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Q: What is the symplectic analogue of canonical bases?
A1l: Gelfand-Zeitlin collective integrable systems.... (GS)
But they don't work for all groups!

Neither do Gelfand-Zeitlin canonical bases for that matter!

A2: Integrable systems constructed by toric degenerations of
projective spherical varieties.... (NNU,HK)

But many Hamiltonian manifolds aren’t projective or spherical!
And this doesn’t produce collective systems!

A3: Partial tropicalization of dual Poisson-Lie groups
(AM,AD,APS1,APS2, ALL,ABHL1,ABHL2 AHLL1,AHLL2 ...).

A4: This talk.
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Three versions of the same story
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Version #1: representation theory

Let G a connected reductive complex algebraic group and V' a G-module.
There are canonical isomorphisms:

G GxH HxH
H H
Ve | V- * =~ N- :
= 2 P vy ee® HxH<v ® (@ C b>>
AEAL beB*

(1)

The first isomorphism is the isotypic decomposition.

The second isomorphism is via Kashiwara and Lusztig's dual canonical bases.
. J

The basis B* can be made a weight basis for an action of H = (C*)™ x H that
extends the action of H x H (with some choice) such that:

V' is a multiplicity-free G-module < V' is a multiplicity-free H-module.
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Interlude: base affine space

Recall that
P vy @v(h) =aum ClGIN.
NeA L

Base affine space is the (singular) affine G x H-variety G J N with
CIG J N] =C[G].

If B* has been made a weight basis for H as above in a sufficiently nice way
(e.g. with a string parameterization), then we can construct multiplicative
filtrations of C[G]V that give rise to H x H-equivariant flat degenerations (first
observed by Caldero and Alexeev-Brion)

(?/’PJ};j}{)(.
The O-fibers of these these degenerations are affine toric H-varieties X with
C[X] = gr(C[G]") = C[S]

where S is the semigroup of weights of H ~ C[G]".
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Version #2: algebraic geometry

Let Y be an affine G-variety. There are flat degenerations:

G Gx H H=(C*)" x H
- ~ ~ (2)

Y Z Y/JN_xG)N)JH HjH Y /JN_xX)/JH

The left degeneration, horospherical contraction, is due to Popov.

The right degenerations arise from the previous slide.

Y is a spherical G-variety < (X J N_ x X) // H is a toric H-variety.
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Interlude: symplectic implosion

Guillemin-Jeffrey-Sjamaar tell us that symplectic implosion, EM, is the way to
take “highest weights” of a Hamiltonian K-manifold M.

The universal symplectic implosion is ET* K. Guillemin-Jeffrey-Sjamaar also tell
us that as singular Hamiltonian K x T-manifolds,

ET*K =G/ N.
Rep. Th. Alg. Geo. Symp. Geo.
GV G X KM
HA~A VY HAX /N T~NEM
GxH r @,ep, VOV GxHAGJN K xT ~ET*K
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Version #3: symplectic geometry

Let M a Hamiltonian K-manifold. There are commuting diagrams:

K K xT

~ m

M —— (EM x ET*K) /o T

| | Y

¢

The left square, symplectic contraction, is due to Hilgert-Martens-Manon.
It is independent of any choices.
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Version #3: symplectic geometry

Let M a Hamiltonian K-manifold. There are commuting diagrams:

K KxT T=(SY)"xT
J\fT(sngTK)//OTW(Efo)//OT @
¢ = e Lie(T)*

The left square, symplectic contraction, is due to Hilgert-Martens-Manon.
It is independent of any choices.

We construct the right squares.

M is a multiplicity-free as a Hamiltonian K-manifold < The T-action is

completely integrable.
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Q: What is the symplectic analogue of Lusztig and Kashiwara's
canonical bases?
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Theorem (Hoffman-L.)

Let K a compact connected Lie group, M a Hamiltonian K-manifold.
We construct commuting diagrams

M 373 X

| g

¢+ —— Lie(T)*

where:
@ Xy =(EM x X) /Jo T is a singular Hamiltonian T-space.

@ ¢y is a continuous, proper, T-equivariant, surjective map that is a
symplectomorphism from a dense subset onto its image.

Moreover:
@ The diagram generates a Hamiltonian T-action on a dense subset of M.
o M is multiplicity-free < the action of T is completely integrable.
o If M is compact, then the image is a convex polytope in Lie(T)*.
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How do we construct the right squares?

M —— (EM < ET*K) o T —7 (EM x X) /o T

| | | 0

¢ SEEN » Lie(T)*
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Theorem (Hoffman-L.)

There exists a continuous, proper map, T x T-equivariant surjective map
¢: ET*K — X

such that the following diagram commutes:

ET*K — 2% 4 X

br |

pr — 2 Lie(T)* (7)

! !

toxth —— X

Moreover:

o The image in Lie(T)* is the convex rational polyhedral cone generated by the
semigroup S.
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Theorem (Hoffman-L.)

There exists a continuous, proper map, T x T-equivariant surjective map
¢: ET"K - X
such that the following diagram commutes:

K/[K, K, xo C ETK —2 X

l/T l/T l

K/K,xo C & —Y Lie(T)* (8)
% = |
o C t ——

Moreover:

o For all strata of ET* K, there is a dense subset such that ¢ defines a
symplectomorphism onto its image.
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How do we construct ¢?
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Some boring details to help you believe me (but | will skip them):

@ Let S the saturated affine semigroup of a chosen parameterization of B* and
let X the associated normal affine toric variety (e.g. Berenstein-Zelevinksy
string parameterization).

o Let v: C[G]Y — S be a valuation with 1-dim. leaves that coincides on B*
with the parameterization (cf. Kaveh).

o Let
E=PVvH

A€Il

where II generates A and equip E with a G x H-invariant Hermitian inner
product.

e K x T-equivariantly embed G J N =2 ET*K <« F so that w = wg|er+ K
(cf. Guillemin-Jeffrey-Sjamaar).

@ Assume the pre-image of II generates S.

@ Use v to construct an orthonormal basis for E* on which T acts by weights
(cf. Harada-Kaveh). T-equivariantly embed X — E.

@ Do a standard Rees algebra construction of a H x H degeneration. Embeds
H x H-equivariantly into E x C by construction (Caldero, Anderson, etc.).
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L\ﬁr/

The degeneration G J/ N =g X with its embedding into E x C.

18 /41



x

-
el -

a:f/ko. | 7

A subfamily of the degeneration corresponding to a G-orbit in G J N.

1 is the moment map for the globally defined action of T
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el - - et
a:f/ko. O 7

The general situation of a degeneration with non-compact fibers.

Flows starting on the O fiber may blow up in finite time.
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~ 1 J/ 't*
T [ o- 2l
How to use moment maps to integrate gradient-Hamiltonian flows when there are
non-compact fibers.

Suppose the action of T preserves fibers of .

By Noether's theorem, the flow preserves level sets of the moment map.
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Theorem (Hoffman-L.)

Let w: X — C be a family as on the previous slide.

Assume:
@ There is a Hamiltonian T-action on X \ Z with moment map given by the

restriction to X \ Z of a continuous map 1p: X — t* such that the action of
T preserves the fibers of m and the Kahler metric.

@ The map (m,9): X — C x € is proper as a map to its image.
Then, the time —1 gradient-Hamiltonian flow exists for all x € Xo \ Z and defines
a map of Hamiltonian T-manifolds,

(pfliffo\Z—):fl.

Assume in addition that:
@ X is connected and the Duistermaat-Heckman measures of Xo \ Z and ¥,

are equal.

Then, p_1: X0\ Z — X1 is a symplectomorphism onto a dense subset of X;.
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It is not at all obvious from what I've said above that this defines a
continuous map ¢: G/ N — X.

We resolve these issues directly.
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Do the integrable systems W: ¢* — Lie(T)* have Flaschka-Ratiu
analogues on the dual Poisson-Lie group K*7

Can Alekseev-Meinrenken style Ginzburg-Weinstein isomorphisms be
recovered from the integrable systems W: ¢ — Lie(T)*?
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Thank you!
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Gradient-Hamiltonian vector fields

Appendix
How to prove the last theorem of the talk. This does not go into the

more complicated issue of continuity between strata of the
degeneration.
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Gradient-Hamiltonian vector fields

Our setting: an algebraic map from a complex algebraic variety X to C.
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Gradient-Hamiltonian vector fields

Definition
The bad set B C X is the union of X4 and the critical set of 7. J

Assume:
e m: X\ B — Cis a submersion onto C,
e B C Xy, and
e X\ B is Kahler. i.e.

Then:
@ X\ B is a complex manifold and 7: X\ B — C is a holomorphic map.

@ The fibers of 7: X\ B — C are non-empty Kahler submanifolds of complex
codimension 1.
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Gradient-Hamiltonian vector fields

Given f: X\ B =R,
Gradient vector field: g(Vf,-) = df,

Hamiltonian vector field: w(Xy,-) = df.

Lemma
Denote m = forr + /—1S7. On X\ B,

Xg,r = —V(%Tl‘).

Proof.

w(V(Rr),-) = g(V(Rr), J-)
=dRr)oJ
= —d(J7m) since 7 is holomorphic
= UJ(—XQW, ) ]

29 /41




Gradient-Hamiltonian vector fields

Definition

The gradient-Hamiltonian vector field of x is

Xgﬂ —V§R7T

V. = = .
I Xaxl[?  |[VR7[?

Since m: X\ B — C is a submersion, V. is defined everywhere on X\ B.

Definition

The gradient-Hamiltonian flow is the maximal flow
p:J—=>X\B, JCRx(X\B),

of the vector field V. i.e.

%“’f(x) = Ve(pe(2)), @o(z) = 2.
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Gradient-Hamiltonian vector fields

Reason for normalization in the definition of V:
o If x € X, and () is defined, then pi(x) € X,_;.
® Yiw,_+ = w, where w, = wlx._.
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Gradient-Hamiltonian vector fields

Two things can go wrong.
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Gradient-Hamiltonian vector fields

Lemma
Ifm: X — C is proper and z € Xy \ B, then @ (x) is defined for all t € R. J

| first learned this from:

Harada, Kaveh. Integrable systems, toric degenerations, and Okounkov bodies. 2015.
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Gradient-Hamiltonian vector fields

Lemma
Suppose that K acts on (X \ B,w) with moment map ¢: X \ B — ¢*.

If the action of K preserves

@ the fibers of w, and
@ the Kahler metric

then, the flow of V.

@ preserves the fibers of ¥, and

@ is K-equivariant.

The K-equivariant part of this lemma (which was the inspiration for this

approach) appears in:
Hilgert, Manon, and Martens. Contraction of Hamiltonian K-spaces. 2016.
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Gradient-Hamiltonian vector fields

Proof that ¢ preserves fibers of 1.

Ly, (1,&) = d((,£))(Vx) = w(&, Vx)
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Gradient-Hamiltonian vector fields

Proof that ¢ is equivariant.
For all £ € &,

1
X 5X37T
) T R P & o]

(‘C g (Xgﬂ' Xg 7r) +2g([£ X ] XSW)

= — 1o

ST
([ Xl
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Gradient-Hamiltonian vector fields

x

(W]

Y (g (x))

- L\ L
— .

If 7: ¢~ (¢»(z)) — C is proper, then we can use the same idea as above to
integrate ¢ ().
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Gradient-Hamiltonian vector fields

Theorem (Hoffman, L., Part I)
Let m: X — C as above and assume that:

Q A connected Lie group K acts on X \ B with moment map v: X \ B — t*.
@ The action of K preserves the fibers of w and the Kahler metric.
© v extends to a continuous map : X — £*.

Q (m,v): X — C x t* is proper as a map to its image.
Then,
o () is defined for all z € X9\ B and t € R. Fort # 0 fixed,

Yt (x0\37w07w) - (xtthvd))

is a map of Hamiltonian K-manifolds.

Proof.

Combine the previous slides.
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Gradient-Hamiltonian vector fields

Theorem (Hoffman, L., Part Il)

Continuing from above.

Let t # 0 fixed. Assume further that:

@ K =T is a compact torus,
Q X, is connected, and

@ the Duistermaat-Heckman measures of (Xo \ B, wo, ) and (X, we, 1)) are
equal.

Then,
P—t: (:{0 \ Bu Wo, w) — (:{t»wta ’4[])

is a symplectomorphism onto a dense subset of X;.

Proof.

See the image on the following slide. Use the convexity theorem for Hamiltonian

torus actions! my
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Gradient-Hamiltonian vector fields

Using the Duistermaat-Heckman measure to prove the image is dense.
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Gradient-Hamiltonian vector fields

Theorem (Hoffman, L., Part Ill)

For all x € X4,
lim ¢, ()

s—t—

exists and defines a continuous, proper, surjective map ¢: Xy — X that is a
symplectomorphism from a dense subset of X; onto its image.

Proof.

Same argument as in
Harada, Kaveh. Integrable systems, toric degenerations, and Okounkov bodies. 2015.
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