Equivariant unitary bordism for torus groups

(Based on the joint work with Jun Ma and Wei Wang)

Zhi LG

School of Mathematical Sciences
Fudan University, Shanghai

Workshop on Torus Actions in Topology
May 11 - 15, 2020, The Fields Institute



Outline

@ Notations and background



Outline

@ Notations and background
@ Question



Outline

@ Notations and background
@ Question
@ Main results



Outline

@ Notations and background
@ Question

@ Main results

@ Proofs



Outline

@ Notations and background

@ Question

@ Main results

@ Proofs

@ Further discussion and problem
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Unitary manifolds

Definition

A M is a compact, oriented, smooth manifold
whose tangent bundle admits a stably almost complex structure
(i.e.,

J: TMaR — TMa R/
such that J? = —id).

Example: CP".

Milnor and Novikov: classifying all closed unitary manifolds up
to unitary bordism.
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QY = {all closed unitary manifolds}/ ~

where ~: , which is defined by
M} ~ Mg < 3W s. t. OW = M{LU—Mj with same unitary structure

QY forms a ring with the following addition and multiplication

[Mi] + [Mz] = [My U Ma]

M) - [N] = [M x N]
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Theorem (Milnor, Novikov)

@ [M] =0in QY < all Chern numbers of M vanish.

@ QY = 7Z[xo;|i > 1], where the xo; can be taken to be integral
linear combinations of Milnor hypersurfaces.

Different sets of generators for QY can be reconstructed.

@ Buchstaber—Ray: a set of generators from complex
projective toric manifolds.

@ L—Panov: a set of generators from quasitoric manifolds.
@ Hirezbruch problem
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More history backgrounds for various bordisms.

Bordism Structure invariant ring
group
unoriented o(n) Stiefel-Whitney numbers | QO°
(Thom)
orientable SO(n) | Stiefe~Whitney numbers | Q5°
(Wall et al.) Pontryagin numbers

(Milnor, Novikov)

special unitary SuU(n) Chern numbers QS
(Conner—Floyd et al.) KO-theory char. numbers
spin Spin(n) | Stiefe~Whitney numbers | Q"
( Anderson, Brown, KO-theory char. numbers

Peterson et al.)
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Equivariant case

G: compact Lie group

Definition

A is a unitary manifold with a G-action
preserving the unitary structure (i.e., there exists the following
commutative diagram

MaR — s TMaR

gl lg

MaR — s TMaR

where J2 = —idand g € G.
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Equivariant case

G: compact Lie group

Definition

A is a unitary manifold with a G-action
preserving the unitary structure (i.e., there exists the following
commutative diagram

MoR —1y TMaR

gl lg

MoR —1y TMaR

where J2 = —idand g € G.

Example: Quasi-toric (2n)-manifolds are closed unitary
T"-manifolds.
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QY'C = {all closed unitary G-manifolds}/ ~g

where ~g: , defined by

My ~g Mo < W s. t. OW = M;LU—M, with same G-unitary stru.

Qij’G also forms a ring.
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Natural question
@ What is the complete invariant of ~g?

@ The determination of the ring structure of QU@
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Let G = T. Then a closed unitary TX-manifold M with only

isolated fixed points represents the zero element in Qij’ﬂ —
all equivariant cohomology Chern numbers of M vanish.

N

Without the restriction of isolated fixed-points,
Guillemin—-Ginzburg—Karshon posed

Conjecture (Guillemin—Ginzburg—Karshon, 2002)

[M]7x =01in Qi”k <= all equivariant cohomology Chern
numbers of M vanish.



In their book [Moment maps, cobordisms, and Hamiltonian groups
actions, Math. Sur. and Mono. 98, AMS, 2002] ,
Guillemin—Ginzburg—Karshon discussed the problem of calculating
the ring H*Tk of equivariant Hamiltonian bordism classes of all unitary
Hamiltonian TX-manifolds.
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In their book [Moment maps, cobordisms, and Hamiltonian groups
actions, Math. Sur. and Mono. 98, AMS, 2002] ,
Guillemin—Ginzburg—Karshon discussed the problem of calculating
the ring H*Tk of equivariant Hamiltonian bordism classes of all unitary
Hamiltonian TX-manifolds. They posed three series of questions, the
first one of which is stated as follows:

Do mixed equivariant characteristic numbers form a full system
of invariants of equivariant Hamiltonian bordism?

Then Guillemin - Ginzburg - Karshon constructed a monomorphism

Tk U,Tk+1
He — Qs
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§2 Question

On the complete invariant

Let G be a compact Lie group.

Conjecture (Bix-tom Dieck)
All G-equivariant K-theoretic Chern numbers form a full system
of invariants of G-equivariant unitary bordism <—-

Bix-tom Dieck showed that when G is finite, the above
conjecture is true.
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§2 Question

On the structure of QY€

Ring structure

Complicated!!!
The ring structure of QY€ is still open for arbitrary G

On the module structure

Evenness Conjecture posed by Uribe in 2018 ICM

QY s a free QY-module on even-dimensional generators
whenever G is a compact Lie group.
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§3 Main Results

Main resulis

We give an affirmative answer to the above GGK-Conjecture,
and the result is stated as follows.

Theorem A (L-Wang)

[M]7« =0in Qij’ﬂ < all equivariant cohomology Chern
numbers of M vanish.

As a further consequence, we also obtain a satisfactory
solution of the GGK-Question as above.

Mixed equivariant characteristic numbers separate equivariant
Hamiltonian bordism.
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—Kronecker pairing between bordism and cobordism

Notions-homotopic bordism and cobordism

@ Homotopic bordism

MUL(X) = lim [S27*, X, A MU(r)]
= im mar (X, A MU(P))

where X, = X U {pt}, MU(r): Thom space of universal
complex r-dim. vector bundle over BU(r).

@ Homotopic cobordism

MU*(X) = lim [S2=* A Xy, MU(r)]
= (or fim [Z2*(X..), MU(r)])
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—Kronecker pairing between bordism and cobordism

Geometric interpretations for elements in MU, (X) and
MU*(X)
@ Homotopic bordism: Thom-Pontryagin construction tells us

that

MU.(X) = QY(X)
where QY(X) is formed by the bordism classes of singular
manifolds f : M — X for M: closed unitary manifold

@ Homotopic cobordism:
Quillen gave a geometric interpretation




§4 Proofs

—Kronecker pairing between bordism and cobordism

Quillen’s geometric interpretation of elements in MU*(X)

Each element o € MU*"(X) can be represented by an
oriented complex map f: M — X,




§4 Proofs

—Kronecker pairing between bordism and cobordism

Quillen’s geometric interpretation of elements in MU*(X)

Each element o € MU*"(X) can be represented by an
oriented complex map 7 : M — X, where X is a smooth

manifold and dim X —dim M = +n.




§4 Proofs

—Kronecker pairing between bordism and cobordism

Quillen’s geometric interpretation of elements in MU*(X)

Each element o € MU*"(X) can be represented by an
oriented complex map 7 : M — X, where X is a smooth
manifold and dim X — dim M = +n.

If nis even, f is a composition of
M—E—X

such that the normal bundle of M in E admits a complex
structure, where E — X is a complex vector bundle.




§4 Proofs

—Kronecker pairing between bordism and cobordism

Quillen’s geometric interpretation of elements in MU*(X)

Each element o € MU*"(X) can be represented by an
oriented complex map 7 : M — X, where X is a smooth
manifold and dim X — dim M = +n.

If nis even, f is a composition of
M—E—X

such that the normal bundle of M in E admits a complex
structure, where E — X is a complex vector bundle.

If nis odd, E is replaced by E x R.
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—Kronecker pairing between bordism and cobordism

Kronecker pairing

(,) 1 MUS"(X) @ MUn(X) — MUprn(= MUmzn(pt) = Qpp)

which is defined as follows:
o € MU"(X): represented by a map ¥2"~"(X,) — MU(r)
B € MUm(X): represented by a map S?+™ — X, A MU(k)

= («, B): represented by the composite map

2r—n i
ger+2kem—n ETTTB L w2r—n(x v A MUK) —229 s MU(r) A MU(K) —— MU(r + k)
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—Kronecker pairing between bordism and cobordism

Geometric description for Kronecker pairing

Let X be a smooth manifold.

a € MU"(X) is represented by a smooth fiber bundle E — X
with dim E — dim X = n.

B € MUp(X) is represented by a smoothmap f: M — X
Then (a, 8) is the bordism class of the pull-back *(E)

(E) —— E

| !

._f._)X
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Universal toric genus

o QU — MU (BTH)

@ Defined by tom Dieck
@ ® is a monomorphism (due to Loffler and Hanke)

@ Re-defined by Buchstaber—Panov—Ray in a geometric way
as follows:

[M] 7« — [m: ET® x 7% M — BTH]
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equivariant Chern class and number

7w : EG — BG is the universal principal G-bundles.
The Borel construction gives us EG x g 1y over EG x g M.

B G equivariant Chern class

c®(M) := c(EG x ¢ ).

B G equivariant Chern number
The constant map gives pi : H;(M) — H*(BG). Then

cSIM] = pi(cS (M)
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Take [M]« € Q%" and [f : N — BTK] € MU.(BT*), consider
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/ |
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By universal toric genus and Kronecker pairing,
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Proof of Theorem A

Take [M]« € Q%" and [f : N — BTK] € MU.(BT*), consider

F(ETK x e M) —— ETK x e M

/ |
N ',  BT*

By universal toric genus and Kronecker pairing,

(@([M] 1), [f : N — BTK]) = [F*(ETX x 1 M)] € MU, = QY

Remark: f*(ET* x 7« M) is a closed unitary manifold of
dimension=dim M + dim N.
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Proof of Theorem A

Recall
Theorem A (L-Wang)

M7« =01in Qi”k <= all equivariant cohomology Chern
numbers of M vanish.

Step I: Prove the if (<) of Theorem A. Suppose that all
equivariant cohnomology Chern numbers of M vanish.

— (Key point) we need to show that for any f : N — BTk,

(O([M]74), [f: N — BTX]) = [F*(ET* x 7« M)] = 0 € MU, = QY

— o([M)r) =0

= [M]+« = 0 since ¢ is injective.
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Step I:(continued) Show that [f*(ET x -« M)] = 0 in QU.
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Proof of Theorem A

Step I:(continued) Show that [f*(ET x -« M)] = 0 in QU.

FETK xpe M) —L— ETK x 7 M

| |

5 BTk

THETK x M) = 7*TN & F*(ET x 7« TM).

=
Co(F(ETFx peM)) = F(c]" (M) + 7 (cu(N)) + Y 7(8)-F (%)

where w = (i, ..., is) is a partition with |w| = dim f*(ETK x 7« M)
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Step I:(continued) Let p : N — pt be the constant map.
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Proof of Theorem A

Step I:(continued) Let p : N — pt be the constant map. Then
cu[f*(ET* X M)] = (pr')i(Cu(F(ETH x 1 M)))
= (pw)( “(c" (M) + (pr")i(x"* (cu(N)))
N7 (B) - F ()
= p!f*(m( " (M)))+pl(7r’ "(cu(N)))
+p(Q_ ma™(8)) - mif* ()
=0

where g, : H*(X) — H*(Y) is the Gysin map for a map
g: X—Y.
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Proof of Theorem A

Step II: Prove the only if (=) of Theorem A.
Suppose that [M] 1« = 0in Q¥ 7"
— O([M]7«) = [r : ETK x 7« M — BTK] = 0 in MU, (BT¥)

Consider m(c]“(M)) = ¢ (M)[M] € H*(BT¥) = Z[x1, ..., X4,
where w = (1, ..., Ir) is a partition.

If dim M is odd, then m,(cT" (M)) = 0.
If dim M = 2m, then m,(cT" (M)) € H2lwI-2m(BTk)

Note: Clearly if [w| < m, then m(c]"(M)) = 0.
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m(cl” = nyx? € H(BT*) = Z[xy, ..., X4
J

where J = (jy, ..., k) With |J| = |w| —
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Step Il:(continued)

We perform an induction on |w| — m > 0.

Easy to check that 7 (¢ (M)) = 0 if |w| =
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Proof of Theorem A

Step Il:(continued)

We perform an induction on |w| — m > 0.

Easy to check that 7 (¢ (M)) = 0 if |w| =

Assume inductively that m (c]“(M)) = 0 if |w| — m < ¢. When
lw| —m=1¢+1, write

m(cl” = nyx? € H(BT*) = Z[xy, ..., X4
J

where J = (j1, ..., jx) with |J| = |w| — m, and x? = xJ - .- x.

For each J, choose N = CP/t x --- x CPlk, we can obtain that
ny = 0.
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Another approach

For G = T, consider

V¢ 2 MUt (BG) —&- H*(BG) ® Z[[a]]

where B is the Boardman map, simply given by

Bo([M]g) = B(IEG xg M — BG]) = 3 SCIM]b.,

w

with (1 + byt + bot? +---)- (1 + ayt + at> +---) = 1.

Bis injective. Thus,

[M]g =0 < SE[M] =0 for all w.
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Localization

QUé _° . MU*(BG) —E8 —~ H*(BG) » Z[[4]]

lA |« |

| | |

coker\N —— coker/N\ cokerN\”

A, N, N and all the horizontal maps are injective.
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Localization

QUé _° . MU*(BG) —E8 —~ H*(BG) » Z[[4]]

lA |« |

| | |

coker\N —— coker/N\ cokerN\”

A, N, N and all the horizontal maps are injective.

By direct calculation,

(SB)(S0) A(Me) = 3 WLV ¢ (86 e 7))

— eG(vE)



{vrF — F} is the fixed point data of an unitary G-manifold if and
only if

> ‘W[F] e H*(BG) ® Z[[4]].
F
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In particular, for the case in which F is finite (i.e., some isolated fixed
points), we have that

Corollary

Some complex Tk-representations W', ..., WS of dimension 2n are
the fixed point data of an unitary G-manifold if and only if for any
symmetric homogeneous polynomial f(x) over Z in n variables,

25: f(X{ﬂ"'?XICI) c H*(BG)
> X_I’...Xg ?

where W' = @7, W/, and x/ = c3(W/).
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In particular, for the case in which F is finite (i.e., some isolated fixed
points), we have that

Corollary

Some complex Tk-representations W', ..., WS of dimension 2n are
the fixed point data of an unitary G-manifold if and only if for any
symmetric homogeneous polynomial f(x) over Z in n variables,

iM € H*(BG)
> X_I’...Xg ’

where W' = @7, W/, and x/ = c3(W/).

This answers the following question

Buchstaber—Panov—-Ray Problem in 2010

For any set of complex T*-representations W, is there a necessary
and sufficient conditions for the existence of a tangentially stably
complex T* manifold with the given representations as fixed point
data?
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Further Problem

Problem

Like non—equivariant case, to give the criterion for detecting the
k

generators of QYT
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Further Problem

Problem
Like non—equivariant case, to give the criterion for detecting the

k
generators of QYT

Answer: No result.



Thank You!
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