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What do you see from this picture?

Today, we will see this as
1. a non-simple polytope,
2. corresponding singular toric variety.
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Qeustions
I P : lattice polytope,
I XP : (singular) toric variety associated with P .

How much do we know about H∗(XP ;Z)?

1. Is Hodd(XP ;Q) = 0?
2. Is Hodd(XP ;Z) = 0?
3. Is H∗(XP ;Z) torsion free?
4. Under what conditions above statements hold?
5. How to describe its ring structure?

...

Remark
I When P is a Delzant polytope, then we know the complete answer.
I When P is a simple polytope, we know partial answers.
I For general P , we hardly know the answer.
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Topological construction of a toric variety

1. P : lattice polytope, dimP = n,

P =
m⋂
i=1
{x ∈ Rn | 〈ai,x〉+ bi ≥ 0}.

(Two identifications: Rn ∼= Lie(Tn)∗, ai ∈ LieZ(Tn).)

2. cat(P ): face category of P , i.e.,
{

object: faces of P
morphism: inclusions

3. D : cat(P )→ Tn-top diagram defined by

E = Fi1 ∩ · · · ∩ Fin 7→ int(E)× Tn/Tai1 ,...,ain
.

XP := colimD ∼= P × Tn/ ∼ .
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Example: CP2
(1,2,3)

a2 = (0, 1)

a1 = (1, 0)

a3 = (−3,−2)

R2
≥ × T 2/∼std

∼= C2

R2
≥ × T 2/∼std

id×θ−−−→ R2
≥ × T 2/∼ ∼= C2/G

G ↪→ T 2 θ
� T 2

(t1, t2) θ7→ (t1t−3
2 , t−2

2 )

Remark
Pn: simple polytope (i.e., neighborhood of each vertex ∼= Rn≥).

1. If v = Fi1 ∩ · · · ∩ Fin and {ai1 , . . . ,ain} form a Z-basis ∀v ∈ V (P ),
then XP is a manifold,

2. If v = Fi1 ∩ · · · ∩ Fik and {ai1 , . . . ,aik} linearly indep. ∀v ∈ V (P ),
then, XP is an orbifold.
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Let P and XP be a simple polytope and the associated toric mfd/orb.

Known results for H∗(XP )(
H∗(XP ) := H∗(XP ;R), where R =

{
Q for XP = orbifold;
Z for XP = manifold.

)

1. Hodd(XP ) = 0,

2. H∗
T (XP ) ∼=


R[P ] Stanley–Reisner ring of P
PPR[ΣP ] the ring of piecewise poly. on ΣP
H∗(ΓP , α) the cohomology of GKM-graph

3. H∗(XP ) ∼= H∗
T (XP )/H>0(BT ) ∼= R[x1, . . . , xm]/(I + J ).
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One reason why manifold and orbifold behave similarly in cohomology:

Around each fixed point in XP , we have the following information
I G := ker(θ : Tn � Tn), a finite group,
I Gy Cn linearly, orientation preserving,
I Gy S2n−1 and Cn/G ∼= C(S2n−1/G)

Proposition

H∗(S2n−1/G;R) ∼= H∗(S2n−1;R),

for a field R of characteristic 0 or of characteristic prime to |G|.

1. H∗(S2n−1/G;Q) ∼= H∗(S2n−1;Q),

2. Hi(S2n−1/G;Z) ∼=

{
Z i = 0, 2n− 1
0 or |G|-torsion 1 ≤ i ≤ 2n− 2.
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What happens for the case where P is not a simple polytope?

Recall from previous pages that a “simple” vertex is something we can
handle cohomologically.

Hence, our strategy is...

Definition (by an example)
A retraction sequence of P is a sequence of polytopal complexes
constructed as follows:

P = P1 P2 P3 P4 P5
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Several remarks

1. Every simple polytope has at lease one retraction sequence.
(One way to obtain this is to use a height function.)

e.g.
h

2. Not every convex polytope has a retraction sequence.

e.g.
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3 However, still wide class of convex polytope has a retraction
sequence. This is possible mainly because..

Non-simple simple

P = P1 P2 P3 P4 P5

4. We can also measure the “smoothness” of each vertex as follows.

a1
a2

a3
vā2 ā3 · · ·

Z3 ρ−→ Z2 ∼= Z3/ 〈a1〉

ai 7→ ρ(ai), ai := prim(ρ(ai))
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Main result

Theorem (Bahri–Notbohm–Sarkar–S, ’19)
Let P and XP be as above.

1. If P admits a retraction sequence. Then, Hodd(XP ;Q) = 0.
2. Furthermore, if a retraction sequence can be given by a sequence of

smooth vertices, then H∗(XP ;Z) is torsion free and
Hodd(XP ;Z) = 0.

I We will discuss a more general statement later.
I Some possible applications will also be discussed.
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Example: Gelfand–Zetlin polytope

Example: 3-dimensional GZ-polytope has a smooth retraction sequence!

x

y

z
v1

P1

v2

P2

v3

P3

v4

P4

v5

P5

v6

P6

v7

P7

1. Hodd(XGZ(3);Z) = 0,
2. H∗

T 3(XGZ(3);Z) ∼= PP[ΣGZ(3)],
3. H∗(XGZ(3);Z) ∼= PP[ΣGZ(3)]/H>0(BT 3;Z).
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A brief sketch of the proof

1. π : XP → P the orbit map with respect to Tn-action.
2. A retaction sequence induces a filtration

π−1(P`) π−1(P`−1) · · · π−1(P2) π−1(P ) = XP

P` P`−1 · · · P2 P1 = P

3. Each square of the filtration above has the following iterated
cofibration structure:

C(S1/G1) Ski+1/Gi+1 C(Ski+1/Gi+1) Ski/Gi C(Ski/Gi) S1/G1

· · ·π−1(Pi+1) π−1(Pi) π−1(Pi−1) · · ·

· · ·Pi Pi Pi−1 · · ·
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4. Take a long exact sequence of
(Xi−1 := π−1(Pi−1), Xi := π−1(Pi)):

· · · Hj+1(Xi−1, Xi) Hj(Xi) Hj(Xi−1) Hj(Xi−1, Xi) · · ·

H̃j(Ski−1/Gi−1) H̃j−1(Ski/Gi)

∼= ∼=

5. Use the induction.
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More general framework: q-CW complex

Definition
I q-disk: Dn/G, where G < O(n).
I q-CW complex is defined inductively:

1. X0 = discrete set of 0-dimensional q-cells,

2. Xn = Xn−1 ∪{fα} {D
n/Gα}, where

fα : ∂Dn/Gα ∼= Sn−1/Gα → Xn−1.

Definition
Given a q-CW complex X, a building sequence is a sequence {Yi}`i=1 of
q-CW subcomplexes of X such that

Yi − Yi−1 ' int(Dki/Gi)

for some ki dimensional q-disk Dki/Gi.
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Example: CP1
p.q

Y1 Y2 = Y1 ∪f1 D1

' S1
Y3 = Y2 ∪f2 D2/Zp

f2 : S1/Zp → S1

[e2πix] 7→ e2πipx

Y4 = Y3 ∪f3 D2/Zq

f3 : S1/Zq → S1 ⊂ Y3

[e2πiy ] 7→ e2πiqy

Remark
Building sequence {Yi}`i=1 is an iterated cofiber seqeunces:

∂Dki/Gi Yi−1 Yi = cone(f)f

16 / 21



Main Results

Theorem (Bahri–Notbohm–Sarkar–S, ’19)
Let X be a q-CW complex with no odd dimensional q-cells and p a prime
number. If X has a building sequence {Yi}`i=1 s.t.

gcd{p, |Gi|} = 1, i = 1, . . . , `,

then H∗(X;Z) has no p-torsion and Hodd(X;Zp) = 0.

Corollary (Bahri–Notbohm–Sarkar–S, ’19)
Let X be a q-CW complex with no odd dimensional q-cells. If for each
prime p, X has a building sequence {Y (p)

i }`i=1 s.t.

gcd{p, |Gi|} = 1, i = 1, . . . , `,

then H∗(X;Z) is torsion free and Hodd(X;Z) = 0.
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Application in generalized cohomology theories

Theorem [Harada–Holm–Ray–Williams, ’16]
I P(χ): a divisive weighted projective space.

i.e. χ = (χ0, . . . , χn) with χi−1|χi for i = 1, . . . , n.
I E∗

T : T -equiv. generalized cohom. theory,
e.g. E∗

T = H∗
T , K

∗
T , MU∗

T .

⇒ E∗
T (P(χ)) ∼= lim(EV : catop(Σχ)→ gcalgE)

∼=


PH(Σχ) for E = H,

PK(Σχ) for E = K,

PMU(Σχ) for E = MU.
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Remarks

I The theorem above is obtained by “generalized GKM-theory”
[Harada–Henriques–Holm, ’06]

I Their theory holds for any G-space X with a G-equivariant
stratificaion X1 ⊂ X2 ⊂ · · · ⊂ X` such that

1. Xi/Xi−1 ' Th(ρi) with attaching map φi : S(ρi)→ Xi−1.
2. ρi ∼=

⊕
j≤i(ρi,j : Vi,j → Fi)

3. ∃ fi,j : Fi → Fj such that (fi,j ◦ ρi,j)|S(ρi,j) = φi|S(ρi,j).
4. eG(ρi,j)’s are not divisors of zero in E∗G(Fi) for j < i, and pairwise

relatively prime.
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Proposition
Let P be a lattice polytope having a smooth retraction sequence. Then,
the associated toric variety XP is equipped with a T -equivariant
stratificaion satisfying the above four assumptions.

Theorem
Let P and XP be as in Proposition above. Then,

E∗
T (XP ) ∼= lim(EV : catop(ΣP )→ gcalgE)

∼=


PH(ΣP ) for E = H,

PK(ΣP ) for E = K,

PMU(ΣP ) for E = MU.
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Thank you for your attention.
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