



Conformal variation of curvature

Conformal deformation of scalar curvature measure 𝑅𝑅𝑑𝑑𝑅𝑅 of an 𝑛𝑛-dimensional 
manifold:

�
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑡𝑡=0

𝑅𝑅𝑑𝑑𝑅𝑅 𝑒𝑒𝑓𝑓𝑡𝑡𝑔𝑔 = 1 − 𝑛𝑛 △ 𝑢𝑢 +
𝑛𝑛
2
− 1 𝑅𝑅𝑢𝑢 𝑑𝑑𝑅𝑅

if 𝑓𝑓0 is the zero function and �𝑑𝑑𝑓𝑓
𝑑𝑑𝑡𝑡 𝑡𝑡=0

= 𝑢𝑢.

Scalar curvature is the variation of a functional:

• Dimensions ≥ 3: Einstein-Hilbert (total scalar 
curvature) functional. 

• Dimension = 2: Laplace determinant functional.

Gaussian curvature field. Image: 
Perrier, Levallois, Coeurjolly, 
Farrugia, Iehl, Lachaud 2016



Discrete geometric structure

We consider Euclidean structures on a triangulated surface (possibly with 
boundary), denoted (𝑀𝑀,𝑇𝑇). 

These are determined by an edge length function 
ℓ:𝐸𝐸(𝑇𝑇) → ℝ≥0, 

with the assumption that the lengths determine nondegenerate triangles (i.e., 
satisfy the triangle inequality).



Axioms for discrete conformal structure

• (Vertex deformation) ℓ𝑣𝑣𝑣𝑣 = ℓ𝑣𝑣𝑣𝑣(𝑓𝑓𝑣𝑣, 𝑓𝑓𝑣𝑣) for any edge 𝑣𝑣𝑣𝑣 and weights 𝑓𝑓:V(𝑇𝑇) → ℝ

• (Orthogonal dual structure) ℓ𝑣𝑣𝑣𝑣 = 𝑑𝑑𝑣𝑣𝑣𝑣 + 𝑑𝑑𝑣𝑣𝑣𝑣 and for any triangle 𝑢𝑢𝑣𝑣𝑣𝑣, we have 
𝑑𝑑𝑢𝑢𝑣𝑣2 + 𝑑𝑑𝑣𝑣𝑣𝑣2 + 𝑑𝑑𝑣𝑣𝑢𝑢2 = 𝑑𝑑𝑣𝑣𝑢𝑢2 + 𝑑𝑑𝑢𝑢𝑣𝑣2 + 𝑑𝑑𝑣𝑣𝑣𝑣2 .

• 𝜕𝜕ℓ𝑣𝑣𝑣𝑣
𝜕𝜕𝑓𝑓𝑣𝑣

= 𝑑𝑑𝑣𝑣𝑣𝑣 for any vertex 𝑣𝑣 in an edge 𝑣𝑣𝑣𝑣



Circle packing

A Euclidean (tangential) circle packing metric is an assignment of weights 𝑟𝑟𝑣𝑣 to vertices 𝑣𝑣
of a triangulation such that ℓ𝑣𝑣𝑣𝑣 = 𝑟𝑟𝑣𝑣 + 𝑟𝑟𝑣𝑣

Note that in our description, 𝑓𝑓𝑣𝑣 = log 𝑟𝑟𝑣𝑣
and 𝑑𝑑𝑣𝑣𝑣𝑣 = 𝑟𝑟𝑣𝑣 = 𝑒𝑒𝑓𝑓𝑣𝑣. 

It is notable that the dual structure has 
centers at the incenter of the triangle.

Image: X. Gu



Some (!) history of circle packing

Koebe 1936, Andreev 
1970 

Existence of circle 
packings on spheres 
and disks. 

Thurston 1980 

Existence of circle 
packings on torus 
(and higher genus), 
radii determine 
angles (local 
rigidity).

Marden-Rodin 1990 

Existence on sphere 
and disk following 
Thurston.

Colin de Verdiere 1991 

Variational principle. There exists a 
function 𝐹𝐹 such that
𝜕𝜕𝐹𝐹
𝜕𝜕𝑓𝑓𝑣𝑣

= 𝜃𝜃𝑣𝑣 and
𝜕𝜕2𝐹𝐹

𝜕𝜕𝑓𝑓𝑣𝑣𝜕𝜕𝑓𝑓𝑣𝑣
=
𝜕𝜕𝜃𝜃𝑣𝑣
𝜕𝜕𝑓𝑓𝑣𝑣

=
𝜕𝜕𝜃𝜃𝑣𝑣
𝜕𝜕𝑓𝑓𝑣𝑣

(convexity follows from Thurston 1980).

Z. He 1999 

Angle derivative for 
circle packings

𝜕𝜕𝜃𝜃𝑣𝑣
𝜕𝜕𝑓𝑓𝑣𝑣

=
𝑟𝑟𝑢𝑢𝑣𝑣𝑣𝑣
ℓ𝑣𝑣𝑣𝑣

Chow-Luo 2003 

Flow method

Stephenson 2005 

First book on Circle 
Packing



Multiplicative conformal structure

Defined by Luo 2004:

ℓ𝑣𝑣𝑣𝑣 = 𝑒𝑒
1
2(𝑓𝑓𝑣𝑣+𝑓𝑓𝑣𝑣)𝐿𝐿𝑣𝑣𝑣𝑣

where 𝐿𝐿 are fixed. 

Using the axioms, we see that

𝑑𝑑𝑣𝑣𝑣𝑣 =
1
2 ℓ𝑣𝑣𝑣𝑣 = 𝑑𝑑𝑣𝑣𝑣𝑣

The center is the circumcenter.



Some history of multiplicative conformal structure

Rocek-Williams 1984

First proposed in Regge
Calculus literature. 

Luo 2003

Defined, proved local rigidity.

Springborn-Schroeder-Pinkall 2008, Bobenko-
Pinkall-Springborn 2015 

Give variational perspective and extend to a 
larger domain. Needed because not every 
choice of weights satisfy triangle inequality. 

Gu-Luo-Sun-Wu 2018 

Give global rigidity/uniqueness by using 
Delaunay flips.



Inversive distance packings

Bowers-Stephenson 2004

Defined as circle configurations 
with fixed inversive distances.

Guo 2011

Proved local Rigidity

Luo 2011

Proved global rigidity.

Xu 2018

Proved global rigidity for a larger 
class of inversive distance 
packings



Angle Variation of Discrete Conformal Structures

G. 2011 – Suppose we have a variation of lengths such that 
𝜕𝜕ℓ𝑣𝑣𝑣𝑣
𝜕𝜕𝑓𝑓𝑣𝑣

= 𝑑𝑑𝑣𝑣𝑣𝑣

Then the angle variation is: 
𝜕𝜕𝜃𝜃𝑣𝑣
𝜕𝜕𝑓𝑓𝑣𝑣

=
ℎ𝑣𝑣𝑣𝑣
ℓ𝑣𝑣𝑣𝑣

This is a direct generalization of Z. He’s result on circle packing.

An important observation is that this is symmetric!



Proof of the variation formula (G. 2011)



Variational formulation

It follows that Colin de Verdiere’s construction can be used to give a variational formulation. 

We end up with a discrete Laplacian if we 
vary the curvature:

𝐾𝐾𝑣𝑣 = 2𝜋𝜋 − ∑𝑇𝑇 𝜃𝜃𝑣𝑣

So that if  𝑑𝑑𝑓𝑓𝑣𝑣
𝑑𝑑𝑡𝑡

= 𝑢𝑢𝑣𝑣, then 

𝑑𝑑
𝑑𝑑𝑑𝑑 𝐾𝐾𝑣𝑣 =−△ 𝑢𝑢𝑣𝑣 = − �

𝑣𝑣∈𝑉𝑉(𝑇𝑇)

ℓ𝑣𝑣𝑣𝑣∗

ℓ𝑣𝑣𝑣𝑣
(𝑢𝑢𝑣𝑣 − 𝑢𝑢𝑣𝑣).

Note the similarity to the smooth case if 𝐾𝐾𝑣𝑣 corresponds to 𝐾𝐾𝑑𝑑𝑅𝑅 = 1
2
𝑅𝑅𝑑𝑑𝑅𝑅.

Note Laplacian is related to the finite volume Laplacian (and finite element).



Classification of Discrete Conformal Structures

In G.-Thomas 2017 we derive all possible discrete conformal structures 
satisfying the axioms: 

Then the length must be expressed as:

ℓ𝑣𝑣𝑣𝑣2 = 𝛼𝛼𝑣𝑣𝑒𝑒2𝑓𝑓𝑣𝑣 + 𝛼𝛼𝑣𝑣𝑒𝑒2𝑓𝑓𝑣𝑣 + 2𝜂𝜂𝑣𝑣𝑣𝑣𝑒𝑒𝑓𝑓𝑣𝑣+𝑓𝑓𝑣𝑣

with fixed parameters 𝛼𝛼 and 𝜂𝜂. Note that the 𝑑𝑑𝑣𝑣𝑣𝑣 can then be calculated 
from these.

Also note that by shifting the 𝑓𝑓 we can always assume that 𝛼𝛼𝑣𝑣 ∈ {−1,0,1}.

These are the same structures considered in Zhang-Guo-Zeng-Luo-Yau-Gu
who describe/give geometric formulation in terms of hyperbolic volumes 
(following Rivin, Bobenko-Springborn, Springborn, Luo, others...)

1. 𝑑𝑑𝑣𝑣𝑣𝑣 depends only on 𝑓𝑓𝑣𝑣 and 𝑓𝑓𝑣𝑣. 
2. 𝑑𝑑𝑢𝑢𝑣𝑣2 + 𝑑𝑑𝑣𝑣𝑣𝑣2 + 𝑑𝑑𝑣𝑣𝑢𝑢2 = 𝑑𝑑𝑣𝑣𝑢𝑢2 + 𝑑𝑑𝑢𝑢𝑣𝑣2 + 𝑑𝑑𝑣𝑣𝑣𝑣2

3. 𝜕𝜕ℓ𝑣𝑣𝑣𝑣
𝜕𝜕𝑓𝑓𝑣𝑣

= 𝑑𝑑𝑣𝑣𝑣𝑣



Proof of the classification

1. 𝑑𝑑𝑣𝑣𝑣𝑣 depends only on 𝑓𝑓𝑣𝑣 and 𝑓𝑓𝑣𝑣. 
2. 𝑑𝑑𝑢𝑢𝑣𝑣2 + 𝑑𝑑𝑣𝑣𝑣𝑣2 + 𝑑𝑑𝑣𝑣𝑢𝑢2 = 𝑑𝑑𝑣𝑣𝑢𝑢2 + 𝑑𝑑𝑢𝑢𝑣𝑣2 + 𝑑𝑑𝑣𝑣𝑣𝑣2

3. 𝜕𝜕ℓ𝑣𝑣𝑣𝑣
𝜕𝜕𝑓𝑓𝑣𝑣

= 𝑑𝑑𝑣𝑣𝑣𝑣

Condition 3 implies the symmetry:
𝜕𝜕𝑑𝑑𝑣𝑣𝑣𝑣
𝜕𝜕𝑓𝑓𝑣𝑣

=
𝜕𝜕2ℓ𝑣𝑣𝑣𝑣
𝜕𝜕𝑓𝑓𝑣𝑣𝜕𝜕𝑓𝑓𝑣𝑣

=
𝜕𝜕𝑑𝑑𝑣𝑣𝑣𝑣
𝜕𝜕𝑓𝑓𝑣𝑣

and hence,
𝜕𝜕
𝜕𝜕𝑓𝑓𝑣𝑣

+
𝜕𝜕
𝜕𝜕𝑓𝑓𝑣𝑣

𝑑𝑑𝑣𝑣𝑣𝑣 = 𝑑𝑑𝑣𝑣𝑣𝑣

It follows that
𝜕𝜕
𝜕𝜕𝑓𝑓𝑣𝑣

+
𝜕𝜕
𝜕𝜕𝑓𝑓𝑣𝑣

(𝑑𝑑𝑣𝑣𝑣𝑣2 − 𝑑𝑑𝑣𝑣𝑣𝑣2 ) = 2(𝑑𝑑𝑣𝑣𝑣𝑣2 − 𝑑𝑑𝑣𝑣𝑣𝑣2 )

Conditions 1 and 2 implies that:
𝜕𝜕2

𝜕𝜕𝑓𝑓𝑣𝑣𝜕𝜕𝑓𝑓𝑣𝑣
(𝑑𝑑𝑣𝑣𝑣𝑣2 − 𝑑𝑑𝑣𝑣𝑣𝑣2 ) =

𝜕𝜕2

𝜕𝜕𝑓𝑓𝑣𝑣𝜕𝜕𝑓𝑓𝑣𝑣
(𝑑𝑑𝑣𝑣𝑢𝑢2 + 𝑑𝑑𝑢𝑢𝑣𝑣2 − 𝑑𝑑𝑢𝑢𝑣𝑣2 − 𝑑𝑑𝑣𝑣𝑢𝑢2 ) = 0

so we can differentiate the third equation to get
𝜕𝜕2

𝜕𝜕𝑓𝑓𝑣𝑣2
(𝑑𝑑𝑣𝑣𝑣𝑣2 − 𝑑𝑑𝑣𝑣𝑣𝑣2 ) = 2

𝜕𝜕
𝜕𝜕𝑓𝑓𝑣𝑣

(𝑑𝑑𝑣𝑣𝑣𝑣2 − 𝑑𝑑𝑣𝑣𝑣𝑣2 )

This can now be solved.
ℓ𝑣𝑣𝑣𝑣2 = 𝛼𝛼𝑣𝑣𝑒𝑒2𝑓𝑓𝑣𝑣 + 𝛼𝛼𝑣𝑣𝑒𝑒2𝑓𝑓𝑣𝑣 + 2𝜂𝜂𝑣𝑣𝑣𝑣𝑒𝑒𝑓𝑓𝑣𝑣+𝑓𝑓𝑣𝑣

Conclusion

Assumptions



Local rigidity

G. 2007 – Locally rigid if the center of each triangle is inside its circumcircle 
(based on Laplacian determinant formula and Simson’s Theorem).

• This is satisfied for circle packing (center 
inside the triangle) and multiplicative 
(center is the circumcenter)

• It was already known that if a
triangulation is weighted Delaunay, the 
structure is locally rigid.

• It is difficult to check preservation of 
either of these conditions. 



Global rigidity 

X. Xu 2021 – Local and global rigidity under the following restrictions: 

ℓ𝑣𝑣𝑣𝑣2 = 𝛼𝛼𝑣𝑣𝑒𝑒2𝑓𝑓𝑣𝑣 + 𝛼𝛼𝑣𝑣𝑒𝑒2𝑓𝑓𝑣𝑣 + 2𝜂𝜂𝑣𝑣𝑣𝑣𝑒𝑒𝑓𝑓𝑣𝑣+𝑓𝑓𝑣𝑣

𝛼𝛼𝑣𝑣 ∈ {0,1}
for all vertices 𝑣𝑣,

𝛼𝛼𝑣𝑣𝛼𝛼𝑣𝑣 + 𝜂𝜂𝑣𝑣𝑣𝑣 > 0
for all edges 𝑣𝑣𝑣𝑣, and 

𝛼𝛼𝑣𝑣𝜂𝜂𝑣𝑣𝑢𝑢 + 𝜂𝜂𝑣𝑣𝑣𝑣𝜂𝜂𝑣𝑣𝑢𝑢 ≥ 0
for all faces 𝑢𝑢𝑣𝑣𝑣𝑣.

Note that this covers the basic cases of circle packing, multiplicative, and (some) inversive
distance.



Flexibility

The resulting zoo of conformal structures allows for different uniform structures:

�𝑣𝑣



Application to domains (G. 2016)

Example 1 Circle packing with internally tangent 
boundary. 

• 𝛼𝛼𝑣𝑣 = 1 and 𝜂𝜂𝑒𝑒 = 1 for vertices and edges in the disk. 

• 𝛼𝛼�𝑣𝑣 = 1 for the augmented vertex and 𝜂𝜂𝑣𝑣�𝑣𝑣 = −1 for 
any augmented edges. 

• This assures that ℓ𝑣𝑣�𝑣𝑣 = 𝑟𝑟�𝑣𝑣 − 𝑟𝑟𝑣𝑣 as long as 𝑟𝑟�𝑣𝑣 ≥ 𝑟𝑟𝑣𝑣.

ℓ𝑣𝑣𝑣𝑣2 = 𝛼𝛼𝑣𝑣𝑒𝑒2𝑓𝑓𝑣𝑣 + 𝛼𝛼𝑣𝑣𝑒𝑒2𝑓𝑓𝑣𝑣 + 2𝜂𝜂𝑣𝑣𝑣𝑣𝑒𝑒𝑓𝑓𝑣𝑣+𝑓𝑓𝑣𝑣



Application to domains (G. 2016)

Example 2 Circle packing orthogonal to 
boundary (Bowers-Stephenson 1996)  

• We keep the circle packing for the disk, but 
must specify that 𝛼𝛼�𝑣𝑣 = 1 and 𝜂𝜂𝑣𝑣�𝑣𝑣 = 0 for 
any augmented edges.

ℓ𝑣𝑣𝑣𝑣2 = 𝛼𝛼𝑣𝑣𝑒𝑒2𝑓𝑓𝑣𝑣 + 𝛼𝛼𝑣𝑣𝑒𝑒2𝑓𝑓𝑣𝑣 + 2𝜂𝜂𝑣𝑣𝑣𝑣𝑒𝑒𝑓𝑓𝑣𝑣+𝑓𝑓𝑣𝑣



Application to domains (G. 2016)

Example 3 Inscribed triangulation with multiplicative weights.  
• 𝛼𝛼𝑣𝑣 = 0 and 𝜂𝜂𝑣𝑣𝑣𝑣 are fixed to positive numbers. 
• 𝛼𝛼�𝑣𝑣 = 1 (or any other positive number) and 𝜂𝜂𝑣𝑣�𝑣𝑣 = 0 for all 

augmented edges. This assures that for all augmented edges, ℓ𝑣𝑣�𝑣𝑣 =
1, and so the boundary vertices lie on the unit circle. 

ℓ𝑣𝑣𝑣𝑣2 = 𝛼𝛼𝑣𝑣𝑒𝑒2𝑓𝑓𝑣𝑣 + 𝛼𝛼𝑣𝑣𝑒𝑒2𝑓𝑓𝑣𝑣 + 2𝜂𝜂𝑣𝑣𝑣𝑣𝑒𝑒𝑓𝑓𝑣𝑣+𝑓𝑓𝑣𝑣



Discrete conformal structure in hyperbolic background

• (Vertex deformation) ℓ𝑣𝑣𝑣𝑣 = ℓ𝑣𝑣𝑣𝑣(𝑓𝑓𝑣𝑣, 𝑓𝑓𝑣𝑣) for any edge 𝑣𝑣𝑣𝑣 and weights 𝑓𝑓: V(𝑇𝑇) → ℝ

• (Orthogonal dual structure) ℓ𝑣𝑣𝑣𝑣 = 𝑑𝑑𝑣𝑣𝑣𝑣 + 𝑑𝑑𝑣𝑣𝑣𝑣 and for any triangle 𝑢𝑢𝑣𝑣𝑣𝑣, we have 

cosh(𝑑𝑑𝑢𝑢𝑣𝑣)cosh(𝑑𝑑𝑣𝑣𝑣𝑣)cosh(𝑑𝑑𝑣𝑣𝑢𝑢) = cosh(𝑑𝑑𝑣𝑣𝑢𝑢)cosh(𝑑𝑑𝑢𝑢𝑣𝑣)cosh(𝑑𝑑𝑣𝑣𝑣𝑣).

• 𝜕𝜕ℓ𝑣𝑣𝑣𝑣
𝜕𝜕𝑓𝑓𝑣𝑣

= tanh𝑑𝑑𝑣𝑣𝑣𝑣 for any vertex 𝑣𝑣 in an edge 𝑣𝑣𝑣𝑣



Hyperbolic dual structures (G.-Thomas 2017)

Theorem.  Given a conformal structure, for any simplex 

𝜕𝜕𝜃𝜃𝑣𝑣
𝜕𝜕𝑓𝑓𝑣𝑣

= 1
cosh𝑑𝑑𝑣𝑣𝑣𝑣

tanh𝛽𝛽ℎ𝑣𝑣𝑣𝑣
sinhℓ𝑣𝑣𝑣𝑣

𝜕𝜕𝜃𝜃𝑣𝑣
𝜕𝜕𝑓𝑓𝑣𝑣

= −𝜕𝜕𝐴𝐴𝑢𝑢𝑣𝑣𝑣𝑣
𝜕𝜕𝑓𝑓𝑣𝑣

− 𝜕𝜕𝜃𝜃𝑣𝑣
𝜕𝜕𝑓𝑓𝑣𝑣

− 𝜕𝜕𝜃𝜃𝑢𝑢
𝜕𝜕𝑓𝑓𝑣𝑣

where 𝛽𝛽 is 1 if 𝑐𝑐𝑢𝑢𝑣𝑣𝑣𝑣 is timelike (“in ℍ”) and -1 if 𝑐𝑐𝑢𝑢𝑣𝑣𝑣𝑣 is spacelike (“outside ℍ”). In the case that 𝑐𝑐𝑢𝑢𝑣𝑣𝑣𝑣 is 
lightlike, we interpret the formula as tanh𝛽𝛽ℎ𝑣𝑣𝑣𝑣 = tanh𝛽𝛽ℎ𝑢𝑢𝑣𝑣 = tanh𝛽𝛽ℎ𝑢𝑢𝑣𝑣 = 1. (Compare Zhang-Guo-Zeng-
Luo-Yau-Gu 2014.) 

Also this is variational if we change parameters 𝑓𝑓𝑣𝑣.

Theorem.  Let 𝑑𝑑 = 𝑑𝑑(𝑓𝑓) be a discrete conformal structure with background geometry ℍ on a surface. Then 
there exist 𝛼𝛼 ∈ ℝ 𝑉𝑉 and 𝜂𝜂 ∈ ℝ 𝐸𝐸 such that 

coshℓ𝑣𝑣𝑣𝑣 = 1 + 𝛼𝛼𝑣𝑣𝑒𝑒2𝑓𝑓𝑣𝑣 1 + 𝛼𝛼𝑣𝑣𝑒𝑒2𝑓𝑓𝑣𝑣 + 𝜂𝜂𝑣𝑣𝑣𝑣𝑒𝑒𝑓𝑓𝑣𝑣+𝑓𝑓𝑣𝑣

Spherical case is similar.

(Compare Bobenko-Pinkall-Springborn 2015, Zhang-Guo-Zeng-Luo-Yau-Gu 2014)



Future directions

• Existence 

• Convergence to smooth conformal 
maps

• Dimension 3 (and higher?)

• Laplacian theory, both with and 
without orthogonal dual structure

• New computational toolsImage: Stephenson 

Image: CarforaImage: Lévy-Zhang
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