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Outline

» Robust pricing and hedging with neural SDEs,
[Gierjatowicz et al., 2020].

» Unbiased approximation of parametric path dependent PDEs,
[Vidales et al., 2018].

» Neural ODEs via Relaxed Optimal Control. A perspective on deep
recurrent neural networks, [Jabir et al., 2019].
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» Data: (&,¢)7; ~P € PR x RY). P unknown
» Goal: Find f : R — R that minimises population risk
» Population Risk. Fix £ : R x R — R,

R(f) = E[U(C, £ ()]
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Classical view

vy

Fix F :={f(-,0) : 0 € © € RP}

Empirical Risk Minimisation

mlnR (F): Zf Gi, F(&))

Uniform convergence

sup [Rn(f) — R(f)| < e(n, F)
feFr

convex optimisation . Take F,f so that ERM is convex

. non of these works for deep learning....



New era of overparameterized statistical models ?

under-parameterized /\ over-parameterized

Test risk
“classical” “modern”
regime " interpolating regime

nterpolation threshold

From Belkin. et.al. [Belkin et al., 2018].

» Need for new theory to study generalisation error. Classical Vapnik
dimension and Rademacher complexity doesn't help.

» Overparametrised models can be optimal in the high signal-to-noise
ratio regime Montanari et.al [Mei and Montanari, 2019]

» Implicit Regularisation [Heiss et al., 2019], [Neyshabur et al., 2017]
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> We can solve (a reasonable class of) high dimensional PDEs:
[Ruf and Wang, 2020, Jacquier and Oumgari, 2019,
Vidales et al., 2018]

> [Horvath et al., 2019] showed that good approximation of the
parametric pricing operator is all what's needed to calibrate

» Deep hedging: [Buehler et al., 2019]

and can be used to build novel (econometrics) models:

» Market generators via (conditional) generative modelling
[Kondratyev and Schwarz, 2019, Buehler et al., 2020,
Henry-Labordere, 2019, Xu et al., 2020, Ni et al., 2020,
Wiese et al., 2020]

» Stochastic local volatility models without Dupire's vol
[Cuchiero et al., 2020]
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Model Selection

Until recently, models in finance and economics were mostly conceived in
a three step fashion:

» gathering statistical properties of the underlying time-series or the so
called stylized facts

» handcrafting a parsimonious model, which would best capture the
desired market characteristics without adding any needless
complexity and

» calibration and validation of the handcrafted model.

. model complexity was undesirable



Classical Risk Models:

Pros:

» Interpretable parameters
> Relatively easy to calibrate with relatively small amount of data
> Several decades of underpinning research
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Classical Risk Models:

Pros:

» Interpretable parameters
> Relatively easy to calibrate with relatively small amount of data
> Several decades of underpinning research

Cons:

» Lack of systematic framework for model selection
» Knighting uncertainty (unknown unknowns)
> limited expressivity
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Generative models such as GANs or VAEs demonstrated a great
success in seemingly high dimensional setups.

Input: Source distribution . and target distribution v i.e
input-output data

A generative model is a transport map T from y to v i.e T is a map
that “pushes p onto v". We write T4 = v.

Parametrise transport map T(6), 6 € RP, e.g some network
architecture or Heston model

Seek 0* s.t T(0*)yp ~v.

Need to make the choice of the metric

D(T@)pm.v) i=sup | [ FTOn)(e) = [ Fw(@]

IC could be set of options we want to calibrate to, could be neural
network
The modelling choices are

1. metric D

2. parametrisation of T

3. algorithm used for training!!!

45



Generative modelling in finance

Pros:

» Expressive and work in high dimensions
> By design data driven, adaptable to change in environment

» Provide new perspective on classical problems in finance
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Generative modelling in finance

Pros:

» Expressive and work in high dimensions
> By design data driven, adaptable to change in environment

» Provide new perspective on classical problems in finance
Cons:

» Parameters are not interpretable - black box approach
» Training algorithms are data hungry
» Models might be hard to work with e.g how to go fro Q to P ?

> A field largely empirical, lack of standardised benchmarks, lack of
theoretical guarantees

11 /45



Robust pricing and hedging via neural

SDEs



Model Calibration
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Model Calibration

Classical Calibration:

>

Pick a parametric model (5:(6)):c[o, 7] (e.g an It process) with
parameters 6 € RP

Parametric model induces martingale measure Q(6)

Input Data: prices of traded derivatives p(d),-),’-\io with corresponding
payoffs (®;),

Output : 6% such that p(®;) ~ Ege-)[®i]

13 /45
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» There are infinitely many models that are consistent with the market

\4

M - set of all martingale measures that are calibrated to data

\{

Compute conservative bounds for the price

E[W] and inf E[¥
&’&[]a" L, B

> Use duality theory to deduce (semi-static) hedging strategy
» The obtain bounds typically to wide to be of practical value

\4

Challenges:

a) Incorporate prior information to restrict a search space M
b) Design efficient algorithms for computing price bounds and
corresponding hedges

14 /45
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Neural SDEs
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» We build an Itd process (Xf)te[o’rl, with parameters 6 € RP

v

dS? = rS? dt + o5 (t, X0, 6) dW ,

dVf = bY(t,X?,0)dt +cV(t, X, 0)dW,,
where 05, bV, o
path—depedend)

The model induces a martingale probability measure Q(6)

V' are given by neural networks (can be

Solution map is an instance of causal transport

See [Cuchiero et al., 2020] for neural SDEs with a prior on vol
process.

See [Arribas et al., 2020] for Sig-SDEs (neural SDE in a signature
feature space)

Neural SDEs are easy to work with e.g consistent change from Q to
P.

16
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Neural SDEs

i) Calibration to market prices Find model parameters 6* such that
model prices match market prices:

M
0" € arg o > UEXO D], p(97)) .-
i=1

i) Robust pricing Find model parameters 6"* and 6“* which provide
robust arbitrage-free price bounds for an illiquid derivative, subject to
available market data:

M
g in B2 [w bject t UEYD D], p(d;)) =
€ arg min [V], subject to ;( [®i],p(®i)) =0,

M
e Qo - QO) . ) —
0"* € arg g*neaé(IE O[w], subject to ;E(E O[], p(d:)) = 0.

where £ : R x R — [0, 00) is a convex loss function such that
Minxer,yer (X, y) = 0.



Stochastic Optimisation
Let M =1 and the loss function

h(8) = ¢(E2XO)[@],p(®))
Then in the gradient step update we have
eh(0) = 0. (EC[(X")], p(®)) E4[3sP(X")],

Since £ is typically not an identity function, a mini-batch estimator of
Dgh(0), obtained by replacing Q with Q" given by

00" (8) = 0t (E"[0(X")], p(®) ) E¥" [0)0(X7)]

is a biased estimator of Jgh.
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Stochastic Optimisation
Let M =1 and the loss function

h(8) = ¢(E2XO)[@],p(®))
Then in the gradient step update we have
doh(0) = O (EC[@(X")], p(®)) EX[3p®(X")]

Since £ is typically not an identity function, a mini-batch estimator of
Dgh(0), obtained by replacing Q with Q" given by

00™(6) 1= 0.t (Y [0(X")], p(®) ) EY" [0,0(X")],
is a biased estimator of Jgh.

Lemma 1
For {(x,y) = |x — y|?, we have

2

(Var2[o(X?)]) 2 (Var®[a,d(X?)])

IE2 [95h"(0)] — Deh(0)| <

1/2
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:
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Learning PDEs

Let
XP = o(t,(Xbre)sepo, 71, B)dW,,

FO 1= FP(t, (XA)sepo, ) = E [ (XD sepo, m) (Xéhe)seto. ]

Martingale representation theorem via functional It6 calculus

i,
Ff = o((XD)sepo,m) _/ Vo ((Xirs)reto,m) 0X
t

\Y

.
¢((Xsﬁ)se[O,T]) —/ V. Ff ((XrﬂAs)re[o,T]) dX; | (Xfm)se[o,T}] =0
t

» Can learn (parametric) path dependent PDEs

» We have unbiased approximation to the PDE by hybrid Monte
Carlo/deep learning, see [Vidales et al., 2018]
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Neural SDEs - Algorithm

Input: 7 = {to, t1, - - - , tN, + time grid for numerical scheme.
Input: (¢;);‘i’;°es option payoffs.

Input: Market option prices p(®;), j = 1,. .., Nprices-

for epoch : 1 : Nepochs do

0,i\ N .0, 6,i\ N 5
T, I) steps: (SW i, l) steps ’:1:

Generate N, paths (x Ve Yo

Euler scheme.
During one epoch: Freeze &, use Adam to update 6, where

.y Ntrn using

Norices Neteps —1

0 —argmm Z EMem | o, <X7T’9) — Z E(tk:)?g,:’:fj)Agg’
k=0

2
—p(®)))
During one epoch: Freeze 0, use Adam to update &, by optimising the sample
VEIE (o]
P Nprices Nsteps .
¢ =argmin 3 Varm | o (xﬂ’) Z h(tk, 0 &)ASTY
13 i=1
=
end for

pnces

return 6, ¢; for all prices (®;);”



Results
We calibrate (local) Stochastic Volatility model

dS, = rSidt + o°(t, St, Vi, v)S: dBY,  Sp =1,
dVy = bY(Vi, ¢) dt + 0V (Vi,0)dBY, Vo = w,
d(B°,BY); = pdt
to European option prices
p(®) == EU)[0] = e~ TEU? [(S7 — K), | So = 1]

for maturities of 2,4,...,12 months and typically 21 uniformly spaced
strikes between in [0.8,1.2].
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Results
We calibrate (local) Stochastic Volatility model

dSt = rstdt+ O'S(t,st7 Vt,l/)St dBts, 50 = l,
dV; = bV(Vta¢) dt + O—V(Vtﬁa) dBtvv Vo = v,
d(BS,BY), = pot

to European option prices
p(®) := EXO[0] = e~ TEX [(S7 — K), | So = 1]

for maturities of 2,4,...,12 months and typically 21 uniformly spaced
strikes between in [0.8,1.2].

As an example of an illiquid derivative for which we wish to find robust
bounds we take the lookback option

p(V) = B[] = e TEYU) | max S, — S7| Xo=1] .
te[0,T]

We generate synthetic data using Heston model.



Calibration to market prices

Figure: Vanilla option prices and implied volatility curves of the 10 calibrated
Neural SDEs vs. the market data for different maturities.



Robust pricing

Figure: Exotic option price are in blue; Calibration error i in grey. The three
box-plots in each group arise respectively from aiming for a lower bound, ad
hoc and upper bound price of illiquid derivative. Each box plot comes from 10
different runs of Neural SDE calibration.



Control Variate effect on training

—— with control variate
without control variate

w
)
=
= 1073
<]
<]
4

60 80

100 120 140
epochs

Figure: Root Mean Squared Error of calibration to Vanilla option prices with
and without hedging strategy parametrisation



Joint SPX and VIX calibration with neural SDEs
Consider the Neural SDE
dS? = Slo(t, VI 6) dW;,
dv? = a(t, V?;0) dt + b(t, V¢;0) dB;,
p=(dW,dB), .

It can be shown that the VIX dynamics at time t € [0, T] can be

expressed as
t+AT
2 S 30
2 _ t+AT _
/t o2ds 7-}] = - A-E [Iog( 5 >‘Ft}, AT =2

The VIX future with maturity maturity T is then given by
F/7¢ = E[VIX7|F]

1
IX2:= —F
VARS; AT

VIX options are defined as

C™X(T,K) :=E (VDG—K)*‘J%], PYX(T, K) ;:E[(K-VIXTﬁ’E]

joint work with: Antoine Jacquier, Marc Sabate Vidales, David Siska,
Zan Zuric.



Calibration to market data

—— Forward VIX data
Forward VIX Neural SDE

Figure: Calibration to market data (data source: OptionMetrics) containing
SPX options, VIX options an VIX future for T = 1,...,6 months



Calibration to market data

S&P call prices - squared error S&P put prices - squared error
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Figure: Calibrated neural SDE errors on SPX options and VIX options. Hatches
correspond to combinations of Maturity/Strike for which there was not market
data available
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Extensions

» Neural SDE model in real-world measure P(6)
» Let ¢ : [0, T] x RY x R? — R" be another parametric function
> Let

b>F(t, X0, 0) = rS{ + o> (£, X, 0)((t, X!, 6) ,
bYE(t, X7, 0) := bV (t, X[, 0) + oV (t, X{,0)¢(t, X{,0).

» \We now define a real-world measure P(6) via the Radon—Nikodym
derivative

) ([ : 17 0 P2
- ._ep</0 C(t,Xt,H)th+2/0 (6, X0, 0)2 dt | -

» Under appropriate assumption on ¢ (e.g. bounded) the measure
IP(0) is a probability measure and by using Girsanov theorem we can

find Brownian motion (WF(O))te[QT] such that

ds? = bSE(t, X0, 0) dt + o5(t, X?,0) dWF P |
dvE = BYE (e, X{,0) dt + oV (8, X7, 0) Wy ).
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Extensions

» We can incorporate additional market information e.g bound on
realised variance by adding additional constrain during training

» We can use neural SDEs to adversarially train hedging strategies
using ideas from distributionally robust optimisation

» We can simplify the learned models using ideas from explainable
machine learning

29 /45



Neural SDEs

Expressive yet consistent with classical framework

By design data driven, adaptable to changes in environment

Provide systematic framework for model selection

>

>

» Provide consistent models for calibrating under Q and P
>

> Ability to learn in law data regime (due to good prior)
>

(Some) Theoretical guarantees for the generalisation error
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Neural SDEs

Expressive yet consistent with classical framework

By design data driven, adaptable to changes in environment

Provide systematic framework for model selection

>

>

» Provide consistent models for calibrating under Q and P
>

> Ability to learn in law data regime (due to good prior)
>

(Some) Theoretical guarantees for the generalisation error
Cons:

» Parameters are not interpretable, but the models are.

» Computationally more intense than classical models, but because we
train with gradient descent recalibration (typically) is cheap.
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Neural ODEs - perspective on
recurrent neural network
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Example
» Recurrent neural networks can be written

XH =X+ ¢(X',0") X°=¢eR?
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Example
» Recurrent neural networks can be written

XH =X+ ¢(X',0") X°=¢eR?

> Infinite network (useful when fitting time-series data)

dXF(0) = ¢(X7(0),0:) dt, t€[0,1], Xo=¢ R

> Take input-output data (&, ¢) ~ M. Our objective is to minimize

H(Oreom) = [ 1= X5OF M(de,do).

» Goal: Find @ such that
d

dEJ(G +e(d— 9))

e=0



Relaxed Stochastic Control and Deep Learning

» Mean-field perspective on neural networks

1 n
=D Bniplani -2+ pin-C) = /R Bela-z+p-Q)v"(dp, da,dp).
i=1
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Relaxed Stochastic Control and Deep Learning

» Mean-field perspective on neural networks

1 n
; Zﬂn,i@(an,i - Z+ Pi,n * C) - /]Rd ﬂ@(a cZ+ P C) Vn(dﬁ7 dOé, dp) o
i=1

> Let ¢(z,a,¢) = Bp(a-z+ p-¢), and consider

S5 = t X"$¢, a,¢) v, (da) d
e+ [ [ovssaquidaar

33 /45



Relaxed Stochastic Control and Deep Learning

>
) ‘/ [/ /f* *,2,)vi(da) dt + g (X790, C) | M(dE, dC)
RIxS
+"—/ Ent(u:) dt
2 (]
>
Ent(m) := fRd x) log <g((x))> dx if misa.c. w.r.t. Lebesgue measure
otherwise

and Gibbs measure g:

> See work by Weinan E [Weinan, 2017]; Cruchiero, Larsson,
Teichmann,[Cuchiero et al., 2019]; Hu, Kazeykina, Ren
[Hu et al., 2019]
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Relaxed Stochastic Control and Deep Learning

» The goal is to find, for each t € [0, T] a vector field flow (bs ¢)s>0
such that the measure flow (vs+)s>0 given by

asVs,t = diV(Vs,t bs,t)y s>0, Vot = V? S P2(Rp)a

satisfies that s — J7(vs,.) is decreasing.
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» The goal is to find, for each t € [0, T] a vector field flow (bs ¢)s>0
such that the measure flow (vs+)s>0 given by

asVs,t = diV(Vs,t bs,t)y s>0, Vot = V? S P2(Rp)a

satisfies that s — J7(vs,.) is decreasing.

» Relaxed Hamiltonian

He (x,p.m. ) = [ hulx.p.a.¢) m(ds) + 7 Ent(m)
he(x, p, a,C) := ¢e(x,a,C)p + fi(x, a,C)
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Relaxed Stochastic Control and Deep Learning
» The goal is to find, for each t € [0, T] a vector field flow (bs ¢)s>0
such that the measure flow (vs+)s>0 given by

asVs,t = diV(Vs,t bs,t)y s>0, ,t = V? S P2(Rp)a
satisfies that s — J7(vs,.) is decreasing.
» Relaxed Hamiltonian

H (x, p,m, () == /ht(X,P, a, () m(da) + U;Ent(m)
he(x, p, 3, C) i= de(x, a,()p + fr(x, 2, C)
> The adjoint process PS(v) = (Vg) (XS (), €),

d'D&’q(V)t = —(Vth)(Xg’C(V)tv Ptu’g’g(’/),Vt) dt
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Pontryagin's principle

Theorem 2

If v € Vs is (locally) optimal then it must solve the following system:

Ve = argmin/ HZ (X&', PSS, 1, ¢) M(dE, dC),
HEP,(RP) JRIXS

dXfC = O(XPC, v, Q) dt, X5 =€ R?
dPEC = —(VHe)(XES, PSS 1, C) dt, PSS = (Vg)(X54,0).
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Gradient Flow Dynamics

2
== ([ (TS PES.000,0) M. 40) 4 T (T20)(01)) oo
RI xS

where for t € [0, T]
Vst = E(es,t)

t
xis =+ [ 005 v O
0

)
PES = (Veg)(XE4,0) + / (VoH)(XES, PES v C) d
t
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Main Result

Theorem 3

Assume that o > 0. Then

if v* € argmin, ¢y, J7(v) then v* is an invariant measure given by

vi(a)=e M Mg (),




Main Result

Theorem 3

Assume that o > 0. Then

if v* € argmin, ¢y, J7(v) then v* is an invariant measure given by

v*(a) = e7%ht(a'u*’/\/l)g(a)7

if 02k — 4L > 0 then v* is unique and for all s > 0 any any L(6o,.)
W (L(0s,.),v*)? < e W] (L(60,.), )2

T 1/q
W(;r(,u,,z/) = (/ Waq(pe, ve)? dt) .
0

he(a, . M) = /R g, MEOXE (), PES (1), 2, )M(dE, ),



Generalisation Error

» Recall the cost function

R TGt
+?/0 Ent(v:) dt

() vi(da) dt + g(X7*<.()

M(d¢, d()
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M= [/ [ R 8, e+ g (X7, 0)| M, dC)

+U—/ Ent(v:) dt
2 (]

» In practice, one does not have access to population distribution M,
P N
but works with finite sample MM := N% Do Oen ciny

39 /45



Generalisation Error

» Recall the cost function

M= [/ [ R 8, e+ g (X7, 0)| M, dC)

+U—/ Ent(v:) dt
2 (]

» In practice, one does not have access to population distribution M,
P N
but works with finite sample MM := Nil Do Oen ciny

» Practioner use JMNI(V) and NOT J2Mm (1) to set stopping criteria
for learning

39 /45



Generalisation Error

» Recall the cost function

M= [/ [ R 8, e+ g (X7, 0)| M, dC)

+U—/ Ent(v:) dt
2 (]

» In practice, one does not have access to population distribution M,
P N
but works with finite sample MM := Nil Do Oen ciny

» Practioner use JMNI(V) and NOT J2Mm (1) to set stopping criteria
for learning

» The entropy term can be viewed as implicit regularisation

39 /45



Generalisation Error

Theorem 4
Let 6%k >> 0. There is ¢ > 0 independent of X\, S, Ny, N, d, p s.t

*,0 / o 2 S 2 - 1 1
E |[Mo7) - Mgt | <o (e o+ o+ h)
, N N>

The generalisation error is given by

JM (V(SJ,Nl ,N2,AS)

_ J./\/[ VSU:'I\Il,NQ,AS) _ JM(V*,O') _

N - size of the training data
N> - proxy to the the number of parameters
v - learning rate

S/~ - proxy for training time

vVvyVvyVvyy

By discretising ODEs we can get estimateson the number of layers




Assumption 1

Fix e > 0 and Ny > 0. Assume that VMM JMi (%o M) < e,

Theorem 5
There is ¢ > 0 independent of \, S, Ny, N>, d, p s.t

2 11
E|[Meght) | <@ +c(e?S+—+ o +h).
? Nl N2




Outlook

We have full analysis of convergence of regularised gradient descent
algorithm for deep networks modelled by ODEs.
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Outlook

We have full analysis of convergence of regularised gradient descent
algorithm for deep networks modelled by ODEs.

Key messages:

» Training of neural nets should be viewed as sampling rather then
optimisation problem

» \Wasserstein Gradient flow provides framework to study convergence
of training algorithms

» Probabilistic numerical analysis provides quantitative bounds that do
not suffer from curse of dimensionality
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