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Goals of the SRA-COVID Project

1 Agent Based Models (ABMs): provide an immunologically
acceptable, flexible multi-individual computational
framework for infectious disease.

2 Large N analytics: provide the heuristics (and theorems) for
N →∞ approximations to these ABMs.

3 Large scale testing: run Monte Carlo simulations of the ABM
in parallel with N =∞ analytics in a wide range of scenarios,
to benchmark the robustness, accuracy and computational
speed of the approximations.

4 Policy interventions: Investigate all possible policy
interventions to rein in COVID-19.
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Senior’s Residence: Agent Based Model

As an example, consider a town of 10000 people, with a senior’s
residence with 100 residents and 50 social workers. Can the
management prevent COVID from infecting the residents? With
some serious social distancing in the centre, they hope to avoid an
outbreak inside even as it goes through the town. Unfortunately,
according to our ABM they don’t succeed.
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Senior’s Residence (ABM benchmark)
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Senior’s Residence: Analytic Approximation
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First Infected Senior: Tracing Infection Path
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Inhomogeneous Random Social Networks

1 System as a random network with N nodes v representing
individuals.

2 People are classified by types depending on age, profession,
country, etc.

3 Each person v has random immunity buffer ∆v; is connected
to the network by potential exposures Ωwv to its social
contacts.

4 v becomes infected as soon as sum of their exposures to
infected contacts w,

∑
w: infected contacts Ωwv, exceeds their

immunity ∆v.
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Hurd 2019 : “Systemic Cascades On

Inhomogeneous Random Financial Networks”

Models financial system as multidimensional random variable
(RV) with two levels of structure:

1 Level I is called the skeleton graph. The directed random
graph (DRG) where:

I Nodes are financial institutions, each with node type label T ;
I Directed edges represent existence of a significant exposure

of one node to another.

2 Level II specifies balance sheets B of the agents, including
inter-node exposures Ω. Level II RVs have some conditional
independence, conditioned on knowledge of the skeleton
graph.

3 See http://arxiv.org/abs/1909.09239.
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Hurd 2020 : “Analytics of Contagion on

Inhomogeneous Random Social Networks”

Models social system as a multidimensional random variable (RV)
with two levels of structure:

1 Level I is called the skeleton graph. The undirected
inhomogeneous random graph (IRG) where:

I Nodes are individuals, each with node type label T ;
I Undirected edges represent the existence of a significant

social contact between pairs.

2 Level II specifies immunity buffers ∆ of individuals, and their
potential viral exposures Ω . Level II RVs have some
conditional independence, conditioned on knowledge of the
skeleton graph.

3 See https://arxiv.org/abs/2004.02779
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What’s an Agent-based Model?

A computational scheme where multiple individuals with specified
characteristics interact with each other and with their
environment according to predefined rules.
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Agent-Based Contagion Model

M types of individuals, divided into four classes:

Susceptibles −→ Exposed −→ Infectives −→ Removed

Data and parameters are:

1 N : total population, usually taken to be large;

2 M types, with fractions (probabilities) P(T ) for T ∈ [M ];

3 Size [M,M ] social connectivity matrix κsoc;

4 Infectivity parameter z ∈ [0, 1];

5 Parameters for immunity buffers and viral exposure sizes.

6 Class-to-class transmission probabilities β, γ.
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Initializing ABM

The population of N individuals is assigned random
characteristics as follows:

1 Each individual v ∈ [N ] is assigned a random type T ∈ [M ]
with probability P(T );

2 The social network is a random graph with size [N,N ]
random adjacency matrix Avw, parametrized by connectivity
matrix κsoc.

3 Endow people with random immunity buffers ∆v and
directed edges with random viral exposure sizes Ωvw.

4 Randomly assign each person to an initial class from
{S,E, I, R}.
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ABM Daily Dynamics

1 Infectives I have a probability z each day to meet any
susceptible social contact, in which case a viral load is
transmitted.

2 Susceptibles become exposed, moving to class E, as soon as
their cumulative viral load exceeds their immunity ∆v.

3 Individuals in class E move to I (i.e. they become infectious)
with probability γ;

4 Individuals in class I move to R (i.e. they either die or
recover) with probability β
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Skeleton: an Inhomogeneous Random Graph

1 Fix number of nodes N in system; label nodes by
v ∈ [N ] = {1, 2, . . . , N}.

2 Each node v has random type Tv ∈ [M ], drawn independently
from probability measure P(T ) on finite list of types [M ].

3 Bernoulli RVs Avw ∈ {0, 1} determine which potential links
vw have “significant social contacts”. These RVs are
conditionally independent, with

P(Avw = 1 | Tv = T, Tw = T ′) =
κsoc(T, T

′)

N − 1

4 kernel κsoc : [M ]× [M ]→ R+ encodes contact rate between
types.

5 Assumed N dependence leads to sparse networks for N →∞.
6 Additional Bernoulli(z) RVs Z

(t)
vw are generated each day t of

the disease.
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Degree Distribution

Degree (number of contacts) of node v is dv =
∑

w 6=v Awv.

Theorem
The N →∞ limit in distribution of the degree of v conditioned on
Tv = T is a Poisson distribution with parameter∑

T ′

P(T ′)κsoc(T
′, T ) .
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World-wide Network

1 Let T = (c, t) represent a type t of individual, with country
label c ∈ [Nc].

2 For each country c, take a classification of people t ∈ [Nt(c)]
that accounts for important features such as age, profession,
city, etc.

3 Count N̂T , the number of people of type T : N̂ =
∑

T∈[M ] N̂T .

4 Find the time-averaged total number ÊTT ′ of significant
exposures in one day between type T, T ′ individuals

5 Define the empirical type probabilities and connection kernel

P̂(T ) =
N̂T

N̂
, κ̂soc(T, T

′) =
ÊTT ′

N̂T (N̂T ′ − δTT ′)
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Level II: Health/Exposure Probabilities

1 Immunity buffer ∆
(0)
v , conditioned on Tv = T , has

distribution:

ρ
(0)
∆ (x | T ) =

d

dx
P(∆(0)

v ≤ x | T )

2 Distribution of potential exposure Ωvw conditioned on
Tv = T, Tw = T ′:

ρΩ(x | T, T ′) =
d

dx
P(Ωvw ≤ x | T, T )

3 Initialize with characteristic functions

f̂
(0)
∆ (k | T ) = Ê(eik∆

(0)
v | T ) , F̂

(0)
∆ (k | T ) =

1

2πik
f̂

(0)
∆ (k | T ) .
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Basic SI Transmission Mechanism

1 The infection state of v ∈ [M ] at day t is the infection
indicator random variable

D(t)
v = 1(∆(t)

v ≤ 0) , (1)

that takes values either 0 (“susceptible”) and 1 (“infected”).
2 D(t)

w at day t now influences the infection shock transmitted
to another individual v:

S(t)
wv := AwvZ

(t)
vwΩwvD(t)

w , (2)

3 Aggregated infection shock transmitted to v:

S(t)
v :=

∑
w 6=v

S(t)
wv , (3)

4 Impacted immunity buffer of v on day t+ 1:

∆(t+1)
v = ∆(0)

v −
∑
w 6=v

S(t)
wv . (4)
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SI Contagion Cascade

Conjecture (LTI approximation formula)

Let {F̂ (n)
∆ (k | T )} denote collection of characteristic functions of

immunity buffer ∆
(n)
v after n contagion steps, conditioned on

Tv = T . Let Π(n)(T ) = P(∆
(n)
v ≤ 0 | T ).

Then there is a computable recursion formula depending on initial
exposure and buffer data such that as N →∞:

F̂
(n+1)
∆ (k | T ) ∼ F̂

(0)
∆ (k | T ) exp

(∑
T ′

R(−k | T, T ′) Π(n)(T ′)

)

Π(n+1)(T ) =

∫ ∞
−∞

F̂
(n+1)
∆ (k | T ) dk

with R(−k | T, T ′) = P(T ′)κsoc(T, T
′)z
(
f̂Ω(−k | T ′, T )− 1

)
.
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Why should this be true? Heuristic “proof”

1 Infectivity status of person v on day n+ 1 depends on its
shocked immunity buffer

∆(n+1)
v = ∆(0)

v −
∑
w

S(n)
wv (5)

2 Infection shock transmitted from w to v at step n is

S(n)
wv := AwvZ

(t)
vwΩwv1(∆(n)

w ≤ 0)

3 The collection of random variables on Right Hand Side of (5)
is fully independent, conditionally on {Awv, Tv}, if the
skeleton is a tree.

4 This implies exactness of a locally tree-like approximation of
the cascade mechanism on any tree.

5 Inhomogeneous random graph becomes a random tree as
N →∞.
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Senior Residential Centre: Benchmark Parameters

Resident T = 1 Worker T = 2 Outsider T = 3

β(T ) 0.09 0.09 0.09

γ(T ) 0.3 0.3 0.3

z(T ) 0.15 0.15 0.15

P(T ) 0.01 0.005 0.985

κ(1, T )P(T ) 4 5 0
κ(2, T )P(T ) 10 5 4
κ(3, T )P(T ) 0 0.020 14

µΩ(1, T ) 2 3 1
σΩ(1, T ) 2 2 1
µΩ(2, T ) 2 3 1
σΩ(2, T ) 1 2 1
µΩ(3, T ) 1 3 3
σΩ(3, T ) 1 3 3

µ∆(T ) 8 12 10
σ∆(T ) 3 3 4
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Pandemic Transition (7 seconds on IMac)
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Senior Retirement Centre: R0 ∼ 2.5
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Senior Retirement Centre: Policy 1
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Senior Retirement Centre: Policy 1 and 2
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Benefits of IRSN ABM

1 Node type has basic social interpretation; makes sense as
conditioning random variables to simplify system
dependencies.

2 ABM simulation studies are easy to program, and show
required relation to large N analytics.

3 ABMs show the step-by-step of infection spread.
4 ABMs based on IRSNs have locally tree-like independence

making them amenable to computationally efficient large N
asymptotics.

5 Understanding Contagion: Large N formulas highlight
essential determinants of contagion. For example, contagion
only spreads if there are enough vulnerable edges to percolate
in the system. Vulnerable directed edges are those where a
single infected node directly causes infection of the other.

6 Models can accept/incorporate large-scale health databases.
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Critique of IRSN

This kind of “network thinking” implies some basic
over-simplifications that may need to be overcome.

1 Fixed social skeleton over time is not realistic.

2 We’ve assumed viral loads add up over time, and immune
buffers do not recover over time; i.e. each viral dose
permanently reduces ∆.

3 Unlike the ABM, large N formulas assume that v never gets
repeated doses from any one w. So an infected child would
only ever supply one dose to their parent, even if the parent
cares for the sick child over many days.

4 Etc.
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Math Conclusions

1 A variety of simple epidemic ABMs have LTI-compatible
structure. Numerics support

2 “Large N” SEIR contagion cascade on an IRSN essentially
boils down to iterating

F̂
(n+1)
∆ = diag(F̂

(n)
∆ ) ∗ exp[R ∗ Π(n)]

Π(n+1) = sum(F̂
(n+1)
∆ )

3 ∗ is matrix multiplication; [M × L,M ]-matrix R and

M × L-vector F̂
(0)
∆ (M is the number of node types, L is

number of grid points).

4 R and F̂
(0)
∆ encode all relevant information of initial system

and cascade mechanism.
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COVID Conclusions

1 Unlike standard “compartment” models, ABMs provide
insight into early stages of the pandemic.

2 Many variations of the immunology can be implemented.

3 Social connectivity κ has been well studied; immune buffers
∆ and exposures Ω not so well studied.

4 Fast IRSN computations can be used to predict more
sophisticated ABM contagion models.

5 Applications abound: Multi-country models, Age
stratification, multi-cities, etc.

6 Team work is needed to explore them.

7 Please let us know if you would like to work with us.
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A Full Tour

1 As my friend Paul Embrechts says:
“a full tour: epidemiology → finance → epidemiology ...
welcome home again”.

2 Thanks to many friends, students and colleagues for your
interest and insightful comments.

3 Keep safe and healthy!
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