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PROBLEM STATEMENTS



Problem Statements

1. For a given planar graph (often quad-dominant), what vertex positions 
in the plane achieve the maximum number of planar lifts under the 
conditions of non-degeneracy (no faces collapsed to lines, no lines 
collapsed to points…)?
• This is equivalent to maximizing the number of states of self-stress 

of the planar graph or maximising the number of 
mechanisms/flexes. 

2. How would one design a quad-dominant planar graph that maximizes 
the number of lifts for a given convex, polygonal boundary that is also 
held in a plane in the lift?



COMMON ANCESTORS



Common Ancestors 

Maxwell J.C. (1864) On reciprocal figures and 
diagrams of forces
Maxwell J.C. (1870) On reciprocal figures, frames, 
and diagrams of forces

Cremona L. (1872/1890) Graphical 
statics: two treatises on the 
graphical calculus and reciprocal 
figures in graphical statics

Calladine C.R. (1978) Buckminster 
Fuller's “Tensegrity” structures and 
Clerk Maxwell's rules for the 
construction of stiff frames

2𝑣𝑣 − 𝑒𝑒 − 3 = 𝑚𝑚− 𝑠𝑠



Self-Stress and Planar Liftings
If a planar graph has a state of self-stress, one can lift the graph to form a 
3D plane-faced polyhedron. This polyhedron is a discrete Airy stress 
function.  

B. Schulze and W. 
Whiteley – Rigidity and 
Scene Analysis

Each linearly independent lifting represents a linearly independent state of 
self-stress.



Self-Stress, Planar Liftings and Reciprocal Graphs

B. Schulze and W. 
Whiteley – Rigidity and 
Scene Analysis

The polyhedron has a dual polyhedron. Each face maps to a point, each 
line maps to a line and each point maps to a plane. This dual polyhedron 
projects onto a reciprocal diagram. 



Reciprocal Graphs and Rigidity

𝑏𝑏 = 152
𝑣𝑣 = 80
𝑓𝑓 = 74
2𝑣𝑣 − 𝑏𝑏 − 3 = 5
𝑚𝑚 − 𝑠𝑠 = 5

𝑏𝑏∗ = 152
𝑣𝑣∗ = 74
𝑓𝑓∗ = 80
2𝑣𝑣∗ − 𝑏𝑏∗ − 3 = −7
𝑚𝑚∗ − 𝑠𝑠∗ = −7

𝒎𝒎 + 𝒔𝒔 = 𝒎𝒎∗ + 𝒔𝒔∗

𝒔𝒔 = 𝒎𝒎∗+1

(𝒎𝒎− 𝒔𝒔) + (𝒎𝒎∗−𝒔𝒔∗) = −𝟐𝟐



WHY DO STRUCTURAL 
ENGINEERS CARE?



Gridshells

Gridshells are a collection of rigid bars in 3-space which approximate a 
surface.  The projection of a gridshell is a planar graph.

Vertical loads are resisted by edges with axial forces (good) and/or 
bending moments (not so good).
Each linearly independent state of self-stress (planar lift) represents a 
vertical loading that the gridshell can resist in axial forces without bending.



Gridshells

Gridshells are not always plane-faced, but planarity is desirable. 

Convex liftings are not always achievable or desirable. 



Quad-Dominant Gridshells

Quad dominant gridshells have a graph which consists mainly of quads. 
These quads are often regular in shape. 
The gridshells often contain a few non-quad faces such as triangles, 
pentagons and hexagons. 



Desirable Attributes of a Quad-Dominant Graph

• Maximize the number of states of self-stress (planar lifts).
• Maximizes the number of load combinations that the gridshell can resist 

with axial forces. 
• States of self-stress should be “well distributed” – the forces in each edge 

depend on at least one state of self-stress and preferably more than one 
state of self-stress.  Some small edge members adjacent to the perimeter 
may have zero force.

• Fine grain to have reasonable panel sizes. 
• Symmetry and antisymmetry.

• A symmetrical state of self-stress (planar lift) is desirable – it helps the 
gridshell resist uniform loads such as self-weight and uniform snow. 

• An antisymmetric state of self-stress (planar lift) is desirable – it helps 
the gridshell resist antisymmetric loads such as wind or snow drifts. 
Antisymmetric lifts are often not possible in practice.



SIMPLE EXAMPLE



Simple Example

Only one reciprocal diagram.
Load space of size 4 cannot be 
resisted by axial forces only.

𝑏𝑏 = 16
𝑣𝑣 = 9
𝑓𝑓 = 9
2𝑣𝑣 − 𝑏𝑏 − 3 = −1
𝑚𝑚 − 𝑠𝑠 = −1

𝑚𝑚 = 0
𝑠𝑠 = 1

𝑏𝑏 = 16
𝑣𝑣 = 9
𝑓𝑓 = 9
2𝑣𝑣 − 𝑏𝑏 − 3 = −1
𝑚𝑚 − 𝑠𝑠 = −1

𝑚𝑚 = 1
𝑠𝑠 = 2

Can construct two reciprocal diagrams.
Load space of size 3 cannot be 
resisted by axial forces only. 



PROBLEM STATEMENTS



Problem 1

For a given planar graph (often quad-dominant), what vertex positions in 
the plane achieve the maximum number of planar lifts under the conditions 
of non-degeneracy (no faces collapsed to lines, no lines collapsed to 
points…)?



Related Questions on non-degenerate Quad-Dominant Graphs

• For a given graph topology…
• Is it known how to determine the maximum number of achievable states 

of self-stress (planar lifts)?
• Is it known how to find the vertex positions in the plane to achieve the 

maximum number of states of self-stress (planar lifts)?  



How would one design a quad-dominant planar graph that maximizes the 
number of lifts for a given convex, polygonal boundary that is also held 
plane in the lift?

Problem 2



Related Questions on non-degenerate Quad-Dominant Graphs

• With free choice of graph topology…
• Is it known how to create topologies that can maximize the number of 

states of self-stress?
• Are there subgraphs (primitives) that can be combined to make 

topologies with a large number of states of self-stress?



ANY QUESTIONS?
ANY ANSWERS?
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