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Basic set up. Formulation of final result

• We consider a latticeZd (or a more general network) of

Hamiltonian systems. (analytic)

Each of the single site systems contains:

• A positive measure of KAM tori, nondegenerate.

• One hyperbolic fixed point

• We couple different sites by a local interaction which is also

Hamiltonian (analytic)



Some examples

Klein-Gordon model

q̈j = −∇[V(qj) + ε
∑

|i−j|=1

W1(qi − qj)

+ ε
∑

|i−j|=2

W2(qi − qj) + · · · ]

Very oftenV(q) = cos(q), W1(t) = 1
2t2, W2(t) = 1

4t2.

XY-Heisenberg models of spin waves

W1(η) = sin(η) V(q) = Bsin(q)

.

These models appear also as discretization of non-linear wave

equations. They also appear in Statistical mechanics, neuroscience,



Dynamics of each of the sites

• Positive Lebesgue measure of frequencyω ∈ Ω, nondegenerate.

NOTE: KAM tori of the system may have different topology.



Dynamics of each of the sites

H0(x) =
∑

i∈Zd

H0(xi)

In the full systems we can intersperse tori with fixed points

All of those are“whiskered” KAM tori.



We construct solutions of the form of cluster of sites oscillating with

frequenciesωi but separated by positions separated by wide swatches

of systems that are close to the hyperbolic fixed point.

• We will also obtain that the tori produced have decay properties.

That is, the effect of one site on another far appart is very small



We consider a regime in which the energy is not finite.

The energy per site is finite

Indeed the average energy is close to a critical value.



Roughly, we start by choosingω (satisfying some mild conditions)

then, we start placing the oscillations.

If we place them far enough apart, we get approximate solutions of an

invariance equation. We will show that they persist in the full system.



For simplicity we will formulate the theorem for maps.

(There are very simple arguments that show that the results for maps

imply the results for flows, Douady82,...)

The proofs can be easily adapted.



Theorem A

There is a set of frequenciesΩ(ε), ε < ε∗

|Ω(ε)|/|Ω| → 1 asε → 0

so that we can find one breather localized at one site.

Theorem B

Given any probability measure onΩ(ε) equivalent to Lebesgue.

In a set of full measure in

Ω(ε)N

we can find a breather with frequencyω.



Theorem A does not need that the system is translation invariant but

assumes that the local properties are uniformly smooth. (e.g. random

media). Theorem B uses translation invariance as formulated here, but

there is a version weakening it.

No smallness condition, no loss of measure of in Theorem B.

We can be significantly more precise — even if more technical —

about the shape of the tori and the frequencies which appear.We will

show that the tori are rougly products.



Both theorems will be deduced from a a more technical theorem.

If we have an approximation solution of an invariance equation,

which satisfies some appropriate non-degeneracy conditions

=⇒

There exists a true solution nearby.

(Furthermore, it is the only solution in this neighborhood up to change

of origin in the torus.)

We will make precise the conditions when we have motivated them.

The proof is based on an interative method in an appropriate function

space.



This is, in particular, a theorem on persistence of whiskered KAM

tori.

• It has ana posterioriformat. Approximate solutions lead to true

solutions.

• The method does not rely on transformation theory.

• The proof can be supplemented by algorithmic details to become

very efficient numerical algorithms. (Developed and

implemented with G. Huguet and Y. Sire).

• A finite dimensional version of the proof has been published by

(E. Fontich, R.L. and Y. Sire in Jour. Diff. Eq. (2009), ERA

(2009) ).

In this lecture, we will emphasize more the infinite dimensional

aspectes.



• There are theorems (Soffer-Weinstein, Pyke, Sigal,

Comech-Komech) showing that solutions with this form cannot

happen in hyperbolic PDES (“damping by radiation”).

We think that this damping by radiation mechanism also applies in

other regions of phase space. These systems share properties with

PDE’s.



• There are other invariant objects which also can be studied by

similar formalisms.

E. Fontich, R. L. P. Martı́n (Jour. Diff. Eq. (2010) and MPARC

10-75, 10-76 ) consider also hyperbolic sets and their manifolds.

Show decay properties and develop a structural stability.

Invariant measures in some of these sets were already considered in

the literature (M. Jiang, Y. Pesin, etc. ).



• The main idea is that the couplings are smooth and decay “fast

enough” with the distance.

One of the key ideas is how to quantify the decay of the couplings.

We will obtain also that the invariant objects produced alsocan be

written as local objects and some non-local corrections which decay

fast.



Hε(x) =
∑

i

H0(xi) + εH1(x)

‖∂j∂iH
1(x)‖ρ ≤ CΓ(i − j)

‖ ‖ρ an analytic norm

Γ a decay function




Γ ≥ 0∑
i Γ(i) = 1∑
j Γ(i − j)Γ(j − k) ≤ Γ(i − k)

Even if Hε is a formal sum, the derivatives are bona-fide functions.



Example 1

Γ(i) = ce−β|i| not a decay function.

Γ(i) = cda|i|−d+θe−α|i| is a decay function forθ > 0,α ≥ 0.

Physical interpretation

∂j∂iH1 ≡ effect of particlej on particlei

‖∂j∂iH1‖ ≡ bound on the effect ofj on i

∑
j ∂k∂jH1∂j∂iH1 ≡ effect ofk on i through affectingj.

The bounds are decay functions, imply that we can bound the effect of

indirect interaction by the direct interaction.

No cluster expansions needed!



For matrices (may be∞ matrices), define

‖A‖Γ = sup
i,j

|Aij |Γ(i − j)−1

Hence,

|Aij | ≤ ‖A‖Γ(i − j)

|(A B)ij | ≤
∑

k

AikBkj

≤ ‖A‖Γ ‖B‖Γ
∑

k

Γ(i − k)Γ(k− j)

≤ ‖A‖Γ ‖B‖ΓΓ(i − k)

Banach algebra.



Decay functions were introduced in M. Jiang, R.L. Comm. Math.

Phys. (2000) to study dependence on parameters of SRB measures.

Note that since sup-norms are used. We get pathologies inherited

from ℓ∞. For example, there are“observables at infinity”, i.e.

nontrivial functionals that have zero partial derivatives, non-duality,

no smooth functions with bounded support, etc.



• We can choose any frequency which satisfies an∞-dimensional

Diophantine condition

|
∑

|i|≤R

ωi · ki | ≥ cR

( ∑

|i|≤R

|ki |

)−τR

The theorem will be deduced from another theorem on persistence of

whiskered tori with decay properties.



Consider mappings onP ≡ (Rn × T
n)Z

d
(endowed withℓ∞)

f such that

• f analytic

• (Df (x)η)i =
∑ ∂fi

∂xj
ηj

(The derivative is given by the Jacobian matrix)
∥∥∥∥
∂fi
∂xj

∥∥∥∥
ρ

≤ cΓ(i − j)

‖ ‖ρ = sup in a complex neighborhood of size 0



In ℓ∞, it is non-trivial to assume that the derivative is given by the

Jacobian matrix.

Example 2

Aη = lim
i→∞

ηi

is a non-trivial linear operator (Hann-Banach) whose matrix is zero.



We consider embeddings

K : (Tn)N → P

which are “centered around{ci}
N
i=1”

∥∥∥∥
∂Ki

∂θj

∥∥∥∥
ρ

≤ CΓ(i − cj)

‖Ki‖ρ ≤ Cmax
k

(Γ(i − ck))



Symplectic geometry in infinite dimensional spaces has, in general

many pathologies.

Turns out one can develop a nice theory for maps with decay and

embeddings with decay.

The pull back of a formal symplectic form under embeddings with

decay, is a well defined finite dimensional form.



TheseK give an invariant torus when

f ◦ K(θ) = K(θ + ω) ⋆

K
F

Td

K( Td )

K



Theorem

f analytic, decayΓ exact symplectic

K : an embedding centered at ci , decayΓ

∗ Df ◦ K(θ) admits an approximate invariant splitting

which is hyperbolic

dΓ
(
[Df ◦ K(θ)]Es,u,c(θ) , Es,u,c

(θ+ω)

)
≤ ε



∣∣∣Df ◦ K(θ)|Es
θ

∣∣∣
Γ
≤ λ < 1

∣∣Df−1 ◦ K(θ)|Eu
θ

∣∣
Γ
≤ λ < 1

∣∣Df ◦ K(θ)|Ec
θ

∣∣
Γ
≤ η

∣∣∣Df−1 ◦ K(θ)|Ec
(θ)

∣∣∣
Γ
≤ η

λη < 1

[Actually what is used in the paper is a bit more general]



∗ The splittings have decay properties. Denote byπ the

projections.

‖πs,u,c‖ρ,Γ < ∞

The embeddings of the model spaces are also centered aroundc



∗ The center direction is 2Nd dimensional

∗ Df ◦ K is non-degenerate in the center direction

(explicit expression to be given later)

∗ ω is σ − τ Diophantineω ∈ (Rn)u

∗ ‖f ◦ K − K ◦ Tω‖c,Γ,ρ ≤ ε

∗ ε ≤ ε∗ (σ, τ,Nd non-degeneracy,ρ− ρ′)



=⇒ There exists añK solving exactly

‖K − K̃‖c,Γ,ρ′ ≤ C( )ε

Moreover, if∃ another˜̃K solution satisfying the above,∃ η

K̃ =
˜̃K ◦ Tη



• Note that the tori are
→ “very” hyperbolic
→ do not tend to zero “ground state” at∞
→ frequencies remain bounded.

• Related work on quasi-periodic orbits in lattice by many people
Chierchia-Perfetti
Wayne, Frohlich, Spencer
Poeschel
Kuksin
Chen, Guo, Yi, Viveros
- - -



Sketch of proof

(1) Approximately invariant bundles=⇒ exactly invariant bundles+

regularity+ estimates

• Invariant bundle≡ graph of a linear bundle map.

• Invriance equation can be manipulated into a fixed point of a

contraction in decay spaces.

The Banach algebra properties of decay functions make it work in

pretty much the same way thansomefinite dimensional proofs.



Note for experts:

• One has to use essentially that the notion on the base is a rotation.

In general theory of NHIM, one only gets finite differentiability

• To apply KAM theorem, one needs quantitative estimates.

(This requires one more derivative.)

• Effective algorithms follow another route.



(2) The Newton method

We are given:

(I) f ◦ K − K ◦ Tω = E

Think of E as small.

The Newton method seeks to find a correction∆ that eliminates the

error in the linear approximation.

(N) Df ◦ K∆−∆ ◦ Tω = −E



The equation (N) is equivalent to three equations for the projections:

πsDf ◦ K∆− πs∆ ◦ Tω = πsE

πuDf ◦ K∆− πu∆ ◦ Tω = πuE

πcDf ◦ K∆− πc∆ ◦ Tω = πcE

Using invariance of splittings one can move proyections inside theDf .



(Df ◦ K)|Es∆s −∆s ◦ Tω = −Es

Composing on the left withT−ω and moving to the other side:

Df ◦ K|Es ◦ T−ω∆
s ◦ T−ω + Es ◦ T−ω = ∆s

The equation for∆s can be solved iterating the Left hand side.



Similar manipulations work for∆u and we can get a fixed point.



No symplectic geometry used yet. Nor Diophantine properties.



The center equation is more delicate, requires geometry andsmall

divisors.

But it is finite dimensional!

We will use an adapted frame that reduces the system to easy

triangular form constant coefficiensts.Automatic reducibility

(See Gonzalez, Jorba, R. L., Villanueva, Nonlinearity 2005)



Taking derivates of the invariance equation

Df ◦ K · DK = DK ◦ Tω + DE

geometrically,DK “almost” invariant

=⇒ RkDK(σ) ⊂ Ec
θ





We write

v(θ) = J−1 ◦ K DK(θ)N(θ)

whereN is chosen so that

Ω(v(θ)DK(θ)) = Id
~w�

N = [DK(θ)DK(θ)]−1



Write

M(θ) = [ DK(θ)
↑

juxtapose it

, v(θ)]

Then, we have:

Df ◦ K M(θ) = M(θ + ω)

(
Id A(θ)
0 Id

)
+ O(E)

The range ofM is in Ec (up to an small error).



We can also show that the torus is approximately lagrangian so that

Ω(DK, v(θ)) = 0

Counting dimensions

Ec = RangeM .

(Some extra details needed to really estimate the distance).



Now we express∆s in the frame given by the matrixM.

∆s(θ) = M(θ)W(θ)

The Newton equation in the center direction becomes

Df ◦ K(θ)M(θ)W(θ)− M(θ + ω)W(θ +Ω) = −E(θ).

M(θ+ω)

(
Id A(θ)
0 Id

)
W(θ)−M(θ+ω)W(θ+Ω) = −E(θ)+O(||E||2)



(
Id A(θ)
0 Id

)
W(θ)− W(θ +Ω) = −M−1(θ + ω)E(θ)

This equation can be solved using the standard theory of difference

equations. Use Fourier coefficients. We need to assume that〈A〉 > is

an invertible matrix.

Note that there is a loss of domain of analyticity in the estimatesbut

no loss in the decay properties!.



Doing this step leads totame estimatesfor the error in spaces with the

same decay.

||∆||c,Γ,ρ′ ≤ Cρ− ρ′
2τ
||E||c,Γ,ρ

||Ẽ||c,Γ,ρ′ ≤ Cρ− ρ′
4τ
||E||2c,Γ,ρ



Note that from the algorithmic point of view:

• We are dealing with functions of finitely many veriables.
• The only operations we are doing are:

• Composition
• Algebraic operations
• Derivatives
• Solving difference equations

All these operations areO(N) operations either in Fourier space

or in real space. One can switch from one representation to the

other inO(N log(N)) operations.

• We only requireO(N) storage

• The convergence is quadratic like in a Newton Method.



(3) Recovering induction assumptions

• The invariant subspaces forK, approximately invariant for

K +∆

• The non-degeneracy conditions, invariance do not change much

(4) Convergenceis standard once we have all the appropriate

definitions in place.



Going from technical lemma to main theorem

Theorem A

• Forε small enough breathers with a finite number of sites are

quasi-invariant

=⇒ invariant nearby



Theorem B.

Consider two localized solutions.



If Γ̃ ≪ Γ

It is very approximately a breather (iñΓ) sense.

=⇒

∃ a trueΓ̃ breather close by to it.



To get theorem B, we chose the one-site breathers, we choose the

sequence of decay functions.

Then, we can apply the main theorem by placing them succesively far

appart. If you repeat the process with decreasingΓ, you get a limit in

Γ∞

(if the convergence is fast enough — or just coordinate wise,one

recovers that the limiting object satisfies the invariance



Some extensions and some questions

• (G. Huguet, R. L, Y. Sire)Efficient algorithms

The proof suggests that one can obtain fast algorithms. One needs to

do several tricks

• Use systematically FFT

• Compute not the splittings but the projections of the splittings

• Fast solutions of cohomology equations in the hyperbolic case.

The final product is an algorithm that, to perform a Newton method

on a discretization onN points requiresO(N ln(N)) operations,O(N)

storage.

It is numerically stable.

Preprint in MPARC # 09-02 Appeared in DCDS-A 2011.



• (D. Blazevski, R. L. )Existence of whiskers with decay properties

Theorem C

One can find stable and unstable manifolds for the whiskers.

They are embeddings with decay properties.

They depend smoothly on parameters.

We construct the whiskers by solving the functional equation

F ◦ W(θ, s) = W(θ + ω,Pθ(s)) (1)

WhereW(θ,0) = K(θ), Pθ(0) = 0, Pθ is a polynomial ins.

We find suchW,P in spaces of functions with decay properties. After

some work, this becomes an implicit function theorem in spaces of

functions with decay properties.



This approact to invariant manifolds was introduced by Poincaré and

developed by X. Cabré, E. Fontich, and R. de la Llave (Indiana Univ.

Math. Jour. 2003).



Hyperbolic sets in coupled map lattices with interactions given by a

decay function

Many people (Sinai, Bunimovich, Afraimovich, Pesin, Jiang)

developed aergodic theoryin some cases. One can study the smooth

dependence of invariant measures (M. Jiang, R. L. CMP 2000).

A geometric theory of hyperbolic sets(structural stability,

distributions) (E. Fontich, P. Martı́n, JDE 2010.



• (A. Haro, R.L.)Study the phenomena that happen at resonances

and the abundance of secondary tori.

TheSecondarytori (i.e. tori generated by resonances, which do not

continue to the integrable case) dominate in volume as the number of

degrees of freedom grows.

Phys Rev.Let (2000). Detailed quantitative conjectures supported by

numerical evidence

The volume of tori with k contratible directions is a binomial

distribution.

With the present method, we prove a lower bound of the measure

following the binomial distribution. (No rigorous upper bound on the

measure yet).



• (Y. Sire, R.L.)Invariant tori in some PDE’s

We can show existence of whiskered tori in someill-posed PDE’s

with (formal) Hamiltonian structure. For example,

utt = −αuxx + uxxxx+ (u2
x)x (2)

Normally hyperbolic invariant manifolds

An appropriate version of the theory generalizes to decay functions.

One can study persistence of decay normally hyperbolic manifolds,

their invariant manifolds, Melnikov theory, scattering maps and apply

it to problems of Arnold diffusion.



Thank you for your attention

Happy Birthday!

Does Walter look 60?


