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• Restricted Boltzmann machines (RBMs) and related models 
have had a lot of success at modeling complex visual datasets

Introduction

Good$GeneraCve$Model?$
MNIST$HandwriMen$Digit$Dataset$GeneraCve$Model$of$3@D$Objects$

24,000$examples,$5$object$categories,$5$different$objects$within$each$$
category,$6$lightning$condiCons,$9$elevaCons,$18$azimuths.$$$

Good$GeneraCve$Model?$
HandwriMen$Characters$



• Training RBMs is still a black art for several reasons

• We can’t evaluate the likelihood since this requires the intractable 
partition function

• We can’t compute the gradient exactly

• The optimization problem has ill-conditioned curvature since small 
changes to the model parameters can dramatically change the 
distribution it represents

• I will focus on the third issue
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• RBMs are an undirected graphical model:
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Z is the partition function, which is
intractable to compute exactly
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• The log-likelihood gradient is a difference of two expectations:

• Many clever approximations to the model statistics, e.g.

• contrastive divergence

• persistent contrastive divergence

• tempered transitions

@

@wij
log p(x) = Ep(h|x)[xihj ]� Ep(v,h)[vihj ]

conditional distribution
given data 

(easy)

model distribution
(hard)
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• It’s expensive to approximate the gradient well, so we’d like to 
accomplish more per iteration

• Second-order optimization methods find better updates by 
accounting for curvature

• Usually the practical ones either:

• use a cheap, tractable approximation (e.g. diagonal or block 
diagonal)

• require an expensive iterative procedure (e.g. Hessian-free 
optimization of neural nets)

• I will propose a second-order optimization method for RBMs 
which approximates the curvature well, but is only slightly 
more expensive than SGD 
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• Information geometry background

• exponential families

• Fisher information matrix

• Factorized Natural Gradient (FANG) for RBM training

• understanding the curvature of maximum likelihood for RBMs

• approximating the curvature using a Gaussian graphical model

• how to efficiently invert the approximate curvature

• experiments on training RBMs as generative models

Outline



Background: (Linear) exponential families
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partition function Z(�)
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Background: RBMs as exponential families
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Background: Fisher information matrix

G� � �2
��DKL(�� ��)

��
��=�
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Aside: KL divergence is like squared distance

� DKL(�� ��)



mean and variance
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Natural gradient

DKL(�� ��) � 1
2
(�� � �)T G�(�� � �)

�

� DKL(�� ��)

Recall:

�(�)

Euclidean
gradient

natural
gradient

gradient ascent
steepest ascent in Euclidean norm

depends on parameterization

natural gradient ascent
steepest ascent in Fisher norm

independent of parameterization

� � � + ����

� � � + �G�1���

(Amari, 1998)



Natural gradient: RBMs

gradient ascent: � � � + � (sdata � smodel)

natural gradient ascent:

s� s + � (sdata � smodel)

Unfortunately…

(Nv + Nh + NvNh)2G has entries

= 155 billion for an MNIST RBM!

� � � + �G�1(sdata � smodel)

(ds = Gd�)

same problem as for other second order methods (Newton, etc.)

to first order:



Natural gradient: RBMs

• Several approximations by analogy with Quasi-Newton

• Approximating G

• diagonal (e.g. Adagrad; Duchi et al., 2011)

• block diagonal (e.g. Le Roux et al., 2008)

• Iterative methods

•  Park et al. (2000)

• metric-free natural gradient (Desjardins et al., 2013)



Factorized Natural Gradient (FaNG)

G = Covx(g(x))

Fisher information is the covariance of the sufficient statistics:

We can approximate a covariance matrix with a Gaussian 
graphical model. 

A diagonal approximation corresponds to a fully 
disconnected graph.

To come up with a better structure,
let’s analyze the Fisher information
of an RBM.



Fisher information of RBMs

computing G for a small RBM (20 hidden units)

G = E[ggT ]� E[g]E[g]T



Fisher information of RBMs

ds = Gd�

change in
moments

Fisher
information

change in
natural

parameters

Changing this weight… … does this to the moments

dE[vhT ]W



Fisher information of RBMs

3 Modeling the Fisher information
The goal of this work is to find a compact approximations to the Fisher information
matrix G which can be tractably estimated and inverted. In this section, we analyze
the structure of G on a small RBM where it can be tractably computed, and derive a
Gaussian graphical model which reflects this structure.

3.1 Analyzing G for a small RBM
To motivate our graphical model approximation, we first analyze G for a small RBM
where it can be computed exactly. Readers interested only in the algorithm can skip to
Section 3.2.

Many operations, such as marginalization and partition function computation, can
be performed efficiently on an RBM with only 20 hidden units [13] by exhaustively
summing over all 220 hidden configurations. This approach works for computing G as
well. In particular, G = E[ggT

]� E[g]E[g]T , where

E[g] =
X

h

p(h)E[g |h] (7)

E[ggT
] =

X

h

p(h)
�
E[g |h]E[g |h]T +Cov[g |h]

�
. (8)

(The dependence of g on v and h is suppressed for clarity.) All of the conditional
expectations and covariances can be computed efficiently because the conditional dis-
tribution factorizes over v.

In this section, we analyze G for a binary RBM with 20 hidden units, trained on
the MNIST handwritten digit dataset using standard PCD. This is a reasonably well-
trained RBM which achieves a test log-likelihood of [[TODO: ]], comparable with
similar-sized RBMs in prior work [13].

We first analyze the eigendecomposition of G. The eigenvalue spectrum and a
visualization of the top eigenvector are shown in Figure 1. From the eigenspectrum,
we see that there are about 10 particularly large eigenvalues, and about 100 with values
larger than 1. To interpret the eigenvectors, recall the identity ds = Gd⌘. This implies
that the eigenvectors are the values of d⌘ which satisfy ds = �d⌘ for some �. Viewing
the eigenvectors in the space of moments rather than in the space of natural parameters
allows us to separate out two different effects. In particular,

dE[vhT
] = dE[v]E[h]T + E[v]dE[h]T + dCov(v,h). (9)

The final term is the interesting one for representation learning, because changing the
correlations corresponds to changing what a given hidden unit represents. The first two
terms are less interesting because they simply correspond to shifting the base rates.
We quantify the extent to which each eigenvector is explained in terms of changing
correlations with

f(ds) =
kdCov(v,h)k2

kdsk2 .

4

change in 
second

moments

change in 
means

(boring)

change in 
covariances
(interesting)

Most of the sufficient statistics are second moments, so let’s
think about how these vary with the parameters.

ds = Gd�

change in
moments

Fisher
information

change in
natural

parameters

= +



Fisher information of RBMs

top eigenvector
(direction of highest curvature)

eigenspectrum of G
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Figure 1: Visualization of the eigendecomposition of G. Left top: Eigenspectrum of G. Left
bottom: Fraction of each eigenvector explainable in terms of changes to the correlations. (See
text for explanation.) Top middle: dv component of the top eigenvector. Lower middle: dh

component. Right: dW component.

Figure 1 shows f for each of the eigenvectors. Until eigenvector 100 or so, nearly all the change
is explained in terms of changes to the base rates rather than to the correlations. Figure 1 shows a
visualization of the top eigenvector, which results almost entirely from changes to the base rates.
The first 30 eigenvectors are all qualitatively similar. This analysis suggests that the lower curvature
directions are essential for learning a good representation.

3.2 Gaussian graphical model

The preceding analysis shows that the highest curvature directions are explainable almost entirely in
terms of variability in the unary statistics. This suggests that an accurate model must capture the co-
variance of the unary statistics, as well as model the manner in which the pairwise statistics depend
on the unary ones. We now attempt to model this structure by approximating G as a Gaussian graph-
ical model. In particular, consider the graphical model structure of Figure 2(c). This corresponds to
a factorization of the joint distribution as

p(g) = p(v,h)
NvY

i=1

NhY

j=1

p(mij | vi, hj). (10)

If one does not like hybrid graphical models, the undirected connections between the unary variables
can be replaced with directed edges by assigning an arbitrary ordering to the variables.

As a heuristic motivation for this factorization structure, observe that if the variables in the graph-
ical model were binary, this would represent the joint distribution exactly. In particular, the fully
connected clique over (v,h) could represent the RBM’s joint distribution, and each mij is a deter-
ministic function of its parents. The approximation comes from modeling the joint distribution as
Gaussian. Each of the CPDs for the pairwise variables is a regression model; while it can’t represent
the conditional distribution exactly, one hopes it might still be a reasonable predictor.

Most second-order optimization algorithms are based on generic approximations to the curvature or
Fisher information, such as diagonal or low rank approximations. We can compare various approx-
imations to G in terms of the KL divergence to the Gaussian matrix with covariance G. [[TODO:
figure]] shows a comparison of our factorized approximation with diagonal and low rank approx-
imations of various sizes. Our approximation has far smaller KL divergence than any of these.
Furthermore, it is not simply a result of having more parameters: as a control, we compare against
an approximation with the same structure, but where each pairwise statistic is connected to a random
visible and a random hidden unit. This randomized approximation fails to capture the same gains as
our factorized approximation.
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By comparison, standard SGD is steepest descent in the Euclidean norm. This is a motivation for
NG, since KL divergence is an intrinsic distance measure between distributions, whereas Euclidean
distance is a property of the (arbitrary) parameterization.

In the case of exponential families, NG has a particularly compelling interpretation. First, note that
G⌘d⌘ = ds. By combining this identity with (3) and (4), we find that

ds = ↵ (s

data

� s

model

) . (6)

Because the natural gradient update pushes the moments in the “right” direction, we would expect
it to be difficult to compute in practice. Indeed, as G is a matrix whose dimension is the number
of model parameters, so it is typically impractical even to construct it, much less to invert it. For
instance, a typical binary RBM trained to MNIST may have 784 visible units and 500 hidden units;
such a model has nearly 400,000 parameters. Various approximations have been proposed. TONGA
[12] is as an approximation to NG which combines low-rank and block diagonal structure. Metric-
free natural gradient [4], an approximation inspired by Hessian-free optimization [9], uses conjugate
gradient combined with implicit computation of matrix-vector products involving G. It can be
viewed as a form of low rank approximation to G.

3 Modeling the Fisher information

The goal of this work is to find a compact approximations to the Fisher information matrix G which
can be tractably estimated and inverted. In this section, we analyze the structure of G on a small
RBM where it can be tractably computed, and derive a Gaussian graphical model which reflects this
structure.

3.1 Analyzing G for a small RBM

To motivate our graphical model approximation, we first analyze G for a small RBM where it can
be computed exactly. Readers interested only in the algorithm can skip to Section 3.2.

Many operations, such as marginalization and partition function computation, can be performed
efficiently on an RBM with only 20 hidden units [13] by exhaustively summing over all 220 hidden
configurations. This approach works for computing G as well. In particular, G = E[ggT

] �
E[g]E[g]T , where

E[g] =
X

h

p(h)E[g |h] (7)

E[ggT
] =

X

h

p(h)
�
E[g |h]E[g |h]T +Cov[g |h]

�
. (8)

(The dependence of g on v and h is suppressed for clarity.) All of the conditional expectations and
covariances can be computed efficiently because the conditional distribution factorizes over v.

In this section, we analyze G for a binary RBM with 20 hidden units, trained on the MNIST hand-
written digit dataset using standard PCD. This is a reasonably well-trained RBM which achieves a
test log-likelihood of [[TODO: ]], comparable with similar-sized RBMs in prior work [13].

We first analyze the eigendecomposition of G. The eigenvalue spectrum and a visualization of
the top eigenvector are shown in Figure 1. From the eigenspectrum, we see that there are about 10
particularly large eigenvalues, and about 100 with values larger than 1. To interpret the eigenvectors,
recall the identity ds = Gd⌘. This implies that the eigenvectors are the values of d⌘ which satisfy
ds = �d⌘ for some �. Viewing the eigenvectors in the space of moments rather than in the space of
natural parameters allows us to separate out two different effects. In particular,

dE[vhT
] = dE[v]E[h]T + E[v]dE[h]T + dCov(v,h). (9)

The final term is the interesting one for representation learning, because changing the correlations
corresponds to changing what a given hidden unit represents. The first two terms are less interesting
because they simply correspond to shifting the base rates. We quantify the extent to which each
eigenvector is explained in terms of changing correlations with

f(ds) =
kdCov(v,h)k2

kdsk2 .
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Factorized Natural Gradient (FaNG)

v1

v2 h1

h2

m11 m12 m21 m22

We propose a graphical model structure which models
dependencies between sufficient statistics.

Nv + Nh unary

NvNh pairwise

If the variables were binary, this would represent the joint
distribution exactly. 

The approximation is that we’re modeling them as jointly
Gaussian.

We just saw that the first-order statistics are driving everything.



Factorized Natural Gradient (FaNG)

v1

v2 h1

h2

m11 m12 m21 m22

Number of parameters

1
2
(Nv + Nh)2

3NvNh

Compared with (Nv + Nh + NvNh)2 for full G



Factorized Natural Gradient (FaNG)

Directed model corresponds to sparse Cholesky factorization

G�1 � L D LT

Fit maximum likelihood parameters using linear regression

Natural gradient updates are sparse matrix-vector products



Factorized Natural Gradient (FaNG)

Computational cost of fitting parameters (every ~100 iterations)

v1

v2 h1

h2

m11 m12 m21 m22

Computational cost of updates

NvNh

O((Nv + Nh)3)

O(NvNh)



Explaining the “centering trick”

• Enhanced gradient (Cho et al., 2011); centering trick (Montavon and 
Muller, 2012)

• Reparameterize the RBM:

• Invariant to flipping on/off

• Train deep Boltzmann machines without pre-training (Montavon 
and Muller, 2012)

• Need this even in addition to metric-free natural gradient 
(Desjardins et al., 2013)

• But why should this make such a difference?

ṽ = v � E[v]
h̃ = h� E[h]



Explaining the “centering trick”

• Actually an approximation to natural gradient!

• Not the optimal graphical model parameters, but a fairly good 
guess

v1 v2 h1 h2

m11 m12 m21 m22

mij | vi, hj � N
�
E[mij ] + E[vj ](hj � E[hj ]) + E[hj ](vi � E[vi]), �2I

�



Explaining the “centering trick”

KL divergence to Gaussian with covariance G



RBM training experiments

test
log

probs
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MNIST
(784 x 500)



• Markov random fields (e.g. RBMs)

• Evaluating the likelihood requires estimating the intractable 

Aside: estimating RBM log-likelihoods

p(x) =
f(x)

Z
Z =

X

x

f(x)

Z



• Annealed importance sampling (AIS) gives an unbiased estimate of

• But it gives a biased estimate of

• Do you have a good model or a bad partition function 
estimator?

E[Ẑb] = Zb

E[log ˆZb]  logZb

overestimate! p(x) = f(x)/Z  underestimate

Aside: estimating RBM log-likelihoods



• Is this a problem in practice?

overestimate likelihood
by 17.5 nats!

Aside: estimating RBM log-likelihoods



• Used AIS with geometric averages

• careful choice of initial distribution: set weights to 0, biases to log odds 
of data conditional distribution

• Computed confidence intervals using the bootstrap (rather than 
Gaussian approximation, as is typical)

• Checked that final results were consistent with other estimation 
methods

• AIS with moment averaging (Grosse et al., 2013)

• RAISE (Burda et al., 2014)

Aside: estimating RBM log-likelihoods



RBM training experiments

test
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MNIST
(784 x 500)



RBM training experiments

Omniglot
(784 x 500)

Figure 2: Four alphabets from Omniglot, each with five characters drawn by four different people.

new visual object from just one example (e.g., a “Segway” in Figure 1a). These new larger datasets
have developed along with larger and “deeper” model architectures, and while performance has
steadily (and even spectacularly [15]) improved in this big data setting, it is unknown how this
progress translates to the “one-shot” setting that is a hallmark of human learning [3, 22, 28].

Additionally, while classification has received most of the attention in machine learning, people
can generalize in a variety of other ways after learning a new concept. Equipped with the concept
“Segway” or a new handwritten character (Figure 1c), people can produce new examples, parse an
object into its critical parts, and fill in a missing part of an image. While this flexibility highlights the
richness of people’s concepts, suggesting they are much more than discriminative features or rules,
there are reasons to suspect that such sophisticated concepts would be difficult if not impossible
to learn from very sparse data. Theoretical analyses of learning express a tradeoff between the
complexity of the representation (or the size of its hypothesis space) and the number of examples
needed to reach some measure of “good generalization” (e.g., the bias/variance dilemma [8]). Given
that people seem to succeed at both sides of the tradeoff, a central challenge is to explain this
remarkable ability: What types of representations can be learned from just one or a few examples,
and how can these representations support such flexible generalizations?

To address these questions, our work here offers two contributions as initial steps. First, we introduce
a new set of one-shot learning problems for which humans and machines can be compared side-by-
side, and second, we introduce a new algorithm that does substantially better on these tasks than
current algorithms. We selected simple visual concepts from the domain of handwritten characters,
which offers a large number of novel, high-dimensional, and cognitively natural stimuli (Figure
2). These characters are significantly more complex than the simple artificial stimuli most often
modeled in psychological studies of concept learning (e.g., [6, 13]), yet they remain simple enough
to hope that a computational model could see all the structure that people do, unlike domains such
as natural scenes. We used a dataset we collected called “Omniglot” that was designed for studying
learning from a few examples [17, 26]. While similar in spirit to MNIST, rather than having 10
characters with 6000 examples each, it has over 1600 character with 20 examples each – making it
more like the “transpose” of MNIST. These characters were selected from 50 different alphabets on
www.omniglot.com, which includes scripts from natural languages (e.g., Hebrew, Korean, Greek)
and artificial scripts (e.g., Futurama and ULOG) invented for purposes like TV shows or video
games. Since it was produced on Amazon’s Mechanical Turk, each image is paired with a movie
([x,y,time] coordinates) showing how that drawing was produced.

In addition to introducing new one-shot learning challenge problems, this paper also introduces
Hierarchical Bayesian Program Learning (HBPL), a model that exploits the principles of composi-
tionality and causality to learn a wide range of simple visual concepts from just a single example. We
compared the model with people and other competitive computational models for character recog-
nition, including Deep Boltzmann Machines [25] and their Hierarchical Deep extension for learning
with very few examples [26]. We find that HBPL classifies new examples with near human-level
accuracy, substantially beating the competing models. We also tested the model on generating new
exemplars, another natural form of generalization, using a “visual Turing test” to evaluate perfor-
mance. In this test, both people and the model performed the same task side by side, and then other
human participants judged which result was from a person and which was from a machine.

2 Hierarchical Bayesian Program Learning
We introduce a new computational approach called Hierarchical Bayesian Program Learning
(HBPL) that utilizes the principles of compositionality and causality to build a probabilistic gen-
erative model of handwritten characters. It is compositional because characters are represented
as stochastic motor programs where primitive structure is shared and re-used across characters at
multiple levels, including strokes and sub-strokes. Given the raw pixels, the model searches for a

2



RBM training experiments

log
probs

time (seconds)

Omniglot
(784 x 500)

time (seconds)

training test



• RBM training suffers from nasty curvature

• important covariance information hidden in smaller eigenvalues

• Factorized Natural Gradient: non-iterative approximation

• helps explain the impressive performance of the centering trick

• more generally, looking at the structure of the model can help us 
improve optimization

Conclusions


