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Let M"™ be a smooth n-dimensional closed manifold.

The manifold M" has a framing if there exists an isomorphism
of vector bundles

(TM") & (N —n) — (N),

where (k) is a trivial bundle.
The manifold M"” with a fixed framing is called a fr-manifold.

Let fr, denotes the bordism group of framed manifolds.
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The manifold M" has a stably complex structure if there exist
an N-dimensional complex vector bundle » — M" and
an isomorphism of real bundles

(TM™) @ (2N — n) = rn,

where rn is a bundle 1 regarded as real.

The manifold M" with a fixed stably complex structure
is called an U-manifold.

Let U, denotes the bordism group of stably complex manifolds M".

Sp-manifolds and the group of quaternionic bordisms Sp,
are defined similarly.
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A manifold M" has a partially (with defect 1) framed U-structure
if there exists an one-dimensional complex vector bundle £ — M"
and the isomorphism

(TMM @ £@ (2N — n—2) = (2N).

We denote such manifold by (fr(1), U)-manifold.

Let §—> M" be a complex vector bundle such that £ ® gis
the trivial bundle.

We fix in M" tbe structure of an U-manifold defined
by the bundle &, and will consider M” as an U-manifold.

Then the one-dimensional complex bundle det 7M" and
the isomorphism £* — det T M" are defined,
where £* is a bundle, complex conjugate with &.

We introduce the bordism group (fr(1), U), and the canonical
homomorphism (fr(1), U), — U,.
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If M" has a SU-structure, then the (fr(1), U)-manifold is a framed.

Let M"*2 be some fr-manifold and & — M"*+2 be
some one-dimensional complex vector bundle.

Then the manifold M" ¢ M"t2, dual to the bundle &,
has the canonical structure of a (fr(1), U)-manifold.

Let T2 be a smooth elliptic curve and n — T2 be
an one-dimensional complex bundle such that ¢j(n) is

a generator of the group H?(T?;Z).

Then the (fr(1), U)-manifold M?> C M* = T2 x T2, dual
to the bundle & = 11 ® 1, is a curve of genus 2.
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Consider the one-dimensional quaternionic space H! and set
S ={qeH" : |q =1}.

Let S be a maximal commutative subgroup of S3 = Sp(1).
Denote by CP} a homogeneous space Sp(1)/S?.

The tangent bundle 7TCP! is stably equivalent to the bundle n ® 7,
where 7 — CP} is a complex line bundle such that c1(7) is
a generator of H?>(CP};Z) ~ Z. We have ¢;(TCPL) = 0.

Let us introduce the submanifold M?2" C ((CPj)”H, that is dual
to the complex line bundle 1 @ - - - @ Npy1 — ((CP,})"H_

Denote by (fr(1), U)3,, the canonical image of (fr(1), U)z2, in Uap.

1. There are isomorphisms (fr(1), U)3, ~Z, n € N.

2. The manifold M?" c (CP})"*! is a representative
of the generator of the group (fr(1), U)3,,.
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Two-parameter complex Todd genus U, — Z is defined

by the series

at bt

t e —e
- B(t. a, b)’ where B(tv a, b) - aeat _ bebt.

Important special cases:
1. B=p(t1,0)=1—et.

Ly(B)[M?"] = Td(M?") is the classical Todd genus of M?".
2. = p(t;1,—1) = tanh(t).

Ly(B)[M?"] = 7(M?") is the signature of M>".

3. B=B(61,1) = =
Ly(B)[M?"] = (—=1)"c,(M?") is the top Chern number of M?".

v

For complex (and almost complex) manifolds, the number c,(M?")
is equal to the Euler characteristic of M?".
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1. Td(M?2") = (—1)".

n+1l(an+1__
2. T(M?r) = 2(?1+2 Y Byyia,

where By are the Bernoulli numbers.
3. cp(M?") = (=1)"(n +1)!

4. If [M*"] € (fr(1), U)an then 7(M*") is divided by 7(M?3")

Examples

Td(M?) = -1, c(M?) ,
hence, M? is an oriented surface of genus 2; [M?] = —[CP].

| wh
I
|
N
A\

Td(M*) =1, T(M*) = -2, a(M*) =
hence, [M*] = 3[CP!]? — 2[CP2].

7(M8) =16, 7(M?)=-16-17.
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A manifold M" has a stable partially (with defect 1) framed
Sp-structure if there exists an one-dimensional quaternionic bundle
¢ — M" and the isomorphism

(TM™) @ ¢ ® (4N — n — 4) = (4N).

We denote such manifold by (fr(1), Sp)-manifold.

Let Z—> M?" be a quaternionic bundle such that { & Z is the trivial
bundle. We fix in M" the structure of an Sp-manifold defined
by the bundle ¢, and will consider M" as an Sp-manifold.

We introduce the bordism group (fr(1), Sp), and the canonical
homomorphism (fr(1), Sp)n — Spn.

Let M"** be some fr-manifold and ( — M™% be some
one-dimensional quaternionic bundle. Then the manifold

M" M4, dual to the bundle ¢, has the canonical structure
of a (fr(1), Sp)-manifold.
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For any n the manifold (CP})" is a Sp-manifold.

Let us introduce the Sp-submanifold N?" C (CP})™2, n >0,
that is dual to the quaternionic bundle n &7 — (CP})"*2,
where n =11 ® - -+ ® py2. We have N0 =2

Let us denote by (fr(1), Sp)j,, canonical image of (fr(1), Sp)an
in the group Usp.

Theorem
1. There are isomorphisms (fr(1), Sp)s, ~Z n€ N.
2. The manifold N*" C (CPL)?"+2 is a representative
of the generator of the group (fr(1), Sp)%,,-
3. Td(NV*") = ( 1)"e,, where epx_1 = 2 and e = 1,
k=1,2,.

n+2(pn+2
. (N4"):< 1) Y Bynra),

where B, are the Bernoulli numbers.
5. cn(N*") = (=1)"(2n + 2)!
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Td T(N*) = 16; (N?) = —4l
(2) TdN®) =1, 7(N8)=16-17, c(N?®) =6!
Td(N'12) = —2; 7(N12) =162-31; c5(N'2) = —8!

The Todd genus of any (8m + 4)-dimensional Sp-manifold is even.

The manifold A is the representative of generator
of the group Sp, ~ Z.
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Homotopy interpretation of bordism groups

frp = lim [SN*n SN],
N—o0

Uy = lim [S2N0 MU(N)].
N—o0

Spn = lim [S*N+7 MSp(N)].
N—o0

(fr(1), U)n =

(fr(1),Sp)n =

lim [52N—i—n7 zZN—2(CPoo]*
N—oo
[54N+n7 Z4N74Hpoo]*

[im
N—oo
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The loop spaces QG of compact Lie groups G are classical objects
of algebraic topology.

The Hopf algebra theory and Morse theory have found
fundamental applications in problems on cohomology rings
H*(Q2G;Z) and Pontryagin algebras H.(Q2G;Z) (see [3]).

Analytical and differential-geometrical properties

of the loop spaces QG attracted the attention of specialists
in the theory of integrable systems, string theory,

and the theory of infinite-dimensional Kahler's manifolds

(see [4], [5]).
[3] R. Bott, The space of loops on a Lie group.,
Michigan Math. J., 5 (1958), 35-61.

[4] M. F. Atiyah, A. N. Pressley Convexity and loop groups.,
in Arithmetic and Geometry, Springer, 1983, 33-63.

[5] A. Pressley, G. Segal, Loop groups., Oxford University Press (1988).
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Theorem (R. Bott, 1958).

1. The Pontryagin algebra H.(QSU(n+1);Z), n > 1, is
isomorphic to the Hopf algebra on the graded ring
Z|bi, ..., by, deg by = 2k, with the diagonal

Aby, = Z b; ® bj.
i+j=k

2. There is an embedding
Jn: CP" — QSU(n+1)

such that by = (jn)«ak, k =1,...,n, where ay is a generator
of group Hy,(CP";Z).
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Let us consider the universal complex n-dimensional bundle
n(n) — BU(n). We have

H.(BU(n); Z) ~ Zcy, . . . , cal,

where ¢, = cx(n(n)) € H?**(BU(n); Z) are the Chern classes

of n(n).

In the case n > 1, the space BU(n) is not a H-space, but the ring
H*(BU(n); Z) has the structure of a Hopf algebra with diagonal

Ac, = Z G ® ¢j.
i+j=k

Therefore, the Pontryagin-Hopf algebra H.(QSU(n + 1); Z)
is isomorphic to the Hopf algebra H*(BU(n); Z).

V. M. Buchstaber The loop space of the group SU(2)



From the point of view of the prodlems of our talk, the loop space
on the 3-dimensional sphere S3 is remarkable object.
The manifold S3, as a Lie group, is SU(2) = SP(1),
and on the other hand, as a CW-complex, it is ¥y S2,

We use algebraic-topological and geometric constructions
to describe the cobordism ring U*(253) with the action

of the Landweber—Novikov algebra S and the bordism group
U.(QS3) as the ring with the Pontryagin multiplication.

We describe the canonical map ¢: Q53 — CP™ and use its
to calculate the cobordism classes of U-manifolds M?2" and
Sp-manifolds N4".
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James spaces.

Let X be some CW-complex with a base point *. The James
space J(X) is the free noncommutative monoid generated by

the space X, in which point x plays the role of unit. This space is
a CW-complex J(X) = nIi_)n;OJ,,(X). Here J,(X) is the image of
the projection jn: X" — Jp(X) : jn: (X1, -, xn) = (xat - - fxn),
where  is the symbol of multiplication in the monoid J(X).

The direct limit is taken with respect to the embeddings
int Jn(X) C Jpy1(X) that are induced by the embeddings
X" C XML (X, xn) = (X1, X, %),

Theorem (I. M. James, 1955).

1. There is a homotopy equivalence jx: J(X) — QX.X;
2. There is a homotopy equivalence Ljx: XJ(X) — 3 vX(1),

n>1
where X("W = X A --- A X is the n-th smash power.
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Dold—Thom spaces.

The Dold—Thom space DT(X) is the free commutative monoid
generated by the space X, in which the base point * plays the role
of unit. This space is a CW-complex DT (X) = Ii_>m DT,(X).
Here DT,(X) = Jn(X)/Sn.

The Dold—Thom space DT (X) is also called the infinite symmetric
product and is denoted by SP(X).

The finite CW-complexes J,(X) and DT,(X) together with
the projection J,(X) — DT,(X) define two functors J(X) and
DT(X) with values in the category of monoids together with
the “abelinization” morphism J(X) — DT(X).
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Set An(X) = Ha(X;Z) and A(X) = > An(X) = H(X; Z).
n>0
Let us introduce the Eilenberg—MacLane space

K(AX)) = lim mﬁl K(An(X), m).

If X = S", then K(A(S")) = K(Z; n).

Theorem (A. Dold, R. Thom, 1958).

There is the functorial homotopy equivalence
k(X): DT(X) — K(A(X)).

Since Sym"(CP!) = CP™ then CP>® = ILm CP" can be identified
with DT(CPY).
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We identify the space X = Q53 with the free monoid J(S?)
and the space CP> with the commutative free monoid DT (52).

Let ¢: Q53 — CP> denote the map defined by the abelinization
homomorphism J(S52) — DT(S?).

The canonical embedding CP! c QS3 defines a generator
w € Uz(QS3) ~ Z, that under ¢, : U,(Q253) — U,(CP™)
pass in a generator v € Up(CP>) ~ Z.

In the homology of J(S2) = lim J,(S52), the generator of
n—oo

the group Ha,(J(S?)) is realized by the image of the fundamental
cycle of the manifold (CPL)" under j,: (CP)" — J,(S?).

With respect to the multiplication in bordisms induced by
the structure of monoid J(S5?) ~ QS3, there exists an isomorphism
U (2S3) ~ Qu[w].
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Thus, U,(Q2S3) is a free Qy-module with generators
wop € Usn(QS3), n=0,1,..., where wy, = w".

The standard embeddings S27 C MU(n) define the generators
u(n) of the groups U?"(52") ~ Z.

Using the homotopy equivalence ¥js2: ¥J(5%) — X ( v, s2m,
nz
we take the classes by, € U?"(2S3) such that

(Xjs2)*ou(n) = obap,

as generators of the free Qy-module U*(QS53), where o is
the suspension isomorphism.
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Let us describe explicitly the cap-product
N: Un(X) @ U™(X) = Up—m(X).

Let M" be some closed U-manifold with a fixed U-orientation a(v)
of a normal bundle. Let us denote by D = D(«(v)) the Poincare
duality isomorphism UX(M") — U,_x(M").

Set a € Up(X) and b € U™(X). Let us choose a representative
f: M" — X of the bordism class a and put, by definition,

anb=£Dfbe Upm(X).

The fundamental class (M") € U,(M") is defined by the identity
map M" — M". We obtain (M") N b = Db for any b € U™(M").

Consider the homomorphism e: U.(X) — Qy induced by the map
X — pt. We obtain the Q-bilinear scalar product
(-,-): Un(X) @ UT(X) — QU_,, by the formula (a, b) = e(an b).
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Let us consider the Q-bilinear scalar product
(-,)): Us(2S3) @ Um(QS3) — QY .

Let {wa,} and {by,} be the bases of the free Qy-modules
U.(2S3) and U*(2S3). By construction, we have
(W2n, bom) = 6n m, Where 6, m is the Kronecker symbol.

Let u € U2(CP>) be the first Chern-Conner-Floyd class
of the universal one-dimensional bundle n — CP>.
Then by definition of manifolds M?2", there is the formula

(Wonio, p*u) = [M?"], n > 1.

wiu=ba+ Y [M*"bans2.

n>1
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The spectra MU = {MU(n)} and K(Z) = {K(Z;2n)} define
theories U*(+), U.(:) and H*(:;Z), H.(-;Z), respectively.

The cohomology classes us € H?"(MU(n); Z) define
phl: U(-) = H*( Z) and pff: Us(+) — Hi( Z).
Let Ay = QuS be the algebra of all cohomological operations

in the theory U*(-) and S be the Landweber—Novikov algebra.

Theorem.

1. There is an isomorphism U*(QS3%) ~ Qu|[b2, - - -, ban, - - -]I/J,
where J = {b] — nlbyp}, n=2,3,..;
and therefore bg,’bgj = (ITJ) b2(i+j)-

2. The homomorphism pfl: U*(QS3) — H*(Q2S53;Z) defines
the isomorphism of A y-modules
U*(QS3) = H*(QS3;Q0) = Qullb, . -, ban, .. ]1/J,
where by, = uﬂ bop.
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The standard embeddings Sp(n) C U(2n) define mappings
of the classifying spaces f,: BSp(n) — BU(2n).

Let n(2n) — BU(2n) and {(n) — BSp(n) be universal bundles.
We have f,/n(2n) = ((n). The mapping of the Thom spaces
Tfn: MSp(n) — MU(2n) is defined. The Thom spectrum

MSp = {MSp(n)} defines theories Sp*(-) and Sp.(-).

The maps Tf, define maps of the spectra Tf: MSp — MU
and the transformations

P Sp7() = UP() and s Sp.() = Ua().

Let t(n(2n)) € U*(MU(2n)) and t({(n)) € Sp*"(MSp(n))
be the Thom classes of universal bundles.

There is the formula ,ugpt(((n)) = (Tfp)*t(n(2n)).
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The Chern-Conner-Floyd classes c!(n) of complex bundles n — X
are defined in the theory U*(-).

The Borel-Conner-Floyd classes pf”(g) of quaternionic bundles

¢ — X are defined in the theory Sp*(-).

There exists the formula ,ugppfp(g(n)) = frcs (n(2n)).

We have
CP>* = BU(1) ~ MU(1) and HP> = BSp(1) ~ MSp(1).

The algebra As, of all cohomological operations in theory Sp*(-)
has the form QSPSSP, where the algebra of operations SP

is constructed using the classes pf”(() in the same way as

the Landweber-Novikov algebra S = SV is constructed using

the classes c/(n).
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The embedding S C Sp(1) defines the bundle 7: CP> — HP>
with the fiber S3/S* ~ CPL. We have 7*((1) = n @ 7.

Let us denote by 1: 253 — HP> the composition 7.
According to p.2 of I.M.James' Theorem (Slide 16) for X = S
the ring Sp*(QS3) is a free Qs,-module.

The ring Qs, has 2-torsion; therefore, the ring Sp*(CP*°)
is not a free {2s,-module.
We have Sp*(HP>) = Qs,[[x]], where x = p?(¢(1)), u¥x = ud,
and u = ¢ (n(1)) € U?(CP>).
Let us consider the Qsp-bilinear scalar product
('a ) Spn(QS3) ® Spm(QS3) - Qiﬁim

Let {wa, € Sp2n(Q253)} and {by, € Sp>"(Q2S3)} are dual bases
of free Q2sp,-modules.

By definition of manifolds A" C (CP)"*2, there is the formula
(wanta,¥5,x) = IN?"], n=0,1,...
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UEox = 2by + Y _[N?"|bonya.

n>1

Let us identify the ring Im Mgstp with the ring YAZSP = Qsp/ Tors.

Theorem.

1. There is an isomorphism
Sp*(0253) ~ Qsp[[b2, - - -, bon, . . .]]/J, where
J={bj —nlbyy}, n=2,3,..;
and therefore byjbyj = (’TJ) bo(itj)-

2. The homomorphism ,ugp: Sp*(QS3) — H*(QS3;Z) defines
the isomorphism of As,-modules
Sp*(QS3) = H*(253 Qsp) = Qspl[ba, - .-, ban, .. J1/J

where by, = ugp bop.
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The Chern—Dold character in cobordism theory (see [6])
is the multiplicative transformation of cohomology theories
chy: U*(-) - H*( Qu ® Q)
that is uniquely determined by the condition
chy[M?%] = [M?%]  for any [M?"] € Q%"

The algebra of all cohomological operations in H*(+; Qy ® Q)
coincides with the algedra Ay ® Q, whose action is determined
by the action of Ay on Qy.

Properties:

1. The transformation chy commutes with the action of Ay.

2. Let X be some finite CW-complex. Then
chy ® Q: U*(X) ® Q — H*(X; Qy ® Q)
is an isomorphism of .Ay-modules.

[6] V. M. Buchstaber, The Chern-Dold Character in Cobordisms, |,
Math.USSR Sbornik, 12:4 (1970), 573-594.

V. M. Buchstaber The loop space of the group SU(2)



3. Let X be some CW-complex such that H*(X;Z) is torsion-free.
Then chy ®Q: UN(X)®Q - H*(X; Qu ® Q)
is an isomorphism of .Ay-modules.

4. Set u = c(n(1)) € U2(CP>). The transformation chy
is uniquely determined by series chyu = f(t) =t + 3 ag,t" !,

n>1
where as, = ([,,Aff)]!, [M2"] € Qaz".
5. For any [M?"] € Qaz”, there is the formula
chy[M?] = [M*"] = 37 cu(v(M??))ay,
|w|=n
Wherew:(il,...,ik), hn>=...210 >0, |w| :Eik:nv

a, = aj, -+ aj,, and ¢,(v(M?")) are the Chern numbers
of the normal bundle of a stably complex manifold M?".
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6. From the formula [M2"] = Y c,(v(M?"))a, follows:

jw[=n

QueQ=Q[M2,....[IM,...],
co(V(MZM) =0, w # (n),  ¢m@(MZ") = (n+1)!

In the Landweber-Novikov algebra S =}, Sy, the groups S,
are additively generated by the operations s, |w| = n,
which act on the classes [M?"] € Q;*" by the formula

s, [M27] = ¢, (v(M2)).

7. The Chern—Dold character coefficients [M2"] € Q are
uniquely determined by the conditions

M) =0, 0 £ (), s)[M2] = (n+1)!
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2 2n
Set QU(Z)zz[["g*],_“,%,...] CcQu®Q.

8. A multiplicative transformation of cohomology theories
chy: U() = H* (- Qu(Z))
is defined such that chy decomposes into a composition
chy: U*(X) = H*(X; Qu(Z)) — H*(X;Qu @ Q).

9. Let H*(X;Z) be torsion-free. Then the transformation chy
defines the isomorphism

chy ® 1: U*(X) ®q, Qu(Z) — H*(X; Qu(Z)).
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Any Hirzebruch genus L defines a ring homomorphism L: Qy — Q
and is defined by the series Q(t) = 1+ > aoxt® € Q[[t]].

k>1
Put oy =1+ X Bant”.

n>1

10. For the coefficients [M2"] of the Chern-Dold character chy,
there is the formula

LIM2"] = (n + 1)!52s.

| A

Example.

The Todd genus is defined by the series Q(t) = 1—24'
Therefore L[M2"] = (—1)".
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Let g(u) = u+ > [CP"] ‘,’:11 be the logarithm of the formal group

of geometrical cobordisms.

)n+1

11. There is the formula chyg(u) = f(t) + S[CP"HL°" nr = L J

Series f(t) is functionally inverse to the Mishchenko's series g(u).

Under the Ay-isomorphism
chy ® 1: U*(CP™®) ©q, Qu(Z) — H*(CP>; Qu(Z)),
the series g(u) goes to the element t € H?(CP>; 7).
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The Chern—Dold character

chgp: Sp*(+) = H*(+; Qsp @ Q)
in theory Sp*(+) is given by series

chspx =h(z) =z + Y byz"*!

n>1
where x = pP(¢(1)) € Sp*(HP>) and z = p(¢(1)) € H*(HP>).

Here b, (2[,1;2])“ where [N#"] € Q
For any class [N*"] € lef”/Tors, there is the formula

chgp [N*] = [N*"] + 37 pu(v(M™)) by,

|w|=n

where p,,(v(M*")) is the characteristic Borel numbers.
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Let the Hirzebruch genus L: Qy — Q be given by the series Q(t).
Put m =1+ v4nz", where z = —t? and t = i\/z.

n>1

12. For the coefficients [N#"] of the Chern—-Dold character chgp,
there is the formula

LIN*"] = (2n + 2)! Yap.

Let L = Td be the Todd genus. Then
1 _2
qmar — 21— osv2)
Let L = 7 be the signature. Then
1 _ 1/ d
amen — z(gznvz - 1)
Let L = ¢, be the top Chern classes. Then

1 — _1
Q(t)Q(—t) — 1+z-
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The geometric realization of coefficients
of the Chern—Dold character chy.

(fr(1), U)-manifold
M?" c (CPHY™L n=0,1,...,
is a representative of the U-cobordism class [M2"].

Let T2 be a smooth elliptic curve and n — T2 be
an one-dimensional complex bundle such that ¢j(7) is
a generator of the group H?(T?;Z).

The (fr(1), U)-manifold M?" C M?n+2 = (T2)n+1,
dual to the bundle £ = &1 =11 ® - - - @ Npt1,
is a representative of the U-cobordism class [M2"].
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The geometric realization of coefficients
of the Chern—Dold character chg,,.

(fr(1), Sp)-manifold
N4 C (CPY)?"+2 n=0,1,...,
is a representative of the Sp-cobordism class [NV#"].

Let T2 be a smooth elliptic curve and n — T2 be
an one-dimensional complex bundle such that ¢j(7) is
a generator of the group H?(T?;Z).

The (fr(1), Sp)-manifold N*" C M4+4 = (T2)27+2, dual
to the bundle ¢ = &ap12 © {ant2, Where Sopp0 =11 @ -+ @ M2n+2,
is a representative of the Sp-cobordism class [NZ"].
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Thank you for the attention!
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