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 Some explanation and motivation is needed 
to understand the theorem and how it is 
proved.  We begin with some history.

ω(n) denotes the number of  prime factors of  n. 





The idea of “normal order” 



The idea of “normal order” 

 Let ω(n) be the number of distinct prime 
divisors of n.  



The idea of “normal order” 

 Let ω(n) be the number of distinct prime 
divisors of n.  

 Thus, ω(n)=1 if and only if n is a prime 
power.  



The idea of “normal order” 

 Let ω(n) be the number of distinct prime 
divisors of n.  

 Thus, ω(n)=1 if and only if n is a prime 
power.  

 Is there any regularity in the behaviour of 
ω(n)?  



The idea of “normal order” 

 Let ω(n) be the number of distinct prime 
divisors of n.  

 Thus, ω(n)=1 if and only if n is a prime 
power.  

 Is there any regularity in the behaviour of 
ω(n)?  

 Theorem (Hardy-Ramanujan).  ω(n) is 
“usually” log log n.  We say ω(n) has normal 
order log log n.



The idea of “normal order” 

 Let ω(n) be the number of distinct prime 
divisors of n.  

 Thus, ω(n)=1 if and only if n is a prime 
power.  

 Is there any regularity in the behaviour of 
ω(n)?  

 Theorem (Hardy-Ramanujan).  ω(n) is 
“usually” log log n.  We say ω(n) has normal 
order log log n.





The Hardy-Ramanujan theorem



The Hardy-Ramanujan theorem



The Hardy-Ramanujan theorem



The Hardy-Ramanujan theorem

 Fix ε>0.  The number of n≤x such that     
|ω(n)-log log n|> (log log n)1/2+ε is o(x), as x 
tends to infinity.



The Hardy-Ramanujan theorem

 Fix ε>0.  The number of n≤x such that     
|ω(n)-log log n|> (log log n)1/2+ε is o(x), as x 
tends to infinity.

 In other words, with probability 1, we have 
|ω(n)-log log n|≤(log log n)1/2+ε.



The Hardy-Ramanujan theorem

 Fix ε>0.  The number of n≤x such that     
|ω(n)-log log n|> (log log n)1/2+ε is o(x), as x 
tends to infinity.

 In other words, with probability 1, we have 
|ω(n)-log log n|≤(log log n)1/2+ε.

 The paper was innovative for its use of 
rudimentary sieve method.  
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 Turan replied that he saw no interest in 
doing this because he found no applications 
for such a result!!

Paul Turan 
(1910-1976)
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 Moral:  Don’t judge the importance of your own work!!
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 So we get a normal order result for a very 
general set up in this manner.
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 It is this theorem that allows for an arithmetic 
study of the Fourier coefficients of 
eigenforms combined with an appropriate 
use of the Chebotarev density theorem.
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extension with group G.  The 
map p ↦ σp is equidistributed 
in the space of conjugacy 
classes of G.

 In other words, given a 
conjugacy class C of G, the 
number of primes p<x such 
that σp ε C is asymptotic to 
(|C|/|G|)π(x) as x tends to 
infinity.  

We will use two versions of
the effective Chebotarev density 
theorem.  One is due toLagarias and
Odlyzko and assumes GRH.
The other is due to Murty, Murty and
Saradha and assumes in addition the
Artin holomorphy conjecture.   
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us to say the following.
 Given a Hecke eigenform f with p-th Fourier 

coefficient af(p), and a prime l, coprime to the 
level of f and p, the set of primes p for which 
af(p) ≡ a (mod l) has a Chebotarev density δ(l,a).

 The effective versions of the Chebotarev density 
theorem allows us to give a precise asymptotic 
formula with error term for the number of such 
primes.
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 Deligne constructed the representation

attached to two  modular forms but he said
nothing about its image.  This was done by
Ribet for level 1, Momose for higher level
and recently Loeffler for two or more
eigenforms.

When the image is open, we will say that f and g are “independent”.
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 This means that we can apply our axiomatic 
framework to derive the normal order via an 
effective Chebotarev density theorem.
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Some Galois representations
 The work of Ribet, Momose and Loeffler has

been alluded to earlier.

When the weights of  
f and g are both equal 
to 2, we see det u = det u’.
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 One can also treat the normal number of prime factors of         

P(af(p), ag(p)) where P(x,y) is a polynomial with integer coefficients.
 The analogue of the Erdos-Kac theorem can also be derived from the 

techniques presented here. 
 The use of GRH can be relaxed considerably.  Artin’s holomorphy 

conjecture is NOT need.  A quasi-GRH is sufficient, and even 
weaker conditions will work, but these “weaker” results are beyond 
the range of our current understanding of the analytic theory of 
Artin L-series.

 The case of higher weights branches into two separate cases: the 
case of equal weight and unequal weight.  Both can be treated and 
we hope to complete that calculation soon.

 It should be possible to extend this study to three or more forms but 
this would require a more detailed group theoretic calculations.





Thank you for your attention!
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