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Conkinuum of Skructure

High Structure Low Skructure

—-—

Three inexorable pressure in
mathematics that tend to push from

left to right:

© Creneralizatkion
® Abskraction
® reducktion bo

combinaltorics



Plan of the kalk

o Give examples from both
combinatorial and c&esﬂripﬁve sek
Ekearv

o Tallk about one example Ive been
tvolved wikh



Birth of Set Theory as a
distinct subarea of makbh

o When working on sets of
uniqueness for trigonometric series
Cantor discovered that there were
different sizes of infiniky

o Is |{real numberst| the first
uncountable cardinal?



Cws@.tj relabked: nown-
construckive existence
prmaipms

o Well ordering principle (Axiom of
Choice)

8 Hohin Ranach Theorem



This Eradition conkinues ko
Ehis dau with Ehe label
“Combinatorial Sek Thearg"



Issues arising from basic
ques%mms LA measure Eheorv

o “Complexity” hierarchies of sets
(open/closed sets used to generate
the Borel sets by transtinite
induction)

o Continuous imaqges of closed
subsets of Polish Spaces



“Bes&rip&va Sek Tkeorfj"

o Borel, Baire, Lebesque

o Eqgorov, Luzin, Suslin



These remain the two main
skreams of set theory
may fertile interactions



&

Investiqations of the AC and CH led
to the work of Godel and Cohen
showing that

the CH is independent of ZFC.,

The AC is independent of ZF.



Sc)i.ovav’s Theorem

o Assuming an thocuous large
cardinal exists it is consistent to
have:

ZF + Countable Axiom of Choice +

"ALL subsets of the real numbers are
Lebesque Measurable”



The Borel Cownjecture

A set A C R has strong measure zero iff for all
(e : L e N) of positive humbers there are

tnkervals i : L e N such Ehat
A C uli.






The Borel Cowjecture is
&mdepemdem&

©Luzin: Assuming CH the Borel
Cownjecture is False

© Laver (1976): It is consistent wikth
ZFC that the Borel Conjecture is
True



Rich Laver
194-2-2012



Marczewski’s Question

Lebt X be a Polish space and A a
subset of X. Then A is

perfectly meager

if AP is meager inside every
perfect set P.



Marczewski’s Question

In 1938 Marczewski asked:

Are perfectly meager sets closed
under products?



Marczewski’s Question

® Reclaw (1991); CH implies “no”

® Bartoszynski (2000); Consistently “yes”



Kaplansky: Banach Algebras

In 1947 Kaplansky asked whether every
algebraic homomorphism of C(X) to a
Banach algebra B is necessarily
continuous,



®In 197¥%, 1979 Dales and Esterelle
independently showed that: 1f the CH holds

Lk s Possibt& to conskruct a coum%erexam!ﬂte«

¢ Solovay (1979, using an important Lenmma
bv Woodin) showed that ik is consisktent Ehak
the answer is “Yes”

¢ Woodin (early 19%0%) showed it is
consistent that with MA Ehat the answer is
“Yes”.



Q&msev Theorv:

Combinakorial Sek Theory



Version 1:
Combinatorial Sek Theory

This kind of Ramsey theory is
exemplified by people Llike Erdos and
Hajnal. Full use of the Axiom of Choice
(and ahy cohvenient cardinal
arithmekbic).

Clearest example is the Erdos-Rado
theorem



o (finite Ramsey’s Theorem) For all k, m there
is an L » k such that f D is a seb of size L and

£ :[Dp]2 = {0, ... m — 1} then there is an H cD

of size k such that £ is constant on [H]Z, In
symbols:

Lk (V\)zfm«
¢ (Erdos-Rado Theorem) For all k, i there is

a A » Kk such that

A= (k)=






Let [N]N be the collection of infinite subsets of
N. This has a nakural Eopang, the Ellentucie
Topaiogv.

Galvin-Prikry Theorem: 1f 8 c [NJN is Borel
then there is an infinite H ¢ N such that either
o [HIN ¢ B or

o [HIN B = 2.



The des&rip&ve f?;amsej Ekearj F?Laj@.d an
impor%anﬁ role i Grower’s M&kaﬁamv
theorem(s) in Banach spaces.

Iﬁesa‘rip%&v&. Ramsey theory was dev&iopec& into
a very powerﬂful general theory bj Todorcevic,

We note that many of the combinatorial ideas
come from forcing bype resulks. (Prikry
Forcing, Mathias ﬁmraingﬁ)



Abelian Groups

The set theoretic development of Abelian Group
Theory was pushed far bj people Like Eklof and
Shelah, ?robabtv the most emblematic resulks is
on the Whitehead Cownjecture:

Sumﬂose thalb A is an Abelian group wikh
EXTL(A |2) = o,
Then A is free Abelian



Shelal showed Ehak

Whitehead’s conjecture
is dependent of ZFC,






General Topology in many ways, adds the
minimal amount of structure to naked seks.
Developed before WW1 by Hausdorf (as part of
sek %k@.orv) Ltk was proma&ed bj Hilbert and
others as a general way of understanding many
phemmmemm



Moore-Mrowika Problem

Is every tompaaé ﬁoum&abtj tight
Hausdortf space sequential?

® Ostaszewski (1976): Assuming Diamond,
there is a &oumﬁerexampteq

¢ Balogh (after Todorcevic): PFA imlies

|\ ”

j@.S



One of the most famous Problems
s the Normal Moore Spac:e
cown jecture:

E‘?verv Normal Moore SF‘&&@. LS
mekrizable



o (Fleissner) If CH is true then the Normal
Moore Space Conjecture is false.

o (Kunen, Nykos) 1{ there is a supercompact
cardinal bthewn ik is consisktent Ehat Ehe Normal
Moore Space Cownjecture is true.



Another Nice Toronto Example of
this phenomenon:

Classification of Linear
O‘Fero\&)rs own Hilbert SF’Q&QS



Cast of Characters:

o H a separabte infinite dimensional Hilbert
Space

o B(H) the collection of bounded operators on
H.
o K(H) the ideal of compact operators
e Q(H) = B(H)/K(H) the “Calkin Algebra”



Why Q(H)?

By reducing modulo the compact
operators onhe gets a structure
theory:

Berg-Weyl-von Neumann theorem

By reduciing “random noise” the
aamjugaev relakion becomes Eractable.
“Cmm?atﬁmﬁ” equiv&iemae relakion



Essem&iauv Normal Opera&ors

Essen&iau.v normal opera&ors are those that commutbe wikth their adjoin&s
in the Calkin algebra (i.e. mod compact operators)

Are these classifiable?

For example: is it passibl.@. that for AB essentially normal operators:

© A is compalent to B U
o there is an automorphism @ of Q(H) with O([A]D) = [B]



Inner vs., Quter

Inner au&amargk&sms preserve nmuch wore
structure on Q(H):

for example they preserve “Fredholm index.”

First ques%i;aw Is every au&ummrgﬁmsm thner?



Familiar Pattern

o Phillips and Weaver (2007): CH implies
there s ann au&amarpk&sm Ehat is not hner

o Farah (2010): PFA implies all
automorphisms are tnner.
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Ancther Continuum:
Set Theoretic
CQMPLQXL%v

Sel T‘kearv

Real Numbers Power set of R Power set of R
Co&egorv Tkeor:j

Nakural Numbers



Ancther Continuum:
Set Theoretic
CQMPLQXL%v

Definable Sets

%
Real Numbers Power set of R Power set of R P <o
Category Theory

Nakural Numbers



Hierarchy of
Definable sets

e T, T T T

(}pem/ciosed sets Borel Sets Analytic Sets le—seks Projective sets Definable Seks

These are strict hierarchies!



Hierarchy of
Definable seks

e T, T T T
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Hierarchy of
Definable sets

Relevance of forcing

(}pem/ciosed sets Borel Sets Analytic Sets le—seks Projective sets Definable Seks

< >

!

ﬁesarip&ive_ Sek

Tkearj

These are strict hierarchies!



Hierarchy of
Definable sets

Relevance of forcing
<

e T, T T T

(}Fveh/«ci.osed sets Borel Sets Analytic Sets le—seks Projective sets Definable Seks

. I Besariy&iwe Sek
Descriptive Set Zig
Theory Assuming

2
U S Large Cardinals

These are strict hierarchies!



Classificakion
Problems

Whein cain you talkke one probt&m
(ann equivalence relation relation you
are trying to characterize)
and reduce it to anocther
(the equivalence relation “invariants”)



Definition Let X and Y be Polish spaces and
EcXxX, ¥ cY xY be equivalence relations.




Definition Let X and Y be Polish spaces and
EcXxX, FcY xY be @.quiv&t@.mce relations.

Then £ is Borel reducible to & i there is a
Borel function £ : X — ¥ such that

for all x1, x2 € X:



Definition Let X and Y be Polish spaces and
EcXxX, F cY xY be equivalence relations.

Then £ is Borel reducible to & f there is a
Borel function § : X — Y such that

for all x1, x2 € X:
x1Ex2 i and only i



Definition Let X and Y be Polish spaces and
EcXxX, FcY xY be equivatehce relations.

Then £ is Borel reducible to & i there is a
Borel function £ : X — ¥ such that

for all x1, x2 € X:
x1Ex2 i and only if

In SijOLS £ <B F.



The general classification program
from the DST PQEM& of view:

Consider mathematical classification problems
and place them in the Z00 of equivalence
relabions under <g.



lmyor&amﬁ Benchmarikes:

1. Countable equivalence relations (i.e.
those wikth countable classes)

2. Equivalence relations induced bj
§-actions

3. Equivalence relations induced by
Polish Graug actions



SH-actions

$0 actions F’Lﬁj a spea&o& role; &kev
characterize the equivatemae relations
Ehat 601’1’@$F?0Md to countable
“atgebr&&t‘” thvarianks
(up to isomorphism)



~acks

®© (Harrington) There is a $B-maximal
aMaLjEiﬂ équivatev\te relation
® There is a Sr-maximal Polish Grc;-u,[a

ackion






/ countable™,



/ countable™



THE ZOO

Moaximal
ahatjf:ic

AH aIYtiC Maximal Folish

Moaximal Uni&arj
Group Action

Polish Group actions

Grarh Isomorphi,sm

.,Mjugacj for «
_MoTmal operators

"7 CountableN



THE ZOO

Analytic

Borel

.

Uhf.&a.,hjugacj for »
_MoTmal operators

Moaximal
ahatjf:ic

Maximal Polish P

Moaximal Uni&arj
Group Action

Polish Group actions

Grarh Isomorphi,sm

S-1nfty



What are examples of these
equ&vat@.mae relations?



Al the EOP

o (Ferenczi-Louveau-Rosendal)
Isomorphism of separable Banach
Sp&&es ts the maximal a\matj&&
equw&i@.v\&e relation.

o (Becker-Kechris-Hjorth-Mackey)
There is an action of Iso(U) which
gives a maximal Polish Group
Actiown,



Hjorth's Turbulance

Turbulance is a wonderful property of
some Polish Group actions. It is very
Powerfut generalization of topological
o-1 Laws.

The main consequence of an eguivalence
relation begin turbulant is that no

qgeneric subset is reducible to an §
action



Elliot Classification Program

Idea: Ctassinfj separable, Unital, simple, nuclear
Cr-algebras using K- theoretic nvariants.

The Elliot nvariants didnt kurin out to be a
complete invariant (Rordam and Toms), buk
there are other difficulties ..



Classification complexity:

Ellict Farah, Paulsen, Rosendal, Toms, Tornquist

® Iso—me&rv is below a Polish Group ackion,

o The hvariant is kurbulent (so not reducible to
al $0-ackion.)

e The classification Frabi.em ikself is turbulent!



THE ZOO

Moaximal
ahatjf:ic

An aIYtiC Maximal Polish  ry,

Action

A Maximal Uni.&ocrj
> Group Action

PoTish Group actions

Borel

x x

Iso of unital Ellict Equivalence

nuclear simple Grarh Isomorphi,sm

.

Uhf.&a.,hjugacj for «
_MoTmal operators

S-1nfty

/ countable™



The qroup of Measure
Preserving Transformations

o Many dvmamiaat svs%ems admit an
Uavariant prob&b&ti&j measure O
the underlying spaces, Necessary
for standard “statiskics”,

o These systems can be paradoxical:
even cowncrete &ompi&etj
deterministic systems exhibik
prav&bi.j random behavior.



Canonical Model

o Every hon-atomic separabte
prababit&v measure space is
isomorphic to LM on [0,1]

o Hence all of the “statistical”
dynamical behavior is exhibited in
the group of invertible measure
preserving transformations of

[0,1]. (I call this MPT.)



voi Neumani Classificakion
Program

In 1932 vo Neumainin proposed
classifying the measure preserving
transformations up to isomorphism.

Isomorphism torresPc}nds to the
conjugacy equivalence relation in
MPT.



voi Neumani Classificakion
Program

Measure preserving transformations
can be glued toqether from the basic
building blocks: erqodic measure
preservi%g &ramsﬂformaﬁmms«

VN program usually stated as
classifying the ergodic
Eransformations.



Posikive Resulks

o Halmos-von Neumanin Foroved Ehalk
translations on compact groups
con be characterized entirely by
their spectrum (F’F’$>

o Orstein showed thak em&royv LS a
complete tnvariant for Bernoulli

shifts



o The spectrum of an operator
associated with an erqodic MPT is
a countable subgroup of the unit
circle,

o En&ropj s o umber.



Analytic

Borel

UV\E.F:Q..

o ofd

.

NGrnal opero&ors

Q\jugo\cj for «
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Maximal Polish P
Action "
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- Group Action

Polish Group actions
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What about the general
classification problem?

After all: Bernoulli Shifts and
rotakions on f:ompacﬁ groups are 1sk

category subsets of the space of
erqodic MPT's



Hjorth's Work

® Hjorth showed that the general
equivalence relation of isomorphism

for MPT% was NOT Borel

® Isomorphism for Rank 2 distal flows
was ot reducible to an $99 action



Greneric Classes of actions

© (Foreman-Weiss) The Lsomorphism
relation of erqodic MPT% is turbulent.

® Consequently no generic class can be
classified algebraicly. (Le. by $0
actions)



But is the relakion even
Borel?

(Foreman, Rudolph, Weiss) The
collection of T such that T is
isamorphw to iks Lverse is &om[zpt@.&e

analytic, Thus

{(5,T) : S and T are ergodic and § iso to Ti
LS
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‘Db‘ﬁfeamorgk&sms of smooth
compact manifolds

(Foreman, Weiss 2010) Let M be the 2-torus. Let
S be the space of CK, measure preserving and
ergodic diffeomorphism (1<k € 20) of M. Then
the isomorphism relation on § is complete
analytic,



Analytic

Borel

3

Uhi&a,,ﬁjugacj for «

NGrnal opero&ors

o ofd

THE ZOO

wavat  P0Ol1Sh Group actions

av\cd.j&i.c

Maximal Polish 2
Action

Maximal U\r\i.Em'j

X Grou,p Action

* Maxinal MPT Action
» Isomorphism for ergodic
mpts
% Isomorphism for ergodic
# * 15

Iso of unital Elliot Equivalence
nuclear
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* rotakions of' mpac& groups
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are examples of high set
theoretic comptexi&v
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