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deag at the interface of Pure and Applied Topology:

Pergigtent Homology
Metric Entropy
Navigation
Dimengion reduction.

We will be applying thege to problems of quantitative geometry, and the
geometric undergtanding of function spaces. My hope ig that there will
be other applications of these in applied mathematics — although that
part ig only in the conceptual phage.

Connection to classical applied mathematice - which hag a lot to do with
nonlinear functions.



Lecture [ review.
Studied the igoperimetric problem via Thom’s method which

Asgociates a function F (with valueg in a strange space Th) to each
embedded manifold M in a gphere.

Finds a manifold W which boundg M from a null homotopy of F.
Leads to the questions:

|. Relating the complexity of M (e.g. Volume) to the map (which ie
the Lipschitz congtant) — Quantitative embedding theory.

2. How complex mugt a function get during a homotopy?

3. One needg to “navigate” not just know a path exists. Some
estimateg come from entropy.

These aren’t gtrong enough for ug, but are useful for getting a
bageline. We gaw that entropy+emoothnese gives a feeling for how many
critical points are there with given depths.



Theorem (Chamberg-Dotterer-Manin-W + Manin-W). If M ig a cloged
oriented riemannian manifold with bounded curvature and injectivity
radiug, then, if M ig a boundary,

Inf UollW) ie < CUlIM) ™
N:=M

ltemg for emphagig.

PH(Function gpaces) are interesting and beautiful (and perhapg ugeful)
Slogan: Bott and Morge versug Serre.

So we ghall study PHIX, ) in epecial cages.
N
We need X =S" and Y = Th.

Let's firet discuge Y = R, then & (which fan’t very different than non-
positively curved gpaces)

Then the cage of X = &,

Finally, a bit of what we know about the more general situation.
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Summary:

When the target ie non-pogitively curved the OH ig very simple: only
infinite length bare.

The diameters are eometimeg even bounded (but often linear)
(The counting ig fun, algebra/geometry)

When the target i “computationally complex” the PH can be very
complicated with very many very long bars.

“Diameters” geem hard to get at.



Obgervationg

The Covering number of L-Lip Maps [X, Y]

din X

is ExplL. )

Exampleg: & — 77

Theorem/Conjecture (Gromov, Manin-W). [f X and Y are finite simplicial
complexes and Y i simply connected (or hag finite fundamental group)
then the number of homotopy clagses that have repregentatives with
Lipschitz congtant at mogt L ig bounded by a polynomial in L.

(But, ie not necesgarily agymptotic to a polynomial)

Suggests that ¥ simply connected ig understandable.
Main Conclugion: Thig seems to be true, but we’re not there yet.



Theorem. (Ferry-W)
For a finite complex ¥ the following are equivalent:

There ig a congtant Cldim X, Y) o that if fg; X3Y are homotopic L
Lipachitz mapg then there is a CL-Lipgchitz homotopy Xx[O,] Y
between f and g.

All the homotopy groups of Y are finite. (If Y ig finite, then it’s
algorithmic to tell)

Addendum (Bloek-W). n thie cage all the PH(Log-Lip(X:Y)) are of
bounded length.

The Ferry-W theorem together with come better technology ie enough for
a vergion of Gromov’s igoperimetric inequality question when combined
with careful embedding work.

Some of thig ig in the paper Chambers-Dotterer-Manin-W and the rest i
in Manin-W and relies on work of Gromov-Guth.



For oriented manifold thig ien’t enough.

- .

' n-

ldea is to be guided gome by Rational homotopy theory (Quillen,
Sullivan).

Key papers are by COMW JAMS, CMW GAFA, Manin G&T,
Berdnikov, Manin-Berdnikov

Conetructing nice embeddingg.
(1). Johngon-Lindengtrause. (Clarkeon)
(2) Random projectiong or random embeddings.
(3).Two etage random congtructiong (Gromov-Guth, Manin-W)



Dotential directions of application.

(a) navigating function epaces in applied math

(b). Sobolev homology, and pergigtence. (Could be ugeful e.g. in liquid
crystalg, ete.)

(c). Metagtability phenomena. Evolutionary theory.

(d). Open probleme: Rather than just caleulating the “phage space” a
problem liveg on — understand ite PH. Develop methods other than
logic and approximation. Make Serre more like Bott-Morse.

Search for and stable critical points - uge entropy!

Don’t dimengion reduce ag much ag you can. Keep more local structure
and be multi-gcale.






