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Notation

Throughout the talk, A denotes a unital C*-algebra.

GL0(A) denotes the connected component of 1 in the group of
invertibles of A. GL0(A) is generated by {ex : x ∈ A}.

U0(A) denotes the connected component of 1 in the group of
unitaries of A. U0(A) is generated by {eih : h selfadjoint in A}.

DGL0(A) denotes the commutator subgroup of GL0(A).

DU0(A) denotes the commutator subgroup of GL0(A).

Notation for commutators: (a, b) := aba−1b−1, [a, b] := ab − ba.
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The exponential map

The exponential map: a ↦→ ea :=
∑∞

n=0
an
n! .

A consequence of the CBHD formula:

Theorem
Let x, y ∈ A be such that ‖x ‖, ‖y ‖ < log 2

8 . Then there exist a, b ∈ A,
depending continuously on x and y, such that

exey = ex+y+[x,a]+[y,b],

If x and y are skewadjoint then so are a and b.
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The exponential map

A consequence of (manipulations of) the 1st Kashiwara-Vergne
equation:

Theorem (Thompson, Rouvière)
There exists n > 0 such that if x, y ∈ A are such that ‖x ‖, ‖y ‖ ≤ n then
there exist R, S ∈ A, depending continuously on x and y, such that

ex+y = (eRexe−R) · (eSeye−S) .

If x and y are skewadjoint then so are R and S.

Corollary
ex+y is commutator equivalent to exey .
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Generators for DGL0(A) and DU0(A)

Theorem (R, 2015)
Let A be unital and without 1-dimensional representations. Then
[A,A] = span{x ∈ A : x2 = 0}.

�estion: Do we always have [A,A] = span{x ∈ A : x2 = 0}?

Theorem (R, 2016)

1. DGL0(A) is generated by {e [c,d ] : c, d ∈ A}.
2. DU0(A) is generated by {ei [x

∗,x ] : x ∈ A}.

If A has no 1-dimensional representations then

3. DGL0(A) is generated by {1 + x : x2 = 0}.
4. DU0(A) is generated by {ei [x

∗,x ] : x2 = 0}.

Moreover, in this case these groups are perfect; i.e., they agree with
their commutator subgroups. 5



A bit of history

• Kadison: If M is a factor of type either II1 or III then GL0(M)
and U0(M) are topologically simple modulo their centers.

• Kaplansky, de la Harpe: If M is a factor of type either II1 or III
then GL0(M) and U0(M) are simple modulo their centers.

• de la Harpe-Skandalis: If A is a simple AF C*-algebra then
DGL0(A) and DU0(A) are simple modulo their centers.

• Ng-Ruiz: If A is simple, unital, exact, and Z -stable then
DGL0(A) and DGL0(A) are topologically simple modulo their
centers.

• Other classess of C*-algebras considered by Thomsen,
Ellio�-Rørdam.
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Closed normal subgroups

Theorem (Brešar, Kissin, Shulman, 2008)
Let L ⊆ A be a closed Lie ideal (i.e., [L,A] ⊆ L). Then

[L,A] = [I,A],

where I is the closed two-sided ideal generated by [L,A].

Theorem (R, 2016)
Let H be a closed normal subgroup of U0(A). Then

(H,U0(A)) = (U0(I),U0(A)),

where I is the closed two-sided ideal generated by [H,A].

A similar result holds for GL0(A).
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Essential simplicity of DGL0(A)

Amitsur, ’56: There exists a simple unital algebra B and a vector
subspace V ⊆ B invariant under similarity, such that V is not a Lie
ideal of B (i.e., [V ,B] * V ).

Theorem (R, 2015)
Let A be a simple unital C*-algebra. If V ⊆ A is a non-central vector
subspace invariant under conjugation by DGL0(A), then [A,A] ⊆ V.

Theorem (R, 2016)
Let A be a simple unital C*-algebra. If H ⊆ GL0(A) is a non-central
subgroup invariant under conjugation by DGL0(A), then
DGL0(A) ⊆ H.
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Essential simplicity of DU0(A)

�estion (Marcoux): If V ⊆ A is a vector subspace invariant under
conjugation by U0(A), is V a Lie ideal of A (i.e., [V ,A] ⊆ V )?

Theorem (R, 2020)
Let A be a simple unital C*-algebra. If V ⊆ A is a non-central vector
subspace invariant under conjugation by DU0(A), then [A,A] ⊆ V.

Theorem (R, 2016)
Let A be a simple unital C*-algebra. Suppose further that there exists
p ∈ A projection, with p ≠ 0, 1. If H ⊆ U0(A) is a non-central subgroup
invariant under conjugation by DU0(A), then DU0(A) ⊆ H.
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Improvement…

Theorem (Chand, R, 2020)
Let A be a simple unital C*-algebra. Suppose that either one of the
following conditions hold:

• there exists p ∈ A projection, with p ≠ 0, 1,

• Z2,3 ↩→ A, where Z2,3 is a dimension drop C*-algebra.

Let X ⊆ DU0(A) be a generating set invariant under conjugation by
DU0(A). Then there exists k ∈ ℕ such that X k contains the set
{ei [x∗,x ] : ‖x ‖ ≤ 1}.
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Bounded normal generation

Definition (Dowerk, Thom)
A simple group G is said to have bounded normal generation (BNG)
if for all g ∈ G\{e} there exists k ∈ ℕ such that

G = (gG ∪ g−G)k,

where gG and g−G denote the conjugacy classes of g and g−1,
respectively.

Theorem (Dowerk, Thom, 2015)
Let M be either a II1 factor or a type III factor. Then U (M)/S1 has BNG.
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BNG in C*-algebras

Theorem (Chand, R, 2020)
If A is simple, unital, and purely infinite, then U0(A)/S1 has BNG.
(Note: In this case U0(A) = DU0(A).)

The hypotheses can be relaxed. Suppose that

• A is unital and without bounded traces,

• there exists a projection p ∈ A such that p and 1 − p are full,

• U0(A) has finite exponential length,

• g ∈ U0(A) is such that the set [g,A] is full.

Then U0(A) = (gG ∪ g−G)k for some k ∈ ℕ.
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Outlook

• Currently under investigation: BNG for Z -stable simple unital
C*-algebras of finite exponential rank.

• �estion: Is span{x ∈ A : x2 = 0} a Lie ideal of A? (Bergman:
False for arbitrary algebras.)

• �estion: Are there simple unital C*-algebras for which
DU0(A)/Z (DU0(A)) does not have BNG?

• �estion: When does DU0(A) have the Bergman property? (G
has the Bergman property if its diameter is finite with respect
to any generating set.) Dowerk: If M is a type II1 or type III
factor then U0(M) has the Bergman property.
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