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Introduction
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Joint work with Eleftherios Kastis (Fields Institute) and John
McCarthy (Washington University in St Louis).

See our recent paper:

Kastis, Kitson, McCarthy. Symbol functions for symmetric frameworks.
Journal of Mathematical Analysis and Applications 497 (2021), no. 2, 124895.
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Figure: A bar-joint framework in R? with screw-axis symmetry.
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Figure: A direction-length framework in R? with both translational and
reflectional symmetry.
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Figure: A symmetric bar-joint framework in R? with non-Euclidean
norm distance constraints.
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Figure: Factorisation of the ¢2-coboundary operator C (G, ¢) for a
framework (G, ¢) with a discrete abelian symmetry group T'.
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Intertwining relations
.

Let I" be a locally compact Hausdorff abelian group.

Denote by L?(I") the Hilbert space of square integrable
functions, i.e. Borel-measurable functions f : ' — C such that,

[P <o

I

where we use normalised Haar measure on I.
For each v € I, denote by D, the unitary operator

D, : L*(I) = L*(T), f() = f(+' = ).
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Intertwining relations
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The scalar case

Proposition
Let L € B(L*(T")). Then L satisfies the commuting property

D,L=LD,

for all v € T if and only if L is unitarily equivalent to a A
multiplication operator Mg € B(L*(T")) for some ® € L>°(T").

In particular, L = F~'MgF.
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Intertwining relations
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Vector-valued functions

Let X and Y be complex Hilbert spaces.

Denote by L?(T', X) the Hilbert space of square integrable
X-valued functions. i.e. Bochner-measurable functions
f:T'— X such that,

/mem<m
I

For each v € I, denote by U, and W, the unitary operators
Uy =Dy @1x: L*(0,X) —» LT, X), f(7) = F(4' =),

W’Y = D’Y ® 1Y : LQ(F?Y) — LQ(FaY)¢ g(fy,) = g(’yl - 'Y)

Derek Kitson Mary Immaculate College

Symbol functions for symmetric frameworks



Intertwining relations
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Vector-valued functions

Proposition
LetL € B(L*(T', X),L*(I',Y)). Then L satisfies the intertwining
property

W, L = LU,
for all v € T if and only if L is unitarily equivalent to a
multiplication operator Mg € B(LA(I, X), L*(I",Y)) for some
® e L™(T, B(X,Y)).

In particular, L = Fy,' Mg Fyx.
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°0

Intertwining with a twist

Let U(X) denote the unitary group of X and let 7 : I" — U(X)
be a unitary representation of I" on X.

Define T, € B(L*(T', X)) by

(Trf)(y) = 7 (=) f(7)-

For each v € T, define U, . € B(L*(T', X)) by

(Uyn)Y) =7 f (Y =)
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Intertwining with a twist

Theorem
LetC € B(L*(I',X),L*(I',Y)) andlett : T — U(X) be a
unitary representation. Then

W,C = CU, ,

forallv € T ifand only if C = LT,, where L is unitarily
equivalent to a multiplication operator R
Mg € B(L*(I', X), L*(I',Y)) for some & € L>(I', B(X,Y)).

In particular, L = Fy' Mg Fx.
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Symmetric frameworks
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A framework for X and Y is a pair (G, ) consisting of a simple
undirected graph G = (V, E) and a collection ¢ = (¢y,w)v,wev
of linear maps ¢, ., : X — Y with the property that ¢, ,, = 0 if
vw ¢ E and @, 4 = —pw, forallvw € E.

A coboundary matrix for (G, ¢) is a matrix C(G, ¢) with rows
indexed by E and columns indexed by V. The row entries for a
given edge vw € E are as follows,

v w

vw ( 0 @ow 0 -+ 0 pup 0 - )
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Example
vl ) V3 V4
Uy U3 V102 Pvi,ve —Pur,ve 0 0
v2U3 0 Puz,v3 ~Puz,vs 0
V34 0 0 Puzwg  —Pus,ug
vy vy v\ Pone 0 0 TP

Figure: A 4-cycle (left) and coboundary matrix (right).
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Symmetric frameworks
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A T'-symmetric graph is a pair (G,0) where G = (V, E) is a
simple undirected graph with automorphism group Aut(G) and
6 :T' — Aut(G) is a group homomorphism.

A I'-symmetric framework is a tuple G = (G, ¢, 6, 7) where

7: ' — Isom(X) is a group homomorphism, (G, 0) is a
I'-symmetric graph and (G, ¢) is a framework with the property
that,

Oyvyw = Po,w © T(_’Y)
forallye'and all v,w € V.
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Symmetric frameworks
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Theorem

LetG = (G, p,0,T) be a'-symmetric framework for X andY
where G has a finite or a countably infinite vertex set, T" is a

discrete abelian group, 6 acts freely on the vertices and edges
of G and Vy and Ey are finite sets.

Then C(G,¢) € B(*(V, X),*(E,Y)) and,
C(G, ) = Sg' o F i, 0 Mg o Fxv, 0Tz 0 Sy,

Y Eo

for some ® € L (T, B(X"0, Y Fo)).
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Symmetric frameworks
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Let x € I'. A y-orbit matrix for G = (G, ¢, 0, 7) is @ matrix Og(x)
with rows indexed by the directed edges of the gain graph and
with columns indexed by the vertex orbits.

The row entries for a non-loop directed edge ([v], [w]) € Ep with
gain vy € T" are as follows,

[v] [w]
( 0 @srw 0 --- 0 X(V)S%,—vfz 0 --- )

The row entries for a loop edge ([v], [v]) € Ey with gain v are,

[v]
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Symmetric frameworks
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U3 V4

U1 V2

Figure: A Z,-symmetric graph (left) and gain graph (right).
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Symmetric frameworks
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Theorem
LetG = (G, ¢,0,7) be al'-symmetric framework with symbol
function ® € L>(T", B(X"0, Y 0)). Then,

®(x) =Og(x), ae xel.
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Symmetric frameworks
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Corollary

LetG = (G, p,0,7) be a'-symmetric framework. If G is a finite
graph then the coboundary matrix C(G, ) is equivalent to the

direct sum,
Bost): D% - Py
xef [ [

xel’ x€el’
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Symmetric frameworks
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Corollary

LetG = (G, p,0,T) be a'-symmetric framework with symbol
function ®. LetT'y C T be the finite set of non-zero gains on the
edges of this gain graph.

() @ is the operator-valued trigonometric polynomial with,

O(x) =®(0) + Y (1)x(7), Vxel.

~v€lo
(i) Foreach~ €T, each [v] € V;y and each [e] € Ej,
qA)(’Y)[e],M = C(G7 @)é,'yfz © dT<7)7

where & (7)) ] is the ([e], [v])-entry of &(v) and
C(G,)e~s Is the (é,vv)-entry of C(G, ¢).
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A generalised RUM spectrum
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Let G = (G, ¢,0, ) be a I'-symmetric framework for X and Y’
with symbol function ®.

Fix y € I'and a € X" and define z(x, a) = (zy)vev € (2(V, X)
to be the bounded vector with components,

2y = x(V)d7(v)ay), forv=~o.

We refer to z(x, a) as a x-symmetric vector in ¢>°(V, X).
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A generalised RUM spectrum
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Theorem
If a € ker ®(x) then z(x, a) € ker C(G, ¢).

The Rigid Unit Mode (RUM) spectrum of G is defined as follows,

Q(G) = {x € T': ker &(x) # {0}}.
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Double helix bar-joint framework

([vo,0].1) ([vo,0]:2)

([vo,0],3) ([v1,0],1) ([v1.0],2) (fv1.01,3)
(fvo 0l fvr,0]) 2 0 0 -2 0 0
<D(w) = (uoloo) | 1- 214w w-L(1+w) w-1 0 0 0
(for ol vr,0]) 0 0 0 L+w) -1 Ll4w)-w w-1
Q(Gan) =T

The function z(xw,a) : V — C? with

k cos(%”) + sin(%”) .
Vjk W sin(®T) —cps(%ﬂ) , J€ {O, 1}, keZ.
(=1

is a x,-symmetric infinitesimal flex, where w € T and
a=(1,-1,1,1,-1,-1)7.
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Diamond lattice direction-length framework

([vo,0],1) ([v0,0],2)
_ [enoo)] 0 I-w
®(w,0) = [e2,00] \ —14+we —2(1+we)
where w € T and ¢ € Z.
Q(gdl) = {(]-7 1)7 (1’ _1)) (_17 _1)}

The vector z(x—1,—1,a) with components,

2oy = (1" (=Ddr(m, jla = ("), mez,je s

is a x_1,—1-symmetric infinitesimal flex, where a := ().
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Box-kite non-Euclidean bar-joint framework

1
(@9, 2)ll2.q = (@ + %)% + [2]9)s.

([vo,0],1) ([vo,0],2) ([vo,0],3)
_ [erno0)] -1 - 0
(I)(n’b)  [enoo] \ —277'a —277lampe —a(l+m) )7
1
where a = (27 4+ 1) ',
Q(Gok) = Za x 2o

z(x-1,-1,a) is a x_1,—1-symmetric infinitesimal flex of G, where
1 .
a= (_231—1) and, for j € Zo,

1 1 -1 -1
z = 1 = -1 = -1 L Zpes = 1 .
V0,5 ((,1)]*’127*1 ) v Ry ((_1)1211—1 > v Ry ((71)]+12971 ’ U3,5 (~1)722-1
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Thank you
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