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1. INTRODUCTION

The notion of quasi-category was introduced by M. Boardman and R.Vogt in
their work on homotopy invariant algebraic structures [BV]. Our goal is to ex-
tend category theory to quasi-categories. The extended theory has applications to
homotopy theory, higher category theory and topos theory.

A first draft of this paper was written in the Fall of 2004 in view its publication
in the Proceedings of the Conference on higher categories which was held at the
IMA in Minneapolis in June 2004. Its content is based on the talks I have given
on quasi-categories over the last five years. It is a collection of assertions, many of
which have not yet been proved formally (many have recently been proved by Jacob
Lurie). T am preparing a book of two volumes on the theory of quasi-categories.

2. ELEMENTARY ASPECTS

2.1. We fix three arbitrary Grothendieck universes Ui, Uy and Ujs, with U; €
U, € Uj. Entities in U; are small, entities in Uy are large and entities in Ujs
are extra-large (small entities are large and large entities are extra-large but the
converse is not true). For example, a category is said to be small (resp. large,
extra-large) if its set of arrows belong to Uy (resp. Us, Us). We denote by Set
the category of small sets and by SET the category of large sets. A category is
locally small if its hom sets are small. We denote by Cat the category of small
categories and by CAT the category of locally small large categories. The category
Cat is large and the category CAT extra-large. We shall denote small categories
by ordinary capital letters and large categories by curly capital letters.

2.2. We shall denote by Set the category of (small) sets, by S the category of
(small) simplicial sets and by Cat the category of small categories. By definition,
we have

S = [A?, Set],

where A is the category of finite non-empty ordinals and order preserving maps.
See the appendix 31 for terminology and notation on simplicial sets. The simplicial
interval A[1] is denoted by I. The category A is a full subcategory of Cat. Recall
that the nerve of a small category C' is the simplicial set NC' obtained by putting

(NC)n = Cat([n], C)

for every n > 0. The nerve functor N : Cat — S is full and faithful. We shall
regard it as an inclusion N : Cat C S by adopting the same notation for a category
and its nerve. The functor N has a left adjoint

71 : S — Cat,

where 71 X is the fundamental category of a simplicial set X. The classical funda-
mental groupoid 7 X is obtained by formally inverting the arrows of the category
71X. The functor 71 : S — Cat preserves finite products by a result in [GZ].

2.3. We shall say that an arrow f : a — b in a simplicial set X is quasi-invertible,
or that it is a quasi-isomorphism, if its image by the canonical map X — 7 X is
invertibe in the category 7 X.



QUASI-CATEGORIES 3

2.4. Recall that a simplicial set X is called a Kan complex if every horn A¥[n] — X
(n >0,k € [n]) has a filler A[n] — X, A¥[n] — X

Ak[n] L> X

Aln].

We say that a horn A¥[n] — X is inner if 0 < k < n. We call a simplicial
set X a quasi-category if every inner horn A¥[n] — X has a filler. This notion
was introduced by M. Boardman and R.Vogt in their work on homotopy invariant
algebraic structures [BV]. A quasi-categories is sometime called a weak Kan complex
in the literature [KP]. A Kan complex and the nerve of a category are examples
of quasi-categories. In fact, a simplicial set X is (isomorphic) to the nerve of a
category iff every inner horn A*[n] — Xhas a unique filler A[n] — X. We shall
often say that a vertex in a quasi-category is an object of this quasi-category and
that an arrow is a morphism. A map of quasi-categories is defined to be a map
of simplicial sets. We denote by QCat the category of quasi-categories. If X is a
quasi-category then so is the simplicial set X4 for any simplicial set A. Hence the
category QCat is cartesian closed.

2.5. A quasi-category can be large.

We fix three arbitrary Grothendieck universes S = Uy, Uy and Ujg, with Uy €
U, € Uj. Entities in Uy are small, entities in Uy are large and entities in Ug
are extra-large (small entities are large and large entities are extra-large but the
converse is not true). For example, a category is said to be small (resp. large,
extra-large) if its set of objects and it set of arrows belong to Uy (resp. Usg, Us).
We denote by Set the category of small sets and by SET the category of large sets.
A category is locally small if its hom sets are small. We denote by Cat the category
of small categories and by CAT the category of locally small large categories. The
category Cat is large and the category CAT extra-large. We shall denote small
categories by ordinary capital letters and large categories by curly capital letters.
The cardinality of a small category is defined to be the cardinality of its set of
arrows. A diagram in a category £ is a functor D : K — &, where K is a small
category; the cardinality of D is defined to be the cardinality of its domain K.

A large simplicial set is defined to be a functor A° — SET where SET is the
category of sets in a Grothendieck universe. A large simplicial set X is locally
small if the vertex map X,, — X{f“ has small fibers for every n > 0. Most large
quasi-categories considered in these notes are locally small.

2.6. The fundamental category of a simplicial set X has a simpler description when
X is a quasi-category. It is the homotopy category hoX described by Boardman
and Vogt in [BV]. Here is a quick description of hoX. Consider the projection

p=op): X' =X =X xX

defined from the inclusion 0 = {0,1} C I. Its fiber X (a,b) at (a,b) € Xo x Xo
is the simplicial set of arrows ¢ — b in X. It is a Kan complex when X is a
quasi-category. We have

(hoX)(a,b) = mo X (a,b)
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for every pair a,b € Xy = Ob(hoX). We denote by [f] : @ — b the homotopy class
of an arrow f : a — b. The homotopy relation ~ between the arrows a — b has
the following simple description. A right homotopy u : f =g g between two arrows
f,g:a — bis defined to be a 2-simplex u : A[2] — X with boundary Ou = (14, g, f),

b
/X
¢ b

Dually a left homotopy v : g =1, f is defined to be a 2-simplex v : A[2] — X with
boundary 9t = (f, g, 1a),
a

N
@b

It turns out that two arrows f,g : a — b are homotopic iff there exists a right
homotopy f =g ¢ iff there exists a right homotopy g =g f iff there exists a left
homotopy g =, f iff there exists a left homotopy f = g. The composition law

hoX(b,c) x hoX(a,b) — hoX(a,c)

of the category hoX can be described as follows. If [f] : @ — b and [g] : b — ¢, the
horn (g,*, f) : A'[2] — X can be filled by a simplex v : A[2] — X,

b
R
a———>c.
h
Then we have [g][f] = [h], where h = vdy : a — c.

2.7. If X is a quasi-category, then an arrow f : a — b in X is quasi-invertible iff
there exists an arrow g : b — a together with two 2-simplices u, v : A[2] — X with
boundaries du = (g, 14, f) and dv = (f, 14, 9),

b b
SN N
@— ¢ b — I b
Let J be the groupoid generated by one isomorphism 0 — 1. It turns out that

an arrow f € X is quasi-invertible, iff the map I — X which represents f can be
extended along the inclusion I C J. See [J1].

2.8. There is an analogy between Kan complexes and groupoids. If Gpd denotes
the category of groupoids and Kan denotes the category of Kan complexes, then
we have Kan N Cat = Gpd, where the intersection is taken in QCat (or in S),

Gpd —™ . Kan

Cat — in> QCat,
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A quasi-category X is a Kan complex iff its homotopy category hoX is a groupoid
[J1]. Hence we have a pullback square of categories,

Gpd <~ Kan

Cat <—— QCat.

The inclusion functor Gpd C Cat has a right adjoint J : Cat — Gpd, where J(C)
is the groupoid of isomorphisms of a category C'. Similarly, the inclusion functor
Kan C QCat has a right adjoint J : QCat — Kan. The simplicial set J(X) is
the largest Kan subcomplex of a quasi-category X. The following naturality square
is a pullback of simplicial sets,

J(X) — J(hoX)

.

X —" > hoX,

where h is the canonical map. Thus, a simplex x : Aln] — X belongs to J(X) iff
the arrow z(i — 1,7) is a quasi-isomorphism for every 1 < i < n. Moreover, the
following two squares of functors commute up to a natural isomorphism,

Gpd — . Kan Gpd <= Kan
JT TJ JT TJ
Cat —2~ QCat, Cat <—— QCat.

2.9. The category S has the structure of a 2-category. If A and B are simplicial
sets, let us put

71(A, B) = 71(B%).

If we apply the functor 7; to the composition map C® x BA — C4, we obtain the
composition law

71(B,C) x 11(A,B) — 71(A,C)

of a 2-category S™ if we put S™ (A4, B) = 11(A4, B). The 0-cells of this 2-category
are simplicial sets and the 1-cells are the maps of simplicial sets. A 2-cell o : f —
g : A — B is an arrow of the category 7(B“). We shall say that « is a natural
transformation. The 2-category ST is cartesian closed.

2.10. There is a notion of equivalence in any 2-category. We shall say that a map
of simplicial set is a categorical equivalence iff it is an equivalence in the 2-category
S™. If X and Y are quasi-categories, a categorical equivalence X — Y is called an
equivalence of quasi-categories. A map between quasi-categories f : X — Y is an
equivalence iff there exists a map g : Y — X together with two quasi-isomorphisms
gf — 1x and fg — ly.
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3. THE MODEL STRUCTURE

3.1. We recall the construction of the homotopy category of simplicial sets S™ by
Gabriel and Zisman in [GZ]. The category S is cartesian closed and the functor
mo : S — Set preserves finite products. If A, B € S let us put

m0(A, B) = mo(B4).

If we apply the functor my to the composition map CB x B4 — C4 we obtain a
composition law mo(B, C) X mo(A, B) — (A, C) for a category S™, where we put
S™ (A, B) = mp(A, B). A map of simplicial sets is called a homotopy equivalence if
it is invertible in the category S™°.

3.2. A map of simplicial sets u : A — B is a weak homotopy equivalence if the map
mo(u, X) : mo(B, X) — mo(A, X)

is bijective for every Kan complex X. A map between Kan complexes is a weak
homotopy equivalence iff it is a homotopy equivalence.

3.3. Recall that a map of simplicial sets f : X — Y is called a Kan fibration if it
has the right lifting property with respect to the inclusion A¥[n] C A[n] for every
n >0 and k € [n],

X .

Y

3.4. The category S admits a model structure in which the cofibrations are the
monomorphisms and the weak equivalences are the weak homotopy equivalences
[Q]. The fibrations are the Kan fibrations and the fibrant objects the Kan com-
plexes. The acyclic fibrations are the trivial fibrations as defined in 31.10. The
model structure is cartesian closed and proper. We shall denote it shortly by
(S, Who), where Who denotes the class of weak homotopy equivalences. We say
that it is the classical model structure on S.

_

A[n —

3.5. We call a functor p : E — B (in Cat) a quasi-fibration if for every object
x € E and every isomorphism g € B with target p(z), there exists an isomorphism
f € E with target « such that p(f) = ¢g. A functor p : E — B is a quasi-fibration iff
the opposite functor p° : E° — B° is a quasi-fibration. Hence a functor p: E — B
is a quasi-fibration iff for every object x € E and every isomorphism g € B with
source p(x), there exists an isomorphism f € E with source x such that p(f) = g.

3.6. The category Cat admits a model structrure in which the weak equivalences
are the equivalences of categories and the fibration are the quasi-fibrations [JT1].
A functor v : A — B is a cofibration iff the map Ob(u) : ObA — ObB is monic.
Every object is fibrant and cofibrant. The model structure is cartesian and proper.
We shall denote it shortly by (Cat, Eq), where Fq denotes the class of equivalences
between categories.
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3.7. If A is a simplicial set, we shall denote by 79 A the set of isomorphism classes
of objects of the fundamental category 71 A. The functor

To: S — Set

preserves finite products, since the functor 71 : S — Cat preserves finite products.
For any pair (A, B) of simplicial sets, let us put

70(A, B) = 19(B?).

If we apply the functor 7y to the the composition map CP x B4 — C4 we obtain
the composition law 79(B,C) X 179(A, B) — 19(A,C) of a category S™, where we
put S™(A, B) = 79(A, B). A map of simplicial sets v : A — B is a categorical
equivalence iff u is invertible in the category S™.

3.8. We shall say that a map of simplicial sets u : A — B is a weak categorical
equivalence if the map

To(u, X) : 70(B, X) — 10(4, X)

is bijective for every quasi-category X. Equivalently, a map of simplicial sets u :
A — B is a weak categorical equivalence iff the map

T1(u, X) : (B, X) = 11 (4, X)
is an equivalence of categories for every quasi-category X iff the map
X xP - x4
is an equivalence of quasi-categories for every quasi-category X.

3.9. We shall say that a map of simplicial sets is a quasi-fibration if it has the
right lifting property with respect to every monic weak categorical equivalences.
The notion of quasi-fibration is self dual: a map p: X — Y is a quasi-fibration iff
the opposite map p° : X° — Y is a quasi-fibration. The quasi-fibrations between
quasi-categories have a simpler description. We shall say that a map of simplicial
sets a mid fibration if it has the right lifting propery with respect to the inclusion
A¥[n] C Aln] for every 0 < k < n. Every quasi-fibration is a mid fibration. A mid
fibration between quasi-categories p : X — Y is a quasi-fibration iff the functor
ho(p) : hoX — hoY is a quasi-fibration in Cat iff for every object x € X and every
quasi-isomorphism g € Y with target p(z), there exists a quasi-isomorphism f € X
with target « such that p(f) = g. A map between quasi-categories p: X — Y is a
quasi-fibration iff the map

(Go.p) s X7 =V %y X
obtained from the square

XJX*]‘O>X

L,k
YILM>K

is a trivial fibration, where jo denotes the inclusion {0} C J. See 31.10 for the
notion of trivial fibration.
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3.10. The category S admits a model structure in which the cofibrations are the
monomorphisms and the weak equivalences are the weak categorical equivalences
[J2]. The fibrations are the quasi-fibrations and the fibrant objects are the quasi-
categories. The acyclic fibrations are the trivial fibrations. The model structure
is cartesian closed and left proper. We shall say that it is the model structure for
quasi-categories. We shall denote it shortly by (S, Weat), where Weat denotes the
class of weak categorical equivalences.

3.11. The pair of adjoint functors 7, : S < Cat : N is a Quillen pair between
the model categories (S, Weat) and (Cat, Eq). A functor v : A — B in Cat is a
quasi-fibration iff the map Nu : NA — NB is a quasi-fibration.

3.12. The classical model structure (S, Who) is a Bousfield localisation of the model
structure (S, Weat). Thus, a weak categorical equivalence is a weak homotopy
equivalence and a Kan fibration is a quasi-fibration. The converse holds for a map
between Kan complexes. A simplicial set A is weakly categorically equivalent to a
Kan complex iff the category m A is a groupoid.

3.13. Consider the functor k : A — S defined by putting k[n] = A’[n] for every
n > 0, where A’[n] denotes the (nerve of) the groupoid freely generated by the
category [n]. If X € S, let us put

K(X), = S(A'[n], X)

for every n > 0. The functor k' : S — S has a left adjoint & which is the left Kan
extension of the functor k along the Yoneda functor y : A — S. The adjoint pair

k:S—S:k

is a Quillen pair & : (S, Who) « (S, Wecat) : k' and a homotopy coreflection [J2].
See 31.26 for the notion of homotopy coreflection. If X is a quasi-category, then
the canonical map k'(X) — X factors through the inclusion J(X) C X and the
induced map k'(X) — J(X) is a trivial fibration.

3.14. A homotopy « : f — g between two maps f,g : A — B is an arrow in the
simplicial set X“. The corresponding morphism [a] : f — g in 71 (A, B) is a natural
transformation f — g. When B is a quasi-category, the natural transformation [«]
is invertible iff the arrow a(a) : f(a) — g(a) is quasi-invertible in B for every vertex
a € A. We say that a map of simplicial sets u : A — B is conservative if the functor
Tu : A — 1 B is conservative. If a map of simplicial sets v : A — B is essential
surjective then the map X% : X8 — X4 is conservative for every quasi-category
X.

3.15. Recall that a Kan complex X is said to be minimal if it contains no proper
equivalent sub-complex S C X (this means that the inclusion S C X is not an
homotopy equivalence for any proper subcomplex S of X. Every Kan complex
contains a minimal subcomplex which is unique up to isomorphism. We say that a
quasi-category X is minimal if it contains no proper equivalent sub-quasi-category
S C X. Every quasi-category contains a minimal quasi-category which is unique
up to isomorphism.
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4. EQUIVALENCE WITH SIMPLICIAL CATEGORIES

Recall that a simplicial category is a category enriched over simplicial sets. We
denote by SCat the category of simplicial categories and (strong) functors. The
inclusion functor Cat C SCat has a left adjoint ho : SCat — Cat which associates
to a simplicial category X its homotopy category ho(X). By construction, we have
ho(X)(a,b) = m9X (a,b) for every pair of objects a,b € X.

4.1. We shall say that a strong functor f : X — Y is weakly fully faithful if
the map X(a,b) — Y(fa, fb) induced by f is a weak homotopy equivalence for
every pair of objects a,b € X. We shall say that f is weakly essentially surjective
if the functor ho(f) : ho(X) — ho(Y) is essentially surjective. A functor f :
X — Y is called a Dwyer-Kan equivalence if it is weakly fully faithful and weakly
essentially surjective. Here is another description of the Dwyer-Kan equivalences.
Let us denote by Ho(S) the classical homotopy category, obtained by inverting
the weak homotopy equivalences in S. The canonical functor S — Ho(S) induces
a functor Ho : SCat — Ho(S)Cat, where Ho(S)Cat denotes the category of
categories enriched over Ho(S). Then a functor f : X — Y in SCat is a Dwyer-
Kan equivalence iff the functor Ho(f) : Ho(X) — Ho(Y) is an equivalence of
categories enriched over Ho(S).

4.2. A functor f: X — Y is called a Dwyer-Kan fibration if the map X(a,b) —
Y (fa, fb) induced by f is a Kan fibration for every pair of objects a,b € X and the
functor ho(f) : ho(X) — ho(Y) is a quasi-fibration in Cat. The category SCat
admits a model structure in which a weak equivalence is a Dwyer-Kan equivalence
and a fibration is a Dwyer-Kan fibration [B1]. The fibrant objects are the categories
enriched over Kan complexes. A map f: X — Y is an acyclic fibration iff the map
Ob(f) : ObX — ObY is surjective and the map X (a,b) — Y (fa, fb) is a trivial
fibration for every pair of objects a,b € X.

4.3. Recall that a reflexive graph is a 1-truncated simplicial set. Let Grph be the
category of reflexive graphs. The obvious forgetful functor U : Cat — Grph has
a left adjoint F'. The composite C' = FU has the structure of a comonad on Cat.
Hence the sequence C,, A = C"T1(A) for n > 0 has the structure of a simplicial
object C(A) in Cat for any small category A. The simplicial set n — Ob(C,,A)
is constant with value Ob(A). It follows that C,A can be viewed as a simplicial
category instead of a simplicial object in Cat. This defines a functor

C, : Cat — SCat.

If A is a category and X is a simplicial category, a homotopy coherent diagram
A — X is defined to be a simplicial functor C,(A) — X, This notion was introduced
by Vogt in [V]. The coherent nerve of a simplicial category X is the simplicial set
C'X defined by putting

(C'X),, = SCat(C,[n], X)

for every n > 0. This notion was introduced by Cordier in [C]. The simplicial
set C'(X) is a quasi-category when X is enriched over Kan complexes [CP]. The
functor C' : SCat — S has a left adjoint C) which is the left Kan extension of the
functor [n] — Cy[n] along the Yoneda functor A — S. It turns out that we have
1A = C, A for every category A [J3].
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4.4. The pair of adjoint functors
Cy:S « SCat: C'

is a Quillen equivalence between the model category for quasi-categories and the
model category for simplicial categories [J3].

4.5. A simplicial category can be large. For example, the category Kan of Kan
complexes is a large simplicial category. The coherent nerve of the category Kan
is a large quasi-category that we shall denote by Hot or by Hot;. It plays an
important role in the theory of quasi-categories. It is the analog of the category of
sets.

4.6. The category QCat becomes enriched over Kan complexes if we put
Hom’”(X,Y) = J(Y¥)

for X,Y € QCat. The coherent nerve of QCat is a large quasi-category that we
shall denote by HOT5. It is the analog of the category of small categories.

5. LEFT AND RIGHT COVERINGS

5.1. We recall that a pair (A, B) of classes of maps in a category £ is said to be a
factorisation system if the following conditions are satisfied:

e the classes A and B are closed under composition and contain the isomor-
phisms;

e every map f : A — B admits a factorisation f = pu : A - E — B with
u € A and p € B, and the factorisation is unique up to unique isomorphism.

In this definition, the uniqueness of the factorisation of a map f : A — B means
that for any other factorisation f = qv: A — F — B with v € A and ¢ € B, there
exists a unique isomorphism i : & — F such that iu = v and qi = p,

v
_

A F

|k
7

E

T>B.

5.2. A functor p: E — B is said to be a discrete fibration if for every object e €
and every arrow g € B with target p(e), there exists a unique arrow f € E with
target e such that p(f) = e. There is a dual notion of discrete opfibration . If X
is a presheaf on B, then the canonical functor el(X) — B is a discrete fibration,
where el(X) = B/X is the category of elements of X. Let us denote by Disc(B)
the full subcategory of Cat/B whose objects are the discrete fibrations £ — B.
Then the functor X — el(X) induces an equivalence of categories

el : [B°, Set] ~ Disc(B).
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5.3. We recall that a functor between small categories u : A — B is said to be
final, but we shall say 0-final, if the canonical map

lim Xu — lim X
c B

is an isomorphism for every diagram X : B — &£ with values in a cocomplete
category £. A functor u : A — B is O-final iff the canonical map

Iim X — lim Xu
B T

is an isomorphism for every presheaf X : B — Set. Recall that a functor v : A —
B induces a pair of adjoint functors between the categories of presheaves

uy : [A°, Set] — [B°, Set] : u™.

A functor u : A — B is 0-final iff we have w(1) = 1, where 1 denotes terminal
objects. If X € [A°, Set], then we have

w (X)(b) = lim X g
NA

for every object b € B, where the category b\A = (b\B) xp A is defined by the
pullback square

AV .y

.

b\B — B.

A functor u : A — B is O-final iff the category b\ A is connected for every object
be B.

5.4. The category Cat admits a factorisation system (A, B) in which A is the class
of 0-final functors and B is the class of discrete fibrations.

5.5. Dually, we shall say that a functor v : A — B is 0-initial) if the opposite
functor u® : A° — B¢ is 0-final. The category Cat admits a factorisation system
(A, B) in which A is the class of 0-initial functors and B is the class of discrete
opfibrations.

5.6. We shall say that a functor p : E — B in Cat is a covering it is both a
discrete fibration and a discrete opfibration. These notions coincide when B is
a groupoid. The functor m; : Cat — Grp induces an equivalence between the
category of coverings of B and the category of coverings of myB. The inverse
equivalence associates to a covering of m B its base change along the canonical
functor B — 71 B. We shall say that a functor v : A — B in Cat is 0-connected if
the functor mu : m A — m B is O-initial (or equivalently 0-final).

5.7. The category Cat admits a factorisation system (A, B) in which A is the class
of 0-connected functors and B is the class of coverings.
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5.8. Recall that a map u : A — B in a category & is said to be left orthogonal to
amap f: X — Y, and f right orthogonal to u, if every commutative square

A—>X

/1
b
e

BT>Y

has a unique diagonal filler d : B — X (that is, du = x and fd = y). We denote
this relation by uL f.

5.9. We shall say that a map of simplicial sets f : X — Y is a left covering if it
is right orthogonal to the inclusion {0} C A[n] for every n > 0. Dually, we shall
say that f is a right covering if it is right orthogonal to the inclusion {n} C A[n]
for every n > 0. We shall say that f is a covering if it is both a left and a right
covering.

5.10. We shall say that a map of simplicial set v : A — B is 0-final if the functor
71(u) : mA — 7 B is O-final. Dually shall say that w is 0-initial if the functor
71(u) : mA — 7B is O-initial. We shall say that u is 0-connected if the functor
m1(u) : m A — m B is 0-connected.

5.11. Each of the following pair (A, B) of classes of maps in S is a factorisation
system:

e A is the class of 0-connected maps and B the class of coverings;
e A is the class of 0-final maps and B the class of right coverings;
e A is the class of 0-initial maps and B the class of left coverings.

6. JOIN AND SLICE

For any category C' and any object b € C' there is a category C'/b of morphisms
a — b. We shall see that for any simplicial set X, there is a simplicial set X/a for
any vertex a € X. More generally, we shall construct a simplicial set X/a for any
map of simplicial sets a : A — X. For this, we introduce the join of simplicial sets.
We use augmented simplicial sets for defining the join of simplicial sets.

6.1. The join of two categories A and B is the category C' = A x B obtained as
follows: Ob(C) = Ob(A) L Ob(B) and for any pair of objects z,y € Ob(A) U Ob(B)

we have
ifreA and ye A

)
B(z,y) ifxeB and ye B
1 ifreA and ye B
0 ifxreB and y € A.

Composition or arrows is obvious. Notice that the category A x B is a poset if A
and B are posets: it is the ordinal sum of the posets A and B. The operation
(A,B) — A% B is functorial and coherently associative. It defines a monoidal
structure on Cat, with the empty category as the unit object. The monoidal
category (Catx) is not symmetric but there is a natural isomorphism

(A% B)° =B« A°.

C(z,y) =
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The category 1« A is called the projective cone with base A and the category A x1
the inductive cone with cobase A. The object 1 is terminal in A x 1 and initial in
1 x A. The category A x B can be equipped with the functor Ax B — I = 1x1
obtained by joining the functors A — 1 and B — 1. The resulting functor x :
Cat x Cat — Cat/I is right adjoint to the functor

i* : Cat/I — Cat x Cat,

where ¢ denotes the inclusion {0,1} = dI C I,. This gives another description of
the join operation.

6.2. The monoidal category (Cat,«) is not closed. But the functor
(=)xC: Cat — C\Cat

which associates to X € Cat the inclusion C C X % C' has a right adjoint for any
category C'. The right adjoint takes a functor b : B — C' to a category that we shall
denote by C/b, or more simply by C/B if the functor b is clear from the context.
For any category A, there is a bijection between the functors A — C/b and the
functors A x B — C which extends b along the inclusion B C A x B,

B

N
AxB——C.

In particular, an object 1 — C/b is a functor ¢ : 1 x B — C which extends b; it is a
projective cone with base b in C.

6.3. Dually, the functor A x (=) : Cat — A\Cat has a right adjoint which takes
a functor a : A — C to a category that we shall denote a\C, or more simply by
A\C if the functor a is clear from the context. An object 1 — a\C is a functor
c¢: Ax1 — C which extends a; it is an inductive cone with cobase a.

6.4. We shall denote by A the category of all finite ordinals and order preserving
maps, including the empty ordinal 0. We shall denote the ordinal n by n, so that
we have n = [n — 1] for n > 1. We may occasionally denote the ordinal 0 by [—1].
Notice the isomorphism of categories 1xA = A . The ordinal sum (m, n) — m+n is
functorial with respect to order preserving maps. This defines a monoidal structure
on Ay,
+ AL XAy — Ay

with 0 as the unit object.

6.5. Recall that an augmented simplicial set is defined to be a contravariant functor
A, — Set. We shall denote by Sy the category of augmented simplicial sets. By

a general procedure due to Brian Day [Da], the monoidal structure of A} can be
extended to Sy as a closed monoidal structure

*IS+XS+—78+

with 0 = y(0) as the unit object. We call X xY the join of the augmented simplicial
sets X and Y. We have

(X*Y)(n)= || X()xY()
i+j=n
for every n > 0.
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6.6. From the inclusion ¢ : A C A} we obtain a pair of adjoint functors
t*:S, «— S:t,.

The functor t* removes the augmentation of an augmented simplicial set. The
functor t, gives a simplicial set A the trivial augmentation Ay — 1. Notice that
t«(0) = 0 = y(0), where y is the Yoneda map Ay — S,. The functor ¢, is fully
faithful and we shall regard it as an inclusion ¢, : S C S;. The operation * on S
induces a monoidal structure on S,

*:S xS —S.

By definition, t.(A x B) = t,(A) * t.(B) for any pair A, B € S. We call A x B the
join of the simplicial sets A and B. It follows from the formula above, that we have

(AxB), = A, UB, U |_| A; x Aj.
i+1+j=n
for every n > 0. Notice that we have

AxP=A=0%xA

for any simplicial set A, since t,(f)) = 0 is the unit object for the operation * on
S, . Hence the empty simplicial set is the unit object for the join operation on S.
The monoidal category (S, *) is not symmetric but there is a natural isomorphism

(A% B)° = B°x A°.
For every pair m,n > 0 we have
Alm] x Aln] = Alm + 1 + n]
since we have [m] + [n] = [m + n + 1]. In particular,
1x1=A0]xA[0]=A[1] =1.

The simplicial set 1 x A is called the projective cone with base A and the simplicial
set A x 1 the inductive cone with cobase A.

6.7. If A and B are simplicial sets, then the join of the maps A — 1 and B — 1 is
a canonical map A B — I. This defines a functor

*:8SxS—S/I

which is right adjoint to the functor i* : S/I — S x S = S/0I, where i denotes the
inclusion {0,1} = &I C I. This gives another description of the join operation for
simplicial sets.

6.8. The monoidal category (S, *) is not closed. But the functor
(-)xB:S— B\S

which associates to X the inclusion B C X x B has a right adjoint for any simplicial
set B. The right adjoint takes a map b: B — X to a simplicial set that we shall
denote by X/b, or more simply by X/B if the map b is clear from the context. We
shall say that X/b is obtained by slicing X over b. For any simplicial set A, there
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is a bijection between the maps A — X /b and the maps A+ B — X which extends
b along the inclusion B C A x B,

B

|
AxB——X.

In particular, a vertex 1 — X/bis a map ¢ : 1 x B — X which extends the map
b; it a projective cone with base b in X. The simplicial set X /b is a quasi-category
when X is a quasi-category.

6.9. Dually, the functor A% (—): S — A\S has a right adjoint. The right adjoint
takes amap a : A — X to a simplicial set that we shall denote a\ X, or more simply
by A\X if the map a is clear from the context. We shall say that a\X is obtained
by slicing X under a. A vertex 1 — a\X is amap ¢: A*1 — X which extends the
map a; it is an inductive cone with cobase a in X.

6.10. If A, B and X are simplicial sets, we obtain a natural inclusion A x B C
Ax X x B by joining the maps 14 : A - A, ) — X and 1 : B — B. The functor

Ax(=)*B:S — (AxB)\S

which associates to X the inclusion A x B C A x X * B has a right adjoint for any
pair A and B. The right adjoint takes a map of simplicial sets f: Ax B — X to a
simplicial set that we shall denote Fact(f, X). A vertex 1 — Fact(f, X) is a map
g: Ax1x B — X which extends f. When A = B =1, it is a factorisattion of the
arrow f: I — X. If f is an arrow a — b then Fact(f, X) = f\(X/b) = (a\X)/f.

6.11. Recall that a model structure on a category £ induces a model structure
on the slice category £/B for each object B € £. In particular, we have a model
category (B\S, Weat) for each simplicial set B. The pair of adjoint functors X —
X * B and (X,b) — X/b is a Quillen pair between the model categories (S, Weat)
and (B\S, Wcat).

6.12. There are other constructions of the join of two simplicial sets. For example,
the fat join of A and B is the simplicial set A ¢ B defined by the pushout square

(AXOxB)U(Ax1xB)—= AUBRB

| |

AxIxB Ao B.

We have AU B C A< B and there is a canonical map Ao B — I. The functor
(A,B) — Ao B, from S x S to S/I, is continuous. In the category S x S we have
(X,Y) =(X,1) x (1,Y). It follows that we have

XoY=(Xo1)x7(10oY).

For a fixed B € S, the functor (—) ¢ B : S — B\S which takes a simplicial set
X to the inclusion B C X ¢ B has a right adjoint. The right adjoint takes a map
b: B — X to a simplicial set that we shall denote by X //b; we shall say that X //b is
a fat slice. If b € Xg, the simplicial set X /b is the fiber of the target map X! — X
at b.
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6.13. The pair of adjoint functors X — X o B and (X,b) — X//b is a Quillen
adjoint pair between the model categories (S, Weat) and (B\S, Weat).

6.14. The square

AUB—=AxB
AoB I

has a unique diagonal filler #45. This defines a natural transformation f4p :
Ao B — A% B. By adjointness, we obtain a natural map 0, : X/b — X /b for
any map of simplicial sets b : B — X. The map 04 : Ao B — Ax B is a
weak categorical equivalence for any pair of simploicial sets A and B and the map
g : X/b — X //bis an equivalence of quasi-categories when X is a quasi-category.

7. LEFT AND RIGHT FIBRATIONS

7.1. We call a map of simplicial sets p : X — B a right fibration if it has the right
lifting property with respect to the inclusion h¥ : A¥[n] C A[n] for every 0 < k < n.
The fibers of a right fibration are Kan complexes. A map p : X — B is a right
fibration iff the map

(i1,p) : X - Bl xp X

obtained from the inclusion i1 : {0} C I is a trivial fibration. If f : X — Y is a
right fibration, then so is the map

(u, f) : XB - VB xypa XA

for any monomorphism u : A — B.

7.2. If A and B are categories, then a functor p : A — B is a right fibration iff p
is a Grothendieck fibration whose fibers are groupoids.

7.3. We say that a map is right anodyne if it belongs to the saturated class gen-
erated by the inclusions A¥[n] C A[n] with 0 < k < n. If A is the class of right
anodyne maps and B is the class of right fibrations, then the pair (A, B) is a weak
factorisation system on S.

7.4. Dually, we call a map of simplicial sets p : X — Y a left fibration if it has
the right lifting property with respect to the inclusion h* : A¥[n] C Aln] for every
0 < k < n. We say that a map is left anodyne if it belongs to the saturated class
generated by the inclusions A¥[n] C A[n] with 0 < k < n. If A is the class of left
anodyne maps and B is the class of left fibrations, then the pair (A, B) is a weak
factorisation system on S.

7.5. A map X — B is a left fibration iff the opposite map X° — B¢ is a right
fibration. A map u : A — B is left anodyne iff the opposite map u° : A° — B° is
right anodyne
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7.6. If B is a simplicial set, we say that an object X = (X, p) of the category S/B
is a simplicial set over B and that p : X — B is its structure map. We say that a
map v : X — Y in S/B is a map over B. The category S/B is enriched over S.
We shall denote by [X,Y]p, or more simply by [X, Y], the simplicial set of maps
X — Y between two objects X,Y € S/B. We have a composition map

¥, 2] % [X,Y] — [X, 7]
for every triple X,Y,Z € S/B.

7.7. The homotopy category (S/B)™ is defined by putting
(S/B)™(X,Y) = mo[X, Y]
for every pair X, Y € S/B, The composition law
molY, Z] x mo[ X, Y] — m[ X, Z]

is obtained by applying the functor 7y to the composition map [Y, Z] x [X,Y] —
[X, Z]. There is an obvious canonical functor S — S/B. We say that a map in S/B.
is a fibrewise homotopy equivalence if the map is invertible in the category (S/B)™.
Let R(B) the full subcategory of S/B spanned by the right fibrations X — B. If
X,Y € R(B), then amap u : X — Y is a fiberwise homotopy equivalence iff the
induced map between the fibers u, : X — Y3 is a homotopy equivalence for every
vertex b € B.

7.8. We shall say that a map u: M — N in S/B is a contravariant equivalence if
the map

mo[u, X| : mo[M, X] — mo[N, X]

is bijective for every X € R(B). Every right anodyne map between two objects of
S/B is a contravariant equivalence.

7.9. We shall say that a map in S/B is a contravariant fibration if it has the right
lifting property with respect to the monic contravariant equivalences in S/B. Every
contravariant fibration in is a right fibration and the converse is true for a map in
R(B).

7.10. The category S/B admits a left proper simplicial model structure in which a
cofibration is a monomorphism, a weak equivalence is a contravariant equivalence
and a fibration is a contravariant fibration. An object in S/B is fibrant iff it
belongs to R(B). A contravariant fibration is acyclic iff it is a trivial fibration.
This defines the contravariant model structure on S/B. We shall denote it shortly
by (S/B, W¢(B)), or more simply by (S/B, W¢).

7.11. Every right fibration X — B has a minimal model which is unique up to
isomorphism.

7.12. The model structure (S, Wecat) induces a model structure (S/B, Wecat) on
the category S/B for each simplicial set B. The contravariant model structure
(S/B,W°) is a Bousfield localisation of the model structure (S/B, Weat).
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7.13. Dually, let L(B) be the full subcategory of S/B whose objects are left fibra-
tions X — B. We say that a map w : M — N in S/B a covariant equivalence if
the map
molu, X| : mo[M, X| — mo[N, X]

is bijective for every X € L(B). We shall say that a map in S/B is a covariant
fibration if it has the right lifting property with respect to the monic covariant
equivalences in S/B. Every covariant fibration in is a left fibration and the converse
is true for a map in L(B).

7.14. The category S/B admits a simplical model structure in which a cofibration
is a monomorphism, a weak equivalence is a covariant equivalence and a fibration is
a covariant fibration. An object in S/B is fibrant iff it belongs to L(B). This defines
the covariant model structure on S/B. We shall denote it shortly by (S/B, W.(B)),
or more simply by (S/B,W,).

7.15. The functor X — X° induces an isomorphism of model categories
(S/B,W.) =~ (8/B°, W).

Thus, a map u : M — N in S/B is a covariant equivalence iff the opposite map
u® : M° — N° is a contravariant equivalence in S/B°. Amap f: X — Y in S/B is
a covariant fibration iff the opposite map f°: X° — Y° is a cntravariant fibration
in S/B°.
7.16. Recall that a functor u : C' — D in Cat induces a pair of adjoint functors
between the categories of presheaves
w : [D?, Set] — [C°, Set] : u*.
Similarly, a map of simplicial sets u : A — B induces a pair of adjoint functors
u :S/A— S/B:u”.

The pair (w,u*) is a Quillen pair between the contravariant model structures

uy: (S/A, W) — (S/B,W*€) : u*
and also between the covariant model structures

u : (S/A,W,) — (S/B,W,) : u*.
7.17. The pullback of a contravariant equivalence along a right fibration is a con-

travariant equivalence. The pullback of a weak categorical equivalence along a right
fibration is a weak categorical equivalence.

8. INITIAL AND FINAL FUNCTORS
8.1. A map of simplicial sets u : A — B induces a Quillen pair of adjoint functors
wr : (S/A, W) « (S/B,W°) 1 u*.
Hence also an adjoint pair of derived functors between the homotopy categories,
uf : Ho(S/A, W) — Ho(S/B,W°) : u*t.

We say that u is final iff the functor u.L preserves terminal objects. For each vertex
b € B, let us choose a factorisation 1 — Lb — B of the map b : 1 — B as
a left anodyne map 1 — Lb followed by a left fibration Lb — B. Then a map
u : A — B is final iff the simplicial set Lb xg A is weakly contractible for every
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vertex b € B. When B is a quasi-category, a map u : A — B is final iff the simplicial
set b\A = (b\B) xp A defined by the pullback square

b\AHA

)

b\B ———~ B
is weakly contractible for every object b € B.

8.2. If u: A — B is a final map, then a map v : B — C' is final iff the composite
vu : A — C is final. The notion of final map is invariant under weak categorical
equivalences. More precisely, if the horizontal maps of a commutative square

A——A

L

B——pB

are weak categorical equivalences, then the map A — B is final iff the map A" — B’
is final. A monomorphism is final iff it is right anodyne. A map u: A — B is final
if it admits a factorisation u = wi : A — B’ — B, with ¢ a right anodyne map and
w a weak categorical equivalence.

8.3. Let A be a simplicial set. We shall say that a vertex a € A is terminal if
the map a : 1 — A is final or equivalently if it is right anodyne. A vertex a € A
which is terminal in A is also a terminal object of the category 7 A. The converse
is true when A admits at least one terminal vertex. The notion of terminal vertex
is invariant under weak categorical equivalence. More precisely, if u : A — B is a
weak categorical equivalence, then a vertex a € A is terminal in A iff the vertex
u(a) is terminal in B. The vertex 1, € A/a is terminal in A/a for any simplical set
A. Similarly for the vertex 1, € A//a.

8.4. If A is a quasi-category, then a vertex a € A is terminal iff the following
equivalent conditions are satisfied:

the simplicial set A(z,a) is contractible for every = € Ap;

every simplical sphere x : 9A[n] — A with target z(n) = a can be filled;
the projection A/a — A is a weak categorical equivalence;

the projection A/a — A is a trivial fibration;

the projection Aj/a — A is a weak categorical equivalence;

the projection Aja — A is a trivial fibration.

The full simplicial subset of terminal vertices of a quasi-category is a contractible
Kan complex when non-empty.

8.5. In a simplicial set B, a vertex b € B is terminal iff the fiber inclusion E(b) C
F is a weak homotopy equivalence for every left fibration p : E — B, where
E(b) = p~1(b). Dually, a vertex b inB is terminal iff the projection I'g(E) — E(b)
is a homotopy equivalence for every right fibration £ — B, where I'g(F) is the
simplicial set of global sections of E.



20 ANDRE JOYAL

8.6. We shall say that a map u : A — B is nitial if the opposite map u°® : A° — B°
is final. Similarly, we shall say that a vertex b € B is initial if the opposite vertex
b° € B° is terminal.

8.7. The Yoneda lemma plays an important role in category theory. Let us describe
its extensions to quasi-categories. Recall that in a simplicial set B, a node b € B
can be viewed as a map b: 1 — B; it is thus an object of the category S/B. We
say that an object (E,p) of the category S/B is represented by a node u € E(b) if
the map u : b — E is a contravariant equivalence in S/B. A node u € E which is
terminal in the simplicial set E represents the object (E,p). The converse is true if
the map p: E — B is a right fibration. In this case, the full simplicial subset of F
which is spanned by the vertices which represents F is a contractible Kan complex
when non-empty. The projection B/b — B is represented by the vertex 1, € B/b.
Similarly, the projection B//b — B is represented by the vertex 1, € B/b. In
general, a node u € E(b) represents an object (E,p) iff the canonical map

[’U,7X]B : [E,X}B — [b,X]B :X(b)

is a trivial fibration (resp. a weak homotopy equivalence) for every X € R(B). If
b € B, let us choose a factorisation of the map b : 1 — B as a right cofibration
b : 1 — Rb followed by a right fibration Rb — B. The object Rb — B is represented
by the node ¥'. It follows that the canonical map

[b/,X]B : [Rb,X]B — X(b)

is a trivial fibration for every X € R(B). This is a Yoneda lemma. If p: E — B is
a right fibration, then every map u : b — FE can be extended to a map v’ : Rb — F;
the node u represents E iff the map v’ : Rb — F is a fibrewise homotopy equivalence.
If B is a quasi-category, then the projection Ba — B is a right fibration for any
vertex a € B. Its fiber at b € B is equal to B(b,a). Hence the canonical map

[B)/b, BjJa]gp — B(b,a)
is a trivial fibration.

8.8. The Yoneda lemma be used for constructing a simplicial category BNWhose
coherent nerve is equivalent to the quasi-category B. By construction, ObB = By
and

B(a,b) = [B/a, B/b]
for every a,b € By. The category Bis actually enriched over Kan complexes.
8.9. Dually, we say that an object (E,p) of the category S/B is corepresented by

a node u € E(b) if the map u : b — FE is a covariant equivalence in the category
S/B.

9. MORITA EQUIVALENCE

9.1. Recall that a functor u : A — B induces a pair of adjoint functors between
the categories of presheaves
uy : [A°, Set] — [B°, Set] : u™.

A functor u : A — B is fully faithful iff the functor w, is fully faithful. Classically,
a functor u is said to be final, but we shall say 0-final, iff the functor w preserves
terminal objects. A functor u : A — B is said to be dominant, , but we shall say
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0-dominant, if the functor uv* is fully faithful. A functor v : A — B is dominant iff
the category Fact(u, f) = Fact(f, B) xg A defined by the pullback square

Fact(f,B) xp A——= A

L]

Fact(f,B) B

is connected for every arrow f € B, where Fact(f, B) = f\(4/b) = (a\A)/f is the
category of factorisations of the arrow f :a — 0.

9.2. A functor v : A — B is said to be a Morita equivalence if the adjoint pair
(w1, u*) is an equivalence of categories. A functor u : A — B is a Morita equivalence
iff it is fully faithful and every object b € B is a retract of an object u(a) for some
object a € A.

9.3. A map of simplicial sets u : A — B induces a Quillen pair of adjoint functors
w : (S/A, W) « (S/B, W) u*.
Hence also an adjoint pair of derived functors between the homotopy categories,
uf : Ho(S/A, W°) « Ho(S/B, W) : u*f.

We shall say that u is fully faithful if the functor ul is fully faithful. We shall say
that u is dominant if the functor u*® is fully faithful. We say that u is a Morita

equivalence if the adjoint pair (uf,u*f) is an equivalence.

9.4. A map of simplicial sets uv : A — B is fully faithful iff the opposite map
u® : A° — B° is fully faithful. If u : A — B is fully faithful, then so is the functor
71(u) : mA — 71 B. A map between quasi-categories f : X — Y is fully faithful iff
the map X (a,b) — Y (fa, fb) induced by f is a weak homotopy equivalenced for
every pair a,b € Xj.

9.5. A map of simplicial sets u : A — B is a Morita equivalence iff the opposite map
u® : A° — B° is a Morita equivalence. A map v : A — B is a Morita equivalence
iff it is fully faithful and the functor 7 (u) : mA — 7 B is a Morita equivalence.
Every weak categorical equivalence is a Morita equivalence.

9.6. A map of simplicial sets u : A — B is dominant iff the opposite map u® : A° —
B° is dominant. If u : A — B is dominant, then the functor 71(u) : mA — 7 B
is 0-dominant. When B is a quasi-category, a map u : A — B is dominant iff the
category Fact(u, f) = Fact(f, B) xp A defined by the pullback square

Fact(f,B) xp A—— A
Fact(f,B) —— B

is weakly contractible for every arrow f € B, where Fact(f,B) = f\(A/b) =
(a\A)/f is the simplicial set of factorisations of the arrow f:a — b.
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10. HOMOTOPY FACTORISATION SYSTEMS

Many of the class of maps of simplicial sets are part of a homotopy factorisa-
tion system. The idea of a homotopy factorisation system was first introduced by
Bousfield in his work on localisation theory. We introduce a more general notion
and give examples.

10.1. We first recall the notion of factorisation system. A pair (A, B) of classes of
maps in a category £ is called a factorisation system if the following two conditions
are satisfied:

e the classes A and B are closed under composition and contain the isomor-
phisms;
e every map f : A — B admits a factorisation f = pu : A - E — B with
u € Aand p € B, and this factorisation is unique up to unique isomorphism.
In this definition, the uniqueness of the factorisation of the map means that for
any other factorisation f = qv: A — F — B with v € A and ¢ € B, there exists
a unique isomorphism ¢ : £ — F such that iu = v and ¢gi = p. Every factorisation
system is a weak factorisation system (see the appendix for this notion).

10.2. We say that a class of maps M in a category £ has the right cancellation
property if the implication

vueMandueM = veM

is true for any pair of maps u: A — B and v : B — C. Dually, we say that M has
the left cancellation property if the implication

vmueMandveM = ueM

is true. The left class of a factorisation system has the right cancellation property
and the right class has the left cancellation property.

10.3. We say that a class of maps M in model category is invariant under weak
equivalences if for every commutative square

A—A

B——pB

in which the horizontal maps are weak equivalences, we have u € M < u' € M.

10.4. Let £ is a Quillen model category with model structure (C, W, F). T M C &
is a class of maps, let us put M.y = M N &y, where &, is the full subcategory
of fibrant-cofibrant objects. We say that a pair (A, B) of classes of maps in £ is a
homotopy factorisation system if the following conditions are satisfied:

e the classes A and B are invariant under weak equivalences;

o the pair (ANC.r, BN Fey) is a weak factorisation system on &E.;
e the class A has the right cancellation property;

e the class B has the left cancellation property.

The conditions (iii) and (iv) turn out to be equivalent in the presence of the others.
We call A the left class and B the right class of the homotopy factorisation system.
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10.5. A homotopy factorisation system (A, B) induces a weak factorisation system
(Ho(A), Ho(B)) on the homotopy category Ho(E). The weak factorisation system
(Ho(A), Ho(B)) is not a factorisation system in general. However, the class Ho(A)
has the right cancellation property and the class Ho(B) has the left cancellation
property. The system (A, B) is determined by the system (Ho(A), Ho(B)) since a
map u € & belongs to A (resp. B) iff its image in Ho(E) belongs to Ho(A) (resp.
Ho(B)). Not every factorisation system on the category Ho(€) induces a homotopy
factorisation on € (even if the classes have the cancellation properties).

10.6. Each class of a homotopy factorisation system (A, B) is closed under compo-
sition and retracts. The intersection A4 N B is the class of weak equivalences. The
left class is closed under homotopy cobase change and the right class is closed under
homotopy base change.

10.7. Each class of a homotopy factorisation system determines the other. We shall
often use this property in specifying a homotopy factorisation system. A homotopy
factorisation system (A, B) is also determined by each of the classes of the weak
factorisation system (AN Cer, BN Fey).

10.8. The model category (Cat, Fq) admits a homotopy factorisation system in
which the left class is the class of essentially surjective functors and the right class is
the class of full and faithful functors. Similarly, the model category (S, Weat) admits
a homotopy factorisation system in which the left class is the class of essentially
surjective maps and the right class is the class of fully faithful maps. We notice here
that the notion of essentially surjective map is easy to define for a general simplicial
sets (a map u : A — B is essentially surjective iff the map 79(u) : 70(4) — 79(B)
is surjective). The fully faithful maps are harder to describe. But they are entirely
determined by the essentially surjective maps.

10.9. The model category (Cat, Fq) admits a homotopy factorisation system in
which the left class is the class of 0-final functors; a functor f : A — B belongs
to the right class iff it admits a factorisation f = pi : A — A’ — B with 7 an
equivalence and p a discrete fibration. Similarly, the model category (S, Weat)
admits a homotopy factorisation system in which the left class is the class of of
final maps; a map of simplicial sets f : X — Y belongs to the right class iff it
admits a factorisation f = pi : X — X’ — Y with i a weak categorical equivalence
and p a right fibration. Dually, the model category (S, Weat) admits a homotopy
factorisation system in which the left class is the class of of initial maps; a map
of simplicial sets f : X — Y belongs to the right class iff it admits a factorisation
f=pi: X - X —Y with i a weak categorical equivalence and p a left fibration.

10.10. We say that a map of simplicial sets u : A — B is homotopy monic if the

square
A A

ul l
A B

is homotopy cartesian in the model category (S,Who). A map v : A — B is
homotopy monic iff it admits a factorisation u = v'i : A — A’ — B with 7 a
weak homotopy equivalence and u' an inclusion of components A’ C A’ LU B’ = B.

1a
—_—

u
_
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Equivalently, u is homotopy monic iff its homotopy fibers are empty or contractible.
We shall say that a map u : A — B is a weak epimorphism if the map mou : m9pA —
moB is surjective. Equivalently, u is weakly epic iff its homotopy fibers are non-
empty. The model category (S, Who) admits a homotopy factorisation system in
which the left class is the class of homotopy monomorphisms and the right class is
the class of homotopy epimorphisms.

10.11. A map of simplicial sets u : A — B is 0-connected if its homotopy fibers are
connected. The model category (S, Who) admits a homotopy factorisation system
in which the left class is the class of 0-connected maps; a map f: X — Y belongs
to the right classs iff it admits a factorisation f = f’i, with i a weak homotopy
equivalence and f’ a covering space map. We shall say that a map in the right class
is a 0-cover.

10.12. For every n > 0, the model category (S, Who) admits a homotopy factori-
sation system in which the left class is the class of n-connected maps and in which
the right class is the class on n-covers. A fibration f : X — Y is a n-cover iff
the diagonal map X — X Xy X is a n — l-cover. A (—1)-cover is a homotopy
monomorphism.

10.13. We say that a functor u : A — B is a 0-cover if it is both a discrete fibration
and a discrete opfibration. We say that a functor u : A — B is 0-connected is the
functor 71 (u) : m(A) — w1 (B) is O-final (or equivalently O-initial). The model
category (Cat, Eq) admits a homotopy factorisation system in which the left class
A is the class of 0-connected functors. A functor f : X — Y belongs to the right
class iff it admits a factorisation f = pi : A — A’ — B with i an equivalence and p
a 0-covers.

10.14. We say that a Grothendieck fibration p : E — B is a I-fibration if its fibers
are groupoids. We say that a category is simply connected if the canonical functor
mC — 1 is an equivalence, where mC is the groupoid freely generated by C. We
say that a functor u : A — B is I-final if the category b\A = (b\B) xp A is
simply connected for every object b € B. The model category (Cat, Fq) admits
a homotopy factorisation system in which the left class A is the class of 1-final
functors. A functor f : X — Y belongs to the right class iff it admits a factorisation
f=pi:A— A" — B with i an equivalence and p a 1-fibration.

10.15. The model category (S, Wcat) admits a homotopy factorisation system in
which the left class is the class of weak homotopy equivalence. A map f: X — Y
belongs to the right classs iff it admits a factorisation f = pi : X — X’ — Y, with
1 a weak categorical equivalence and p a Kan fibration. A map in the left class is
infinitely connected. We may call a map in the right class an oo-cover.

10.16. Let F : £ < &' : G be a Quillen pair between two model categories. If
(A, B) is a homotopy factorisation system in £ and (A’, B') a homotopy factorisation
system in &', then the conditions F(A) C A" and G(B') C B are equivalent. We
shall say that the system (A, B) is the inverse image of (A’,B’) by F if we have
A= F~1(A). We shall say that (A’, B') is the inverse image of (A, B) by G if we
have B’ = G~!(B). These two conditions are equivalent when the pair (F,G) is a
Quillen equivalence. When satisfied, we say that (A’, B) is obtained by transporting
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(A, B) across the Quillen equivalence. Any homotopy factorisation system can be
transported across a Quillen equivalence.

10.17. Let F : £ < &' be a Quillen pair of adjoint functors between two model
categories. If (A, B) is a homotopy factorisation system in & and (A, B’) a homo-
topy factorisation system in £, then the conditions F(A4) C A" and G(B') C B are
equivalent. We shall say that the system (A, B) is the inverse image of (A’, B’) by
F if we have A = F~1(A"). We shall say that (A’, B') is the inverse image of (A, B)
by G if we have B’ = G~1(B). These two conditions are equivalent when the pair
(F, @) is a Quillen equivalence. When satisfied, we say that (A’,B’) is obtained
by transporting (A, B) across the Quillen equivalence. Any homotopy factorisation
system can be transported across a Quillen equivalence.

10.18. We saw in 7?7 that the adjoint pair of functors
C:S « SCat: C'

is a Quillen equivalence between the model category for quasi-categories and the
model category for simplicial categories. This defines a bijection between the ho-
motopy factorisation systems in (S, Weat) and the homotopy factorisation systems
in the model category SCat. We shall call the coresponding classes of maps by the
same name. For example, the final maps between simplicial categories introduced
by Dwyer and Kan correspond to the final maps between simplicial set introduced
here. We shall say that a map of simplicial categories f : X — Y is a right fibra-
tion if it is a Dwyer-Kan fibration and the map C'(f) : C*(X) — C'(Y) is a right
fibration.

11. GROTHENDIECK FIBRATIONS

11.1. There is notion of Grothendieck fibration for maps between quasi-categories.
Let us first recall the notion of cartesian arrow with respect to a functor p : E — B.
An arrow f :a — b in F is said to be cartesian if for every arrow g : ¢ — b in E
and every factorisation p(g) = p(f)u : p(c) — p(a) — p(b) in B there is a unique
arrow v : ¢ — a such that ¢ = fv and p(v) = u. It is easy to verify that and arrow
f :a — b is cartesian iff the square of categories

E/a——E/b

L

B/pa — B/pb

is cartesian where the functor E/a — E/b (resp. B/pa — B/pb) is defined by
composing with f (resp. pf). A functor p : E — B is a Grothendieck fibration if for
any vertex a € Ey and any arrow g € By with target p(a) there exists a cartesian
arrow f € Fj with target a such that p(f) = g. There a dual notions of cocartesian
arrow and of Grothendieck opfibration. We can now define the notion of cartesian
arrow with respect to a map between quasi-categories p : E — B. We say that an
arrow f € E with target b € E is cartesian if the map E/f — B/pf xpp E/b
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obtained from the commutative square

E/f —=E/b

L

B/pf — B/pb

is a trivial fibration. Here the map E/f — E/b is defined from the inclusion
{1} € I. We shall say that a map between quasi-categories p : E — B is a
Grothendieck fibration if it is a mid fibration and for every vertex b € F and every
arrow g € B with target p(b), there exists a cartesian arrow f € E with target b
such that p(f) = g. A right fibration in QCat is a Grothendieck fibration. The
source map X! — X is a Grothendieck fibration for any quasi-category X. Every
Grothendieck fibration is a quasi-fibration. The class of Grothendieck fibrations is
closed under composition and base change in QCat. Every Grothendieck fibration
is a quasi-fibration. There is a dual notion of cocartesian arrow and of Grothendieck
opfibration.

11.2. A map between quasi-categories u : A — B admits a factorisation v = ¢i :
A — P — B with 7 a fully faithful right adjoint and ¢ a Grothendieck fibration.
To see this, consider the path object P(u) defined by the pullback square

P(u) = pr
P
A B.

The projection g = sh : P(u) — B is a Grothendieck fibration. There is a unique
map i : A — P(u) such that pi = 14 and hi = du, where 6 : B — Bl is the
diagonal. We have p F i and the counit of the adjunction is the identity of the
maps pi = 14. Thus, 7 is fully and faithful.

12. PROPER AND SMOOTH MAPS

12.1. Recall that a map of simplicial sets u : A — B induces an adjoint pair of
derived functors

ul' : HoR(B) « HoR(A) : u*f.
We obtain a pseudo-2-functor

HoR :S™ — ADCAT.

where ADCAT is the category of big categories and adjoint maps. The functor
associates to an arrow « : u — v : A — B of the category 71 (4, B), a pair (a1, a*)
of adjoint natural transformations

acul — ol and of cotF R

If (o, ) : w F v is an adjunction between two maps u: A — B and v : B — A, then
the pair (a1, 3) is an adjunction uf - v and the pair (8%, a*) is an adjunction

w*B F v*E. It follows that we have a canonical isomorphism u*F = U!L.
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12.2. We introduce the notions of proper map and of smooth map (following a
terminology of Grothendieck). We shall say that a map of simplicial sets p: E — B
is proper if the pullback functor p* : S/B — S/F takes a right cofibration to a
right cofibration. A left fibration is an example of a proper map. A Grothendieck
opfibration (resp. fibration) in QCat is another example. A map p : E — B is
proper (resp. smooth) iff the inclusion p~1(b(n)) C b*(E) is a right (resp. left)
cofibration for every simplex b : A[n] — B. The proper maps are closed under
composition and base change. When p is proper, the pair of adjoint functors

p*:S/B«— S/E: p,
is a Quillen pair between the model categories (S/B, W,.) and (S/E, W,.). Moreover,

the functor p* takes a right equivalence over B to a right equivalence over E. We
thus obtain a pair of adjoint functors

p*: HoR(B) «» HoR(E) : p?

where p* = Ho(p*). Suppose that we have a cartesian square
F——F
A——=B
in which the map p is proper. Then the following square commutes up to a natural

isomorphism:

HoR(F) —> HoR(E)

. T TP*
HoR(A) —> HoR(B),

hence also the following square of right adjoints

HoR(F) <" HoR(E)

qfl lpf

HoR(A) <“" HoR(B)

12.3. Dually, we say that a map of simplicial sets p : E — B is smooth if the
pullback functor p* : S/B — S/F takes a left cofibration to a left cofibration. A
right fibration is an example of a smooth map. A map p : E — B is smooth iff
the opposite map p° : E° — B¢ is proper. When p is smooth, the pair of adjoint
functors

p*:S/B— S/E : p,
is a Quillen pair between the model categories (S/B, W) and (S/E, W)).

12.4. The functor u*f : HoR(B) — HoR(A) admits a right adjoint
R(u.) : HoR(A) — HoR(B)

for any map v : A — B. To see this, it suffices by Morita equivalence, to consider
the case where A and B are quasi-categories. In this case, we have a factorisation
u=pi:A— C — B, with i a left adjoint and p a left Grothendieck fibration. The
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map p is proper since a left Grothendieck fibration is a proper map. If ¢ : C — A
and i F ¢, then *% F ¢*F. Thus,

u*R _ ,L-*Rp*R - pfq*R _ R(u*)

13. LOCALISATION
13.1. Recall that a functor p : C'— D is said to be conservative if the implication
p(f) invertible = f invertible

is true for every arrow f € C. The model category (Cat, Fq) admits a homotopy
factorisation system in which the right class is the class of conservative functors; a
map in the left class is called a 0-localisation. Let us describe the 0-localisations
explicitly. If S is a set of arrows in a small category A, then there is a functor
ug : A — S~ A which inverts universally every arrow in S. The universality means
that if a functor v : A — B inverts every arrow in S, then there exists a unique
functor v/ : ST'A — B such that vug = v. The functor ug is an example of a
0-localisation but it is not the most general one. Every functor ¢ : A — B admits a
factorisation ¢ = pju; : A — So_lA — B, where Sy is the set of arrows inverted by
q. Let us put A; = SJIA. The functor p; : A1 — B need not be conservative, in
which case it admits a factorisation p; = pous : Sl_lAl — Ay — B, where 57 is the
set of arrows inverted by p;. Let us put Ay = ST 1A,. The construction may never
stop. If we iterate we obtain a commutative diagram of categories and functors,

u2 u3 us3

A3 E

A=A) 2> Ay A,

B.

The category F is defined to be the colimit of the sequence of functors (u,). The
functor p is the unique functor £ — B which extends the functor p,, for each n > 0.
If u: Ag — E is the canonical functor, we have a factorisation ¢ = pu. The functor
p is conservative. The functor ¢ : A — B is a 0-localisation iff the functorp: £ — B
is an equivalence.

13.2. We say that a functor f : X — Y in SCat is conservative if the functor
Ho(f): Ho(X) — Ho(Y) is conservative. There is then a homotopy factorisation
system in the model category SCat in which the left class is the class of conservative
functors. We shall say that a map in the right class is a Dwyer-Kan localisation.
We saw in 77 that the adjoint pair of functors

C,:S < SCat : "

is a Quillen equivalence between the model category for quasi-categories and the
model category for simplicial categories. We saw in 7?7 that the adjoint pair of
functors

C,:S < SCat: C"
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is a Quillen equivalence between the model category for quasi-categories and the
model category for simplicial categorie. There is thus a unique homotopy factorisa-
tion system in (S, Weat) which is obtained by transporting the Dwyer-Kan system.
We shall describe this system explicitly.

13.3. Recall that a map of simplicial sets u : A — B is said to be conservative if
the functor 71 (u) : 7 (A) — 71(B) is conservative. The model category (S, Weat)
admits a homotopy factorisation system in which the right class is the class of
conservative maps; a map in the left class is called a localisation. A monomorphism
of simplicial sets is a localisation iff it has the left lifting property with respect to
the conservative quasi-fibrations. The functor 7 : S —: Cat takes a localisation to
a 0-localisation.

13.4. Every localisation is a dominant map. A weak left adjoint is a localisation
iff it is a weak reflection. The base change of a localisation along a left or a right
fibration is a localisation.

13.5. Let us say that a monic localisation A — A’ is dominates another monic
localisation A — A" if the map A” — A} A” is a weak categorical equivalences.
This defines a preoder relation among the monic localisations of a simplicial set A.
Let us denote the resulting poset by Loc(A). There is a similar poset Loc(C') for the
0O-localisations (monic on objects) of a category C. The map Loc(A) — Locy(m1A)
induced by the functor 7y is an isomorphismes of posets. There is thus a bijection
between the (equivalence classes of) localisations of A and the (equivalence classes
of) O-localisations of its fundamental category 71 A. If S is a set of arrows in a
simplicial set A, consider the simplicial set L(A,S) defined by the pushout square

SxI——A

L

S x JHL(AaS)v

where J is the groupoid generated by one arrow 0 — 1. The inclusion A C (L(A4, S)
is a monic localisation and we have 71 L(A, S) = S~171(A). If X is a quasi-category,
then the map

XL(A,S) N XA

is fully faithful and its (essential) image is spanned by the maps f : A — X such
that £(S) C J(X).

13.6. Every quasi-category X is the localisation of its category of elements el(X) =
A/X. More generally, every simplicial set A is the localisation of its category of
elements el(A) = A/A. Let us describe the canonical map 64 : A/A — A. Observe
first that for any category C, there is a canonical fuctor 8¢ : A/C — C which
associates to a chain x : [n] — C' the top object z(n) € C. The map ¢ is natural
in C € Cat. It can be extended uniquely as a natural transformation 84 : A/A — A
in A € S. This is because the functor A +— A/A, from S to itself, is cocontinuous.
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The map 6,4 is characterised by the property that the square

AJAR] 2L Aja

OA[n] l laA

An] —*—= A

commutes for every simplex a : Aln] — A. Let ¥ C A be the subcategory of A
consisting of the maps f : [m] — [n] such that f(m) = n. Let ¥4 C A/A be the
inverse image of ¥ by the canonical functor A/A — A. The map 64 : A/JA — A
takes every arrow in ¥4 to units arrows in A. There is a canonical map

L(A/A,S,4) — A

and it is a weak categorical equivalence.

13.7. To every model category £ we can associate the quasi-category
L(&) = L(E,W)

where W is the class of weak equivalence in £. We shall say that L(&) is the quasi-
localisation of €. Tt follows from [] that the quasi-category L(E) is equivalent to the
coherent nerve of the simplicial category of fibrant-cofibrant objects of £, when the
model category is simplicial. It follows that L(£) is finitely bicomplete in this case
and that it is bicomplete if £ is bicomplete. The quasi-category L(£) is cartesian
closed if the model category & is cartesian closed.

14. ADJOINT MAPS

Recall from 2.9 that the category S has the structure of a 2-category S™.

14.1. Recall the notion of adjoint map in a general 2-category. An adjunction
between a pair of 1-cellsu: A — B and v: B — A is a pair of 2-cells a: 14 — vu
and B : uv — 1p for which the adjunction identities hold:

(Bou)(uoa)=1, and (vof)(aov)=1,.

We write (a, 8) : u F v to indicate that the pair («, 3) is an adjunction between u
and v. The 1-cell u is called the left adjoint and the 1-cell v the right adjoint. The
cell « is called the unit of the adjunction and the cell 5 the counit. FEach of the
2-cells a and 3 determines the other.

14.2. If u : A — B and v : B — A are maps of simplicial sets, an adjunction
(o, B) : u k- v is defined to be an adjunction in the 2-category S™. We say that a
homotopy « : 14 — vu is an adjunction unit if the correponding 2-cell [a] : 14 — vu
is the unit of an adjunction in the 2-category S7'. Dually, we shall say that a
homotopy (8 : wv — 1p is an adjunction counit if the 2-cell [5] : wv — 1p is the
counit of an adjunction. The functor 7 : S — Cat is actually a 2-functor. Hence
it takes an adjunction to an adjunction.
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14.3. A map between quasi-categories v : B — A admits a left adjoint iff the
quasi-category a\B = (a\A) x 4 B defined by the pullback square

a\B—— B

|

a\A—— A

admits an initial vertex for every vertex a € A. This condition can also be expressed
by saying that the projection a\B — B is representable for every vertex a € A.
A vertex of the quasi-category a\B is a pair (f,b) consisting of a vertex b € By
together with an arrow f : a — v(b). An arrow f :a — v(b) is said to be universal
if the pair (f,b) is an initial vertex of a\B. If u is a map A — B, then a homotopy
«a :1a — vu is an adjunction unit iff the arrow a, : @ — vu(a) is universal for
every vertex a € A. Equivalently, a homotopy « : 14 — vu is an adjunction unit iff
the pair (v, u) is universal with respect to the map v# : B4 — A4, The notion of
couniversal arrow is defined dually and there is a dual characterisation of adjunction
counit.

14.4. Recall that a full subcategory A C B is said to be reflective (resp. coreflec-
tive) if the inclusion functor A C B has a left (resp. right) adjoint called a reflection
(resp. coreflection). If w: A < B : v is a pair of adjoint functors, then the right
adjoint v is fully faithful iff the adjunction counit uv — 1p is an isomorphism.
Dually, the left adjoint w is fully faithful iff the adjunction unit 14, — vu is an
isomorphism. In general, we shall say that a functor u : A — B is reflective if
it is fully faithful and has a right adjoint v : B — A, in which case v is called a
reflection. Dually, we shall say that a functor v : B — A is reflective if it is fully
faithful and has a left adjoint v : A — B, in which case w is called a coreflection.
These notions can be defined in any 2-category and, in particular in the 2-category
S7.

14.5. The notion of adjoint maps in S™ can be weakened. Observe that a 1-cell
u: A — B in a 2-category £ is a left adjoint iff the functor

E(u,C): E(B,C) — E(A,C)

is a right adjoint for every object C' € £. This motivates the following definition.
We say that a map of simplicial sets u : A — B is a weak left adjoint if the functor

T1(u, X) : (B, X) - 11 (4, X)

is a right adjoint for every quasi-category X. Dually, we shall say that u is a weak
right adjoint if the functor 7 (u, X) is a left adjoint for every quasi-category X.
A map of simplicial sets u : A — B is a weak left adjoint iff the opposite map
u® @ A° — B¢ is a weak right adjoint. A map between quasi-categories is a left
(resp. right) adjoint iff it is a weak left (resp. right) adjoint. The notion of weak left
(resp. right) adjoint is invariant under weak categorical equivalence. The composite
of two weak left (resp. right) adjoints is a weak left (resp. right) adjoint. If a map
u: A — Bis a weak left (resp. right) adjoint, then the map X* : XB — X4 is
a right (resp. left) adjoint for every quasi-category X. The functor 7y : S — Cat
takes a weak left (resp. right) adjoint to a left (resp. right) adjoint.
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14.6. We say that a map of simplicial sets u : A — B is a weak left adjoint if the
functor
T1(u, X) : 11 (B, X) = 11 (4, X)

is a right adjoint for any quasi-category X. This notion is invariant under weak
categorical equivalence. Every left adjoint is a weak left adjoint and the converse is
true for maps between quasi-categories. Every weak left adjoint is an initial map.
If u: A — B is a weak left adjoint, then the map X* : X% — X4 is a right adjoint
for any quasi-category X. A map u: A — B is a weak left adjoint iff the pullback
functor u* : R(B) — R(A) takes a a representable object to a representable object.
The functor 71 : S — Cat takes a weak left adjoint to a left adjoint. The map
A — 1 is a weak left adjoint iff A admits a terminal vertex. There is a dual notion
of weak right adjoint and dual results.

14.7. We say that a simplicial subset A C B is weakly reflective if the restriction
functor 71 (B, X) — 71(A, X) is a coreflection for every quasi-category X. More
generally, we say that a map of simplicial sets u : A — B is weakly reflective if the
functor

T1(u, X) : 11 (B, X) = 11 (4, X)
is a coreflection for every quasi-category X. Dually, we say that a map u: A — B
is a weak reflection if the functor

1 (u, X) : 11 (B, X) — 11 (4, X)

is coreflective for every quasi-category X. There are also dual notions of weakly
coreflective maps and of weak coreflection.

14.8. A weak left adjoint is a reflection iff it is a localisation. Dually, a weak right
adjoint is a coreflection iff it is a localisation.

15. CYLINDERS, DISTRIBUTORS AND SPANS

15.1. Let A be a category. Recall that a sieve in A is a full subcategory S C A
for which the implication target(f) € S = source(f) € S is true for every arrow
f € A. Dually, a cosieve in A is a full subcategory S C A for which the implication
source(f) € S = target(f) € S is true for every arrow f € A. If S C Ais a
sieve (resp. cosieve) there exists a unique functor p : A — I such that S = p=1(0)
(resp. S = p~1(1)); we shall say that the sieve p~1(0) and the cosieve p~1(1) are
complementary. There is a bijection between the sieves and the cosieves of A.

15.2. We shall say that an object of the category Cat/I a 0-cylinder (the notion
of cylinder is defined below). The base of a 0-cylinder p : C' — [ is the category
C(1) = p~1(1) and its cobase is the category C(0) = p~1(0). The base of (C,p) is a
cosieve in C and its cobase is a sieve. If i : I C I is the inclusion, then the functor

i* : Cat/I — Cat x Cat

is Grothendieck fibration. Its fiber at (A4, B) is the category C°(4, B) of 0-cylinders
with cobase A and base B. The join A x B is naturally equipped with a map
A% B — I; the resulting cylinder is the terminal object of the category C°(A, B).
Similarly the coproduct A U B is naturally equipped with a map AU B — I; the
resulting cylinder is the initial object of the category C°(A4, B).
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15.3. Recall that a distributor D : A = B, but we shall say a 0-distributor, is
defined to be a functor D : A° x B — Set. We shall denote by D°(4, B) the
category of O-distributors from A to B. To each O-distributor D € D°(A, B) we
can associate a category A xp B obtained by collage of A with B along D. The
category C' = A xp B is constructed as follows: Ob(C) = Ob(A) U Ob(B) and for
any pair x,y € Ob(C), we have

A(z,y) ifxe€eA and ye A

_ ) B(z,y) ifzeB and yeB
C@¥)=9 Dley) ifecA and yeB
0 ifzeB and yc A

Composition of arrows is obvious. The category A*xp B is equipped with a canonical
functor A xp B — I; it is thus a O-cylinder from A to B. The resulting functor
D°(A, B) — C°(A, B) is an equivalence of categories. We have Ax; B = Ax B
and Ay B = AU B, where 1 € D°(A, B) is the terminal O-distributor and ) the
initial 0-distributor. Notice that we have Axy A = A x I, where H denotes the
0-distributor Hom : A° x A — Set.

15.4. If X is a simplicial set, we shall say that a full simplicial subset S C X is
a sieve if the implication target(f) € S = source(f) € S is true for every arrow
f € X. The notion of cosieve is defined similarly. If h : X — 7 X is the canonical
map, then the map S +— h~!(S) induces a bijection between the sieves (resp.
cosieves) of 7 X and the sieves of X. If S C X is a sieve (resp. cosieve) there
exists a unique map p : X — I such that S = p~1(0) (resp. S = p~1(1)); we shall
say that the sieve p~1(0) and the cosieve p~1(1) are complementary. There is a
bijection between the sieves and the cosieves of X.

15.5. We call an object of the category S/I a cylinder. The base of a cylinder
p: C — I is the simplicial set C(1) = p~1(1) and its cobase is the simplicial set
C(0) = p~1(0). The cobase of a cylinder (C,p) is a sieve in C' and its cobase is
a cosieve. If C(1) = 1 (resp. C(0) = 1) we say that C' is an inductive cone (resp
projective cone). If C(0) = C(1) = 1 we say that C is a spindle. If i : 9I C I is the
inclusion, then the functor i* : S/I — S x S is Grothendieck fibration. Its fiber at
(A, B) € Sx 8. is the category C(A, B) of cylinders with cobase A and base B. The
join A B is naturally equipped with a map Ax B — I; the resulting cylinder is the
terminal object of the category C(A, B) Similarly the coproduct ALl B is naturally
equipped with a map A U B — I; the resulting cylinder is the initial object of the
category C(A, B).

15.6. Let S = [A° x A?, Set] be the category of double simplicial sets. If A, B €
S, let us put

(AOB)yn = Ap, X By,
for m,n > 0. We shall say that an object of the category 8(®) /(AOB) is a distributor
from A to B. We shall denote by D(A4, B) the category of distributors from A to
B. Let 0 : A x A — A be the ordinal sum functor. The functor o* : S — S has
a left adjoint oy and a right adjoint o,. We have

o(AOB) = A B

for any pair of simplicial sets A and B.

WRONG!
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If D € D(A, B), then 0(D) € C(A, B). We shall say that that the cylinder o,(D)
is obtained by collage of A and B along D and we shall denote it A xp B. The
collage functor D +— o0,(D) induces an equivalence of categories

D(A,B) ~C(A, B).
The inverse equivalence associates to a cylinder X € C(A, B) a bisimplicial set
D(X) equipped with a map D(X) — AOB. By construction, we have
D(X)pn = Homp(Alm] x An], X),

for every m,n > 0, where the hom set is taken in the category S/I. From the
inclusion [m] C [m+n] we obtain a natural transformation p; — o, where p; is the
first projection A x A — A. Similarly, from the inclusion [n] C [m + n] we obtain
a natural transformation p, — o. We have p}(A4) x p5(A) = AOA. We thus obtain
a natural map o*(A) — AOA. This defines the unit distributor I4 € D(A, A). Tts
collage cylinder A %7, A is isomorphic to the cylinder A x I.

15.7. Let D be the category whose objects are the distributors p: D — AOB and
whose maps p — p’ are the triple of maps f: D - D', a: A— A’ and b: B — B’
fitting in a commutative square

D————D

Then the collage functor D — A xp B induces an equivalence of categories
D~S/I
15.8. A span S = (s, 5,t) between two simplicial sets A and B is defined to be a
pair of maps
A<"—5—>B
Equivalently, a span is a contravariant functot P — S, where P is the poset of
non-empty subsets of {0,1}. We shall denote by Span(S) the category of spans
[P°,S]. Let P be the subcategory of P whose objects are {0} and {1}. If ¢ is the
inclusion 0P C P, then the functor
i*: Span(S) — S x S

is a Grothendieck fibration. If A, B € S, we shall denote by Span(A, B) the fiber
of i* at (A, B). An object S = (s,.5,t) of this category is a map (s,t) : S — A x B.
There is thus an isomorphism of categories

Span(A, B) = S/(Ax B).

15.9. Let § be the diagonal functor A — A x A. The functor §* : S®) — S has a
left adjoint &, and a right adjoint J,. For any pair of simplicial sets A and B, we
have

0*(AOB) = A x B.
Hence the functor §* induces a functor

0" : D(A, B) — Span(A, B).
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Let D be the category whose objects are the distributors p : D — AOB and
whose maps p — p’ are the triple of maps f: D - D', a: A— A’ and b: B — B’
fitting in a commutative square

D———D

[T

AOB —“2% 4op.

Then the collage functor D — A xp B induces an equivalence of categories

D~S/I

15.10. The category Cat/I is cartesian closed. The model category (Cat, Eq)
induces a model structure on the category Cat/I and the induced model structure
is cartesian closed. We shall denote it by (Cat/I, Eq).

15.11. The category S/I is cartesian closed. The model category (S, Weat) induces
a model structure on the category S/I and the induced model structure is cartesian
closed. We shall denote it by (S/I, Weat). If i denotes the inclusion {0,1} = 9 C I,
then the functor

i*:S/I — S xS,

has a right adjoint i, given by i,(A4,B) = A x B. The pair (i*,i,) is a Quillen
adjoint pair between the model categories (S/I, Weat) and (S, Weat) x (S, Weat).
It follows in particular that the join of two quasi-categories is a quasi-category.

15.12. The functor 74 : S — Cat induced by the functor 7y : S/I — Cat/I
preserves finite products. The resulting pair of adjoint functors

71:S/I — Cat/I: N

is a Quillen adjoint pair between the model categories (S/I, Weat) and (Cat/I, Eq).

15.13. The model category (S, Weat) induces a model structure on the category
Cyl(A, B) for each pair of simplicial sets A and B. More precisely, a map in
Cyl(A, B) is a weak equivalence (resp. a cofibration, a fibration) iff its underly-
ing map in S is a weak categorical equivalence (resp. a monomorphism, a quasi-
fibration) in the model category (S, Wcat). The induced model structure is sim-
plicial and cartesian closed. A cylinder C € Cyl(A, B) is fibrant iff the structure
map C — A x B is a mid-fibration. We shall denote this model structure by
(Cyl(A, B), Weat). We shall say that a map S — T in D(A, B) is a mid equiva-
lence if the corresponding map Axs B — Axp B is a weak categorical equivalence.
There is then a model structure on D(A, B) in which the weak equivalences are the
mid equivalences and the cofibrations are the monomorphisms. We shall denote this
model structure by (Cyl(A, B), W,,,(A, B)) or more simply by (Cyl(A, B), Wy,).

If we transport the model structure (Cyl(A, B), Weat) along the equivalence
D(A, B) ~ Cyl(A, B), we obtain a model structure on D(A, B) The model structure
can be transported along the equivalence D(A, B) ~ Cyl(A, B).
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15.14. for each pair of simplicial sets A and B.

We shall denote this model structure by (Cyl(A, B), Weat).

Let S@? = [A° x A°, Set] be the category of double simplicial sets. If A, B € S,
let us put

(ADB)mn = Ay x By,

for m,n > 0. We shall say that an object of the category S®) /(AOB) is a distributor
from A to B. We shall denote by D(A, B) the category of distributors from A to
B. If Tot : 8& — S denotes the left Kan extension of ordinal sum functor
A xA— A— S, then we have

Tot(AOB) = A B

for any pair of simplicial sets A and B. If D € D(A, B), then Tot(D) € Cyl(A, B).
We shall say that the cylinder Tot(D) is obtained by collage of A and B along D
and we shall denote it Axp B. The functor D — A *p B induces an equivalence of
categories

D(A, B) ~ Cyl(A, B).

15.15.

16. LIMITS AND COLIMITS

16.1. There is a notion of limit and of colimit for a diagram with values in a quasi-
category. A diagram in a quasi-category X is defined to be a map of simplicial sets
T — X. For example, a map I x I — X is called a commutative square in X. A
map c: 1xT — X is called a projective cone in X; the base of the cone is obtained
by composing ¢ with the inclusion 7" C 1 xT. The cones 1 xT — X with a fixed
base d : T'— X are the vertices of a simplicial set X/d. The simplicial set X/d is
a quasi-category when X is a quasi-category. We shall say that a cone 1 xT — X
with base d : T — X is ezact if it is a terminal vertex of the quasi-category X/d.
When c¢ is exact, the vertex | = ¢(1) € X is called the (homotopy) limit of d:

I =lmd(?).
teT
The full simplicial subset of X/d spanned by the exact cones is a contractible Kan
complex when non-empty. It follows that the limit of a diagram is homotopy unique
when it exists. The notion of limit can also be defined by using fat cones 1¢T — X
instead of cones 1T — X. The two notions are equivalent. The notions of coexact
inductive cone T'x 1 — X and of colimit are defined dually.

16.2. We shall say that a diagram d : T' — X is discrete if T is a discrete simplicial
set. The limit [ (resp. colimit /) of a discrete diagram d : T — X is called a product
(resp. coproduct) and it is denoted

l= H d(t) (resp. l= H d(t) )
teT teT

The limit (resp. colimit) of the empty diagram () — X is a terminal (resp. initial)
vertex in X. We shall say that a quasi-category X admits finite products (resp.
finite coproducts) if every finite discrete diagram 7" — X has a limit (resp. colimit).



QUASI-CATEGORIES 37

16.3. The square I x I is both a projective cone 1% A?[2] and an inductive cone
A°[2] x 1. A commutative square I x I — X is said to be cartesian (resp. cocarte-
stan) if it is exact as a projective cone (resp. inductive cone). A cartesian (resp.
cocartesian) square is also called a pullback square (resp. pushout square). We shall
say that a quasi-category X admits pullbacks (resp. pushouts) if every diagram
A?2] — X (resp. A°[2] — X) has a limit (resp. a colimit).

16.4. A diagram d : T — X is finite if T has only a finite number of non-
degenerated cells. We shall say that a quasi-category X is finitely complete (resp.
finitely cocomplete) if every finite diagram T — X has a limit (resp. colimit). We
shall say that X is finitely bicomplete if it is finitely complete and cocomplete.
The localisation of a model category is an example of a finitely bicomplete quasi-
category.

16.5. A (big) quasi-category X is said to be complete (resp. cocomplete) if every
small diagram with values in X has a limit (resp. colimit). It is said to be bicomplete
if it is complete and cocomplete. The localisation of a bicomplete model category
is a bicomplete quasi-category. In particular, the coherent nerve of the simplicial
category K of Kan complexes is a bicomplete quasi-category HOT = HOT.
The coherent nerve of the simplicial category QCat is a bicomplete quasi-category
HOT,.

16.6. From a diagram d : T' — X and a map uw : S — T we obtain a canonical
arrow

lim d(u(s)) — lim d(t)

ses teT
in the homotopy category hoX, when the colimits exist. The arrow is invertible if
the map w is final, and in particular when w is a weak categorical equivalence. If
T = U;erT; and the colimits exist, we have a canonical isomorphism

H lim d(t) — limd()

icl teT; teT
in the category hoX. Suppose that i : A — B is a monic map and that we have a
pushout square of simplicial sets

A——S
B——T.
If X is a quasi-category and d : T'— X, we have a pushout square in X,

lim d(a) lim d(s)
acA ses

| |

lim dv(b) lim d(t)

beB teT
if the colimits exist. When X is finitely cocomplete, the colimit of any finite non-
empty diagram d : T' — X of dimension n can be computed iteratively by taking
pushouts and the colimit of finite diagrams of dimension < n. A quasi-category
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with an initial vertex is finitely cocomplete iff it admits pushouts. Dually, a quasi-
category with a terminal vertex is finitely complete iff it admits pullbacks.

16.7. If X is a quasi-category and T is a simplicial set, then the diagonal X — X7
has a right (resp. left) adjoint iff every diagram T — X has a limit (resp. colimit).

16.8. We say that a map between quasi-categories f : X — Y preserve the limit of
a diagram d : T — X if this limit exists and f takes an exact projective cone with
base d to an exact projective cone. A weak right adjoint preserves the limit of every
diagram. We shall say that a map between quasi-categories X — Y is continuous
if it takes every exact projective cone in X to an exact cone in Y. There is a dual
notion of cocontinuous map.

16.9. Many properties of cartesian squares in categories remains valid for cartesian
squares in quasi-categories. A useful property of cartesian squares is the following:
let t: A[2] — X7 is a commutative triangle of commutative squares in X,

a// > a/ > q

B

b ——t —=b

If the square tdy is cartesian, then the square tds is cartesian iff the composite
square td; is cartesian.

16.10. An arrow f : a — b in a simplicial set X is the same thing as a map
f: I — X. There is thus a slice simplicial set X/ f. From the inclusion {i} C I we
obtain a projection p;,

Po P1

X/a X/f

The projection pg is a trivial fibration when X is a quasi-category. In this case we
can define a map

X/b.

fi: X/a— X/b,

by putting fi = p1s, where s is a section of py. The map fi is unique up to a
unique invertible 2-cell in the 2-category QCat. There is also a similar map map
fi: X/la — X//b. When X admits pullbacks the map fi : X/a — X/b has a right
adjoint

ff:X/b— X/a

for every arrow f : a — b; we shall say that f* is the base change map along f.

16.11. Every finitely cocomplete quasi-category X admits a natural action x —
A -z by an arbitrary finite simplicial set A. The action is defined as follows. The
diagonal Ay : X — X has a left adjoint

lim: X4 — X

A
since X is finitely complete. If z € X, then A-x = hm_X A4(x). The element
A -z is the colimit of the constant diagram ¢ : A — X with value x. There is a a
canonical homotopy equivalence

X(A z,y) ~ X(z,y)"
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for every y € X. The action map z — A -z is inducing a map Sy x X — X,
where Sy is the category of finite simplicial sets. For a fixed node x € X, the map
A — A -z takes homotopy pushout squares in Sy to pushout squares in X. For
example, the 1-sphere S' can be defined by the pushout square

oI ——1
P
I—— 4!
where 7 is the inclusion. The map I — 1 is a weak homotopy equivalence. By
combining this, we obtain a pushout square
rUr——>x
|
r——> Gl .

for each z € X. Dually, a finitely complete quasi-category X admits a contravariant
action (x, A) — x4 by finite simplicial sets. The vertex 4 € X is the limit of the
constant diagram A — X with value z. There is a a canonical homotopy equivalence

X(y,z) = X(y,2)"

for every y € X. The covariant and contravariant actions are related by the formula
z4 = (A° - 2°)°. The map A — z* takes homotopy pushout squares in Sy to
pullback squares in X. We thus have a pullback square

for each x € X.

17. KAN EXTENSIONS

17.1. If X is a cocomplete (big) quasi-category, then so is the (big) simplicial set
X4 for any (small) simplicial set A. If u: A — B, then the map X% : X% — X4
has a left adjoint

Y XA — X5
If f: A— X, the map X,(f) : B — X is called the left Kan extension of f along
u. If u 4 v then XV 4 X* and hence hence ¥, = X".

17.2. Consider a cartesian square

<y
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in which p is a proper map or u is a smooth map. Then the following square
commutes (up to an isomorphism):

XF<LXE

qu lzp

XA i XB.

For example, if B is a quasi-category and u : A — B let us compute the composite
XA i XB i) X

where b: 1 — B and e, = X°. The projection p : B/b — B is smooth since a right
fibration is smooth. Hence the following square commutes:

A 2L ya

P \L i P
P

XB/b<— XB.
The terminal vertex ¢ : 1 — B/b is right adjoint to the map r : B/b — 1. Thus,
Xt =3,. But we have X® = X*X? since b = pt. Thus
Ty = XU%, = XEXPY, = XD, X9 =%, 5, X7 = %,, X9,
But X, is the map
lim : X% — X.

Hence the square
XA/b - XA

ﬁini lzu

X & XB
commutes. In particular, if f: A — X, we obtain Kan’s formula
Zu(f)(0) = lim f(a).
u(a)—b

Dually, if X is a complete quasi-category then so is the (big) simplicial set X4 for
any (small) simplicial set A. If u : A — B, then the map X% : X® — X4 has a
right adjoint

I, : X4 — X5,
If f: A— X, the map IL,(f) : B — X is called the right Kan extension of [ along
u. If B is a quasi-category, then the square

Xb\A ~—— XA

lim—— J/ \L 11,

X<TXB

commutes for any b € By. In particular, if f: A — X, we obtain the second Kan’s
formula:

L,(f)(®) = lim f(a).

b—u(a)
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17.3. If X is a quasi-category, then the contravariant functor A — ho(A, X) is a
kind of cohomology theory with values in Cat. When X is bicomplete, the map
ho(u, X) : ho(B,X) — ho(A,X) has a left adjoint ho(¥,) and a right adjoint
ho(I1,,) for any map u : A — B. If we restrict the functor A — ho(A, X) to the
subcategory Cat C S, we obtain a homotopy theory in the sense of Heller, also called
a deriwateur by Grothendieck. Most derivateurs occuring naturally in mathematics
can be represented by a bicomplete quasi-categories.

17.4. If X is a bicomplete quasi-categories, then the map X* : X8 — X4 is a
Grothendieck bifibration for any fully faithful monomorphism u: A — B.

18. SPAN

18.1. A span S = (s, 5,t) between two simplicial sets A and B is defined to be a
pair of maps
A<"—S—'>B
Equivalently, a span is a contravariant functot P — S, where P is the poset of
non-empty subsets of {0,1}. We shall denote by Span(S) the category of spans
[P°,S]. Let P be the subcategory of P whose objects are {0} and {1}. If i is the
inclusion 0P C P, then the functor
i*: Span(S) — S x S
is a Grothendieck fibration. If A, B € S, we shall denote by Span(A, B) the fiber
of i* at (A, B). An object S = (s,5,t) of this category is a map (s,t) : S — A x B.
There is thus an isomorphism of categories
Span(A, B) = S/(Ax B).
The composite of S € Span(A, B) with T € Span(B, C) is defined to be the span
SoT =8xpT e Span(A,C),

SXBT

N
/\/\

The composition functor
—: Span(A, B) x Span(B,C) — Span(A,C)

is coherently associative. The unit span A4 € Span(A, A) is the diagonal (14,14) :
A — A x A. The spans form a bicategory SPAN. By definition, a 0-cell of SPAN
is a simplicial set, a 1-cell A — B is a span S € Span(A, B) and a 2-cell is a map
S — T in Span(A, B). The bicategory SPAN is symmetric monoidal. The tensor
product S®T of a span (s,t) : S — A X B with a span (u,v) : T'— A X B is defined
to be the span
((s,u)(,t,v)) : SXxT — (AxC) x (BxC).

This defines a functor of two variables

® : Span(A, B) x Span(C, D) — Span(A x C,B x D).
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The operation ® is compatible with the composition operation:
(SRT)o(URV)~(SolU)® (T oU,).

The unit for the tensor product is the terminal span. The dual S* of a span

(s,t) : S — A x B is defined to be the span (t°,s°) : 'S° — B° x A°. The

duality operation is a global automorphism which reverses the direction of 1-cells
but preserves the direction of 2-cells.

18.2. To every span (s,t) : S — A x B we associate the cylinder C(S) = C(s, S, 1)
defined by the pushout square

Sus—~AuB

L

S x I —=C(S)

Notice that C(S) = (s,t)u(S x I). The functor C(—) has a right adjoint which we
now describe. If X = (X,p) is a cylinder, let us denote by Ar(X) the simplicial
set Homy(I, X) of sections of the structure map p: X — I. A vertex of Ar(X) is
a crossing arrow of the cylinder X. From the inclusions {0} C I and {1} C I, we
obtain a two projections Ar(X) — X (0) and Ar(X) — X(1). The functor

Ar:S/I — Span(S)

is right adjoint to the functor C'(—). The adjoint pair (C(—), Ar) induces a pair of
adjoint functors

C (=) : Span(A, B) « Cyl(A, B) : Ar

for each pair of simplicial sets A and B.

18.3. We shall say that a map of spans f : S — T in Span(A, B) a mized equiva-
lence if the map of cylinders

C(f):C(S)—C(T)

is a weak categorical equivalence in Cyl(A, B). The category Span(A, B) admits
a model structure in which the weak equivalences are the mixed equivalences and
the cofibrations are the monomorphisms. We shall denote this model structure
shortly by (Span(A, B), Wm(A, B)) or by (Span(A, B), Wm) where Wm/(A, B) is
the class of mixed equivalences in Span(A, B). We shall say that a map S — Ax B
is a mized fibration if the span S is fibrant with respect to this model structure.
The category Span(A, B) is enriched over simplical sets and the model structure is
simplicial. The pair of adjoint functors

C(—) : Span(A, B) < Cyl(A,B) : Ar
is a Quillen equivalence between the model categories (Span(A, B), Wm) and (Cyl(A, B), Weat).
18.4. The duality functor
(=) : Span(A, B) — Span(B°, A°)

is an equivalence of model categories.
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18.5. If A and B are two simplicial sets, we shall denote by A [ B the span
A<— AXB——B

This defines a functor of two variables
[0:S xS — Span(S).

Ifu:C — Dandwv:U — V are two maps of simplicial sets, we denote by u [/ v
the map

obtained from the commutative square

CHU——=DUHU

L

COV——=D0OV.
The map u [’ v is actually a map in Span(D,V),
D<—(C xV)Ucxy (DX U) —

| o l

D DxV

The span A1 B is the terminal object of the category Span(A, B). Thus, any map
(s,t) : X — A x B can be viewed as a map of spans (s,t) : X — A B. The map
(s,t) : X — A B is a mixed fibration iff it has the right lifting property with
respect to the following two kinds of maps:

e u [ v for u a monomorphism and v a left cofibration;

e 1 [ v for u a right cofibration and v a monomorphism.
Equivalently, (s,t) : X — A[ B is a mixed fibration iff it has the right lifting
property with respect to the the following two kinds of maps:

e 3, Al form >0and 0 < j < n;

e hi V6, for 0 <i<mandn>0.

18.6. If A and B are quasi-categories and (s,t) : S — A x B is a fibrant span,
then the map s : S — A is a Grothendieck fibration and the map t : S — B is a
Grothendieck opfibration.

18.7. The functor
i*: Span(S) — S x S

is a Grothendieck bifibration. To each pair of maps of simplicial sets v : A — A’
and v : B — B’ we can thus associate a pair of adjoint functors

(u x v), : Span(A, B) < Span(A’, B") : (u x v)*.

It is a Quillen pair between the model categories (Span(A4, B), Wm) and (Span(A’, B"), Wm).
And it is a Quillen equivalence if the maps u and v are weak categorical equivalences.
It follows from this result that the model category (Span(A, B), Wm) is equivalent
to a model category (Span(A’, B'), Wm) in which A’ and B’ are quasi-categories.
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18.8. The equivalence between the category Span(A,1) and the category S/A in-
duces an equivalence of model categories

(Span(A,1),Wm(A,1)) = (S/A, Wr(A)).

Thus, a mixed fibration X — A x 1 is the same thing as a right fibration X — A.
The inductive mapping cone of a map f : X — A is defined to be the cylinder
Ci(f,X) = C(f,X,px), where px : X — 1. By construction, we have a pushout
square

X—A

|

Xol—Ci(f,X).

The functor Ci : S/A — Cyl(A, 1) has a right adjoint which associates to a direct
cone Y € Cyl(A,1) its simplicial set of crossing arrows Ar(Y'). The pair of adjoint
functors (Ci, Ar) is a Quillen equivalence

Ci: (S/A,Wr(A)) < (Cyl(A,1), Weat) : Ar.

18.9. The equivalence between the category Span(l, B) and the category S/B
induces an equivalence of model categories
(Span(1, B), Wn(1, B)) = (S/B, Wi(B)).

Thus, a mixed fibration X — 1 x B is the same thing as a left fibration X — B.
The projective mapping cone of a map f : X — B is defined to be the cylinder
Cp(X, f) =C(px,X, f), where px : X — 1. By construction, we have a pushout
square

x—71 4

The functor Cp : S/B — Cyl(1, B) has a right adjoint which associates to an
inverse cone Y € Cyl(1, B) its simplicial set of crossing arrows Ar(Y) = Y (0,1).
The pair of adjoint functors (Cp, Ar) is a Quillen equivalence

Cp: (S/B,Wr(B)) < (Cyl(1, B), Wcat) : Ar.

18.10. The equivalence between the category Span(l,1) and the category S in-
duces an equivalence of model categories

(Span(1,1), Wm(1,1)) = (S, Who).

Hence a map X — 1 x 1 is a mid fibration iff X is a Kan complex. The cylinder
Clpx,X,px] is a the (unreduced) suspension LX of the simplicial set X. By
construction, we have a pushout square

0l x X —— 09I

|

I x X — %(X).
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The functor ¥ : S — Cyl(1,1) has a right adjoint which associates to a spindle
Y € Cyl(1,1) the simplicial set of crossing arrows Ar(Y). The pair of adjoint
functors (X, Ar) is a Quillen equivalence

Y (S, Who) < (Cyl(1,1), Weat) : Ar.

18.11. We shall denote by Spans(A, B) the full subcategory of Span(A, B) gener-
ated by the fibrant spans. The unit span A4 € Span(A, A) is not fibrant unless the
simplicial set A is discrete. A fibrant replacement of A 4 is obtained by factoring the
diagonal (14,14) : A — A X A as a weak equivalence A — Uy followed by a mixed
fibration Uy — A x A. When A is a quasi-category, the map (s,t) : AT — A x A is
a mixed fibration and we can take Uy = AL. If S € Spany(A, B), then the functor

So(—):Spans(B,C) — Spany(A,C)
is a left Quillen functor. Similarly, if T' € Span(B, C), then the functor
(—=)oT : Spans(A, B) — Spans(A,C)
is a left Quillen functor. The composition law
— o —: Spang(A, B) x Spang(B,C) — Span(A,C),
induces a composition law between the homotopy categories:
—o—: HoSpan(A, B) x HoSpan(B,C) — HoSpan(A,C).

If S € Spans(A,B) and U € Span;(C, D), then the functor T +— S oT o U from
Span(B, C) to Span(A, D) is the composite of two left Quillen functors and in two
ways:

T— (SoT)oU and Tw— So(ToU).
It follows that we have
(SoT)oU=So(TolU)
for the derived composition functor. We thus obtain a bicategory HoSPAN.

18.12. The tensor product functor
® : Span(A, B) x Span(C, D) — Span(A x C, B x D)

is a left Quillen functor of two variables with respect to the model structures on
the categories of spans. We thus obtain a symmetric monoidal structure on the
bicategory HoSPAN.

19. DUALITY

19.1. We shall say that a map of simplicial sets M — A° x B is a distributor from
A to B and we shall write M : A = B. The category of distributors A = B is
the category S/(A° x B) and we shall denote it by D(A, B). We give the category
D(A, B) the model structure (S/(A°x B), WI(A°x B)). Hence a fibrant distributor
A = B is a left fibration M — A° x B.
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19.2. The twisted category of arrows T(A) of a category A is defined to be the
category of elements of the hom functor A° x A — Set. A simplex [n] — T(A)
is a map [n]° x [n] — A. Let a : A — A the functor defined by putting a([n]) =
[n]° % [n] (ordinal sum) for every n > 0. If A is a general simplicial set, we shall
put T(A) = a*(A). The functor a* : S — S is a right Quillen functor for the model
structure (S, Weat). From the inclusions [n]° C [n]° % [n] and [n] C [n]° * [n] we
obtain a natural map (sa,ta) : T(A) — A° x A. Tt is a left fibration when A is a
quasi-category.

19.3. The dual twisted category of arrows T°(A) of a category A is defined to be
the category of element of the hom functor A° x A — Set viewed as a contravariant
functor A x A° — Set. A simplex [n] — T°(A) is a map [n]*[n]° — A. Let b: A —
A the functor defined by putting b([n]) = [n] x [n]° (ordinal sum) for every n > 0.
If A is a general simplicial set, we shall put T°(A4) = b*(A). From the inclusions
[n] C [n]° x [n] and [n]° C [n]° x [n] we obtain a map (s9%,t%) : T°(A) — A x A°.
We have a duality

T°(A) = (T(A%)° s = (sa2)” and 15 = (ta0)".

19.4. If A is a quasi-category, consider the spans 4 € Span(1l, A° x A) and €4 €
Span(A x A°, 1) respectively defined by the diagrams

T(A) T°(4A)
N
1 A° X A, A x A° 1.

If Ay € Span(A, A) is the unit span, then there is a canonical isomorphism
(A®mna)o(ea®A) ~ Ay
in the homotopy category HoSpan(A, A). There is also a dual canonical isomor-
phism
(1 © A°) 0 (A ® €4) = Ao

in the homotopy category HoSpan(A°, A°). Hence the quasi-categories A and A°
are dual to each other in the symmetric monoidal bicategory HoSPAN. If A is a
general simplicial set, then the spans 14 and €4 are defined as above, but by using

a fibrant replacement of the distributor T'A. The monoidal category HoSPAN is
compact closed.

19.5. The span S* € Span(B°, A°) is the transpose of the span S € Span(A, B)
in the monoidal category HoSPAN. This means that we have a canonical isomor-
phism

S=(A®nB)(A®S*® B)(es ® B)
in HoSpan(A, B) and a canonical isomorphism
S* = (na® B°)(A°®@u® B°)(A° ®@e€g)
in HoSpan(B°, A°).
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19.6. It follows from the duality above that for any simplicial sets A, B and C,
there is an equivalence of homotopy categories

HoSpan(A x B,C) — HoSpan(B, A° x C).

The equivalence is defined by the left Quillen functor which associates to a span
S € Span(A x B, C) the span

S"=(na®B)o(A’® )

calculated by the following diagram with a pullback square,

§——>S§—>BxC
Ao <2 T(A) A s 4

The inverse Quillen equivalence associates to a span V € Span(B, A° x C), the
span

V' =(A@V)o(ea®C)
calculated by the following diagram with a pullback square

BxC \%4 %

L L

SA

t
AoéTO(A) A o A

19.7. Tt follows from the duality above that for any simplicial sets A and B, there
is an equivalence of homotopy categories

HoSpan(A, B) — HoD(A, B).

The equivalence is induced by the functor which associates to a span S € Span(A, B)
the distributor S’ € D(A, B) calculated by following diagram with a pullback
square,

S'—S5—8~8

|

Ao <2 T(A) s 4

The inverse equivalence is induced by the functor which associates to a distributor
V € D(A, B), the span V' € Span(A, B) calculated by the following diagram with
a pullback square,
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19.8. To each map of simplicial sets u : A — B we can associate two spans P(u) €
Span(A, B) and P*(u) € Span(B, A) described by the following diagrams

t

P(u) —= Bl ——=p Pr(u) — A
A—" s B, B S B! t B,

Where the squres are pullback. We have P(u)* = P*(u®). If B is a quasi-category,
the span P(u) € Span(A, B) is left adjoint to the span P*(u) € Span(B,A) in
the bicategory HoSPAN. If A and B are quasi-categories, then for any span
(u,v) : S — A x B we have a canonical decomposition

S = P*(u) o P(v)
in the bicategory HoSPAN.

20. THE QUASI-CATEGORY Hot

By definition, the quasi-category Hot is the coherent nerve of the (simplicial)
category of Kan complexes.

20.1. The quasi-category Hot is freely generated by its terminal node 1 € Hot as
a cocomplete quasi-category. This means that for any cocomplete quasi-category
X and any vertex x € X there exists a cocontinuous map e, : Hot — X such that
ex(1) = z, and moreover that e, is unique up to a unique invertible 2-cell. We have
ez(A) = A -z for every A € Hot.

20.2. Every cocomplete quasi-category X supports a natural action S x X — X
by the category S. For a fixed x € X, the map A — A - x takes a weak homotopy
equivalence to a quasi-isomorphism. It induces an action of the quasi-category Hot
on X. The action map Hot x X — X is cocontinuous in each variable. Dually, every
complete quasi-category X supports a natural contravariant action X x S° — X
by the category S and a contravariant action X x Hot’ — X of the quasi-category
Hot.

20.3. We say that a quasi-category X is cartesian closed if it admits finite products
and the product map a x — : X — X has a right adjoint [a,—] : X — X for every
vertex a € X. The quasi-category Hot; is cartesian closed. The slice quasi-category
Hot, /I is also cartesian closed.

20.4. We say that a quasi-category X is locally cartesian closed if it is finitely
complete and the slice quasi-category X/a is cartesian closed for every vertex a € X.
A finitely complete quasi-category is locally cartesian closed iff the base change map

F i X/b— X/a

has a right adjoint for every arrow f : a — b. The quasi-category Hot is locally
cartesian closed.
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20.5. If 1 denotes the terminal object of the quasi-category Hot, then the left
fibration
1\Hot — Hot

is universal. Let us put 1\Hot = Hot,. The universality means that the following
two properties are satisfied: (i) for every left fibration p : E — B there exists a
commutative square

F *f> Hot,

lp l
f
B —'> Hot,

such that the induced map £ — f*Hot, is a fiberwise homotopy equivalence in
the category S/B; (ii) the pair of maps (f, f’) is unique up to a unique invertible
2-cell. Here a 2-cell (f, f') — (g,4’) is defined to be a pair of 2-cells « : f — g and
o : f — ¢’ (in the 2-category of (big) simplicial sets) such that m oo/ = aop. We
shall say that the pair (f, f’) is classifying the left fibration p : E — B.

20.6. Remark. The objet  of a topos is classifying the monomorphisms in this
topos. There is an analogy between the objet 2 and the quasi-category Hot since
the latter is classifying left fibrations in the category of simplicial sets. It may
be possible to devellop some parts of the theory of quasi-categories by using an
axiomatic approach. The axiomatic approach in category theory was advocated
by Benabou, Lawvere, Street and Tierney. The category QQCat has many of the
nice properties of Cat, for example it is cartesian closed. Many properties of Hot
can be proved by using the universality of the left fibration Hot, — Hot. For
example, it can be proved that Hot is a complete quasi-category. This is because
the right adjoint to the diagonal Hot — Hot” is the map which classifies the left
fibration Hot‘.4 — Hot”. We shall see that Hot is an oo-topos. There might be an
elementary notion of co-topos. We may also axiomatise the quasi-category Hot;.

20.7. We shall say that a map f: A° — Hot is a prestack. If A is a simplicial set,
we shall put

P(A) = Hot*" = [A°, Hot).
If w: A — B, then the map u* = [u°,Hot]| : P(B) — P(A) has a left adjoint
Uy = Yo and a right adjoint w, = II,..
20.8. Let T'(A) be the twisted simplicial set of arrows of a simplicial sets A. See
??. When A is a quasi-category, the canonical map (s,t) : T(A4) — A° x A is a left
fibration. In which case it is classified by a pair of maps (homa, hom/,):

hom/,
T(A) ——— Hot,

o

A% x A Hot.
This defines the map hom 4 : A° x A — Hot from which the Yoneda map
ya:A— P(A) = Hot?

hom 4

is obtained. The quasi-category Hot* is equivalent to the coherent nerve of L(A).
Dually, the quasi-category Hot"" is equivalent to the coherent nerve of R(A).
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21. THE TRACE

21.1. Let C be the category of cocomplete quasi-categories and cocontinuous maps.
If X € C then X4 € C for any simplicial set A. The category C has the structure
of a 2-category: it is a sub-2-category of the 2-category of big simplicial sets, where
the 2-category of (small) simplicial sets is defined to be S™. If X is a cocomplete
quasi-category, then so is the quasi-category X (A) = X" for any simplicial set A.
If S € Span(A, B) the composite

* t

X(A) 2= X(8) —= X(B).
is a cocontinuous map
X(S): X(A) - X(B).

If u:S — T is amap in Span(A, B), then from the commutative diagram

and the counit wyu* — id, we obtain a 2-cell
X{u) : X(S) = t1s" = buwu*a* — ba* = X(T).
This defines a functor
X (=) : Span(A,B) — C(X(A), X(B)).
The functor takes a mixed equivalence to an isomorphism. We thus obtain a functor

X (=) : HoSpan(A, B) — C(X(4), X(B)).

21.2. Recall that the composite of a span S € Span(A, B) with a span T €
Span(B, C) is defined to be the span SoT =85 x5 T,

SoT

Let us suppose that A and B are quasi-categories and that S is a fibrant span. In
this case the target map ¢t : § — C' is Grothendieck opfibration. It is thus a proper
map. Hence the following diagram commutes up to a canonical isomorphism,
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X(8eT)
X(S) X(T)
X(A) X(B) X(C)

It follows that
X(SoT)~ X(T)o X(S).
This defines a pseudo 2-functor

X : HoSPAN — C.

The functor is contravariant with respect to 1-cells but covariant with respect to
2-cells.

21.3. If the quasi-category X is bicomplete, then the map X(S) : X(A) — X(B)
has a right adjoint

S

X(B) —= X(S) —> X (A).
The opposite of this right adjoint is the map

()" (s°n
_—

X2(59) : X°(B) (X)(57) ——= X°(4°)

where S° denotes the span (t°,s°) : S° — B° x A°.

21.4. If A is a quasi-category, then we have a span €4 € Span(A x A° 1),

T°(4)

2N

A x A° 1.

The trace map

tra: X474 o X
is defined to be the map X(ea) : X(A x A°) — X(1). By definition, it is the
composite

(s 0.t a0) :
XAOXA X XT(AO) colim X

)

In category theory, the trace of amap f: A°x A — X is called a coend and denoted

acA
coendA(f):tT’A(f):/ f(a,a).

We shall use the same notation. We have coenda(f) = coendao('f), where ' f :
A x A° — X is the transpose of f.
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21.5. If X is a complete quasi-category, the cotrace map
cotra : XAA S X
is defined to be the composite

X(aa:ta)

Y ATXA XT(4) _lim

)

where (s4,t4) is the canonical map T(A) — A° x A. In category theory, the cotrace
of amap f: A° x A — X is called an end and denoted

enda(f) = /GA fla,a).

We shall use the same notation. We have enda(f) = endao(*f), where 'f : A x
A° — X is the transpose of f. The trace and cotrace are dual to each other. We
have

enda(f)° = coend a0 (f°),
where f°: A x A° — X° is the opposite of f: A° x A — X.

21.6. If X € C, then we have a canonical isomorphism X (A)(B) = X (A x B) for
any pair of simplicial sets A and B. The functor (X, A) — X (A) is contravariant
in A € SPAN. Hence the category C is cotensored over the monoidal category
SPAN. 1t is also cotensored over the homotopy category HoSPAN by the result
above. But HoSPAN is a compact closed 2-category by ?7. It follows by duality
that C is tensored over HoSPAN. In other words the functors X — X(A) and
X — X(A°) are mutually adjoints. This means that for X, Y € C there is a natural
equivalence of categories

C(X(4°),Y) ~ C(X, Y (A)).

The counit of the adjunction is the trace map try : YA*4” — Y. The unit 1,4 :

X — XAXA” associates to x € X the map (a,b) — hom(b,a) - . The map
y: Ax X — x4

given by (a,z) — (a — homa(b,a) - x) is cocontinuous in the second variable, and
it is universal with respect to that property. This means that if Y is a cocomplete
quasi-category and f : A x X — Y is a map cocontinuous in the second variable,
then there exists a cocontinuous map f : X4° — Y together with an invertible
2-cell a : f ~ fy, and that the pair (f, «) is unique up to a unique invertible 2-cell.

21.7. To each map of simplicial sets u : A — B we can associate two spans P(u) €
Span(A, B) and P*(u) € Span(B, A). If B is a quasi-category, the span P(u) €
Span(A, B) is right adjoint to the span P*(u) € Span(B,A) in the bicategory
HoSPAN.

Thus, if X € C, the map X(P(u)) : X(A) — X (B) is thus left adjoint to the
map X (P*(u)) : X(B) — X (A), since the functor X (—) is contravariant on 1-cells.
But the map X (P*(u)) is isomorphic to the map u* : X(B) — X(A). Hence the
map X(P(u)) : X(A) — X(B) is isomorphic to the map u : X(A4) — X(B). The
spans P(u) and P*(u®) are also mutually dual in the monoidal category HoSPAN.
Hence we have

P(u) = (A®np)(A® P*(u°) ® B)(e4 ® B)
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in the monoidal bicategory HoSPAN. This formula implies that for every X € C,
we have a decomposition

u = X(ea @ B) o X(P*(u®) ® B) o X(A ®@np).

But we have X (P*(u°) ® B) = (u® x B)*. In other words, if f : A° — X, then we
have the formula

WO = [ Bbw@) ).

Dually, if X is a complete quasi-category and f : A° — X, then we have the formula
w()®) = [ faPen.
a€A

21.8. The quasi-category of prestacks P(A) = Hot*" is cocomplete and freely
generated by the Yoneda map y4 : A — P(A). This means that if X is a cocomplete
quasi-category, then for every map f : A — X, there exists a cocontinuous map
f : P(A) — X together with an invertible 2-cell a : f ~ fya, and that the

pair (f,a) is unique up to an unique invertible 2-cell. The map f is the left Kan
extension of f along y4. It follows that we have

.f(e) = 11111 I e
Ale

for every e € P(A), where A/e and p, are defined by the pullback square

Ale—L 5 4

Lk

P(A))e —= P(A).
When f = ya, the map f is the identity of P(A). This means that we have

e = limp,
Ale

for every e € P(A).

21.9. Dually, the quasi-category P°(A) = P(A°)° is complete and freely generated
by the dual Yoneda map y4 = (ya-)® : A — P°(A). This means that if X is a
complete quasi-category, then for every map f : A — X there exists a continuous
map f : P°(A) — X together with an invertible 2-cell o : f ~ fy9, and moreover
that the pair (f, ) is unique up to an unique invertible 2-cell.

22. FACTORISATION SYSTEMS IN QUASI-CATEGORIES

22.1. There is a notion of factorisation system in a quasi-category. Let us de-
fine the orthogonality relation ¢l f between the arrows of a quasi-category X. A
commutative square

a—->1
b Y

—_—
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isamap s: I xI — X which extends the map (¢, f) : TLUI — X along the inclusion
TUTI=0Ix1IcCIxI. A diagonal filler for s is defined to be a map I xI — X
which extends s along the inclusion I x I C I xI. The fiber at s of the projection
X XIXT g a Kan complex Fill(s). If Fill(s) is contractible for every square
s which extends the given pair (i, f), we shall say that i is strictly left orthogonal to
f,or that f is strictly right orthogonal to i, and write ¢ L f. If h : X — hoX is the
canonical map, then the relation ¢ L f in X implies the relation h(¢) Lh(f) in hoX,
but the converse is not necessarly true. However, if h(i) = h(i’) and h(f) = h(S’),
then the relations ¢ L f and i’ L f’ are equivalent. Hence the relation i f depends
only on the homotopy classes of i and f. If ¥ is a set of arrows in X we shall put

Yh={feX :VieX, ilf}, Iy ={feXx,:Viex, fLi}.

The set £+ contains the quasi-isomorphisms and it is closed under composition
and retract. It is also closed under base change when they exist. If v € ¥+ then a
composite f = vu (in hoX) belongs to L+ iff u € X+,

22.2. We shall say that a pair (A, B) of class of arrows in a (big) quasi-category
X is a factorisation system if the following two conditions are satisfied:
e At =Band A=1B;
e every arrow f € X admits a factorisation f = pu (in hoX), with u € A and
p € B.
We say that A is the left class and that B is the right class of the factorisation
system.

22.3. If (A, B) is a factorisation system in the quasi-category X, then the pair
(h(A),h(B)) is a weak factorisation system in the category hoX. Moreover, we
have A = h='h(A) and B = h~'h(B). In particular, the intersection A N B is
the class of quasi-isomorphism of X. If (C, D) is a weak factorisation system in
ho(X), then the pair (h=1(C),h~1(D)) is a factorisation system in X iff we have
ilu for every i € h™1(C) and u € h™1(D). A factorisation system (A, B) in a
quasi-category X, induces a factorisation system on the slice quasi-categories X /b
and b\ X for every node b € X, and a factorisation system on the quasi-category
X* for every simplicial set S. When X has finite products we shall say that a
factorisation system (A, B) in X is stable under product if we have a x A C A for
every a € Xy. When X is finitely complete we shall say that (A, B) is stable under
base change if A is closed under base change.

22.4. Let p: E — B be a right Grothendieck fibration between quasi-categories. If
Qi is the set of quasi-isomorphisms in B, and C is the set of cartesian arrows in F,
then the pair (p~1(Qi),C) is a factorisation system in E. If X is a quasi-category
with pullbacks, then the target map ¢ : X! — X is a Grothendieck fibration. Hence
the category X! admits a factorisation system (¢~1(Qi),C), where C is the set of
cartesian square in X.

22.5. We shall say that an arrow u : @ — b in a quasi-category X is a monomor-
phism or that it is monic if the commutative square

1,
—aqa

a
LIl \Lu
a —= b

—_—
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is cartesian. A monomorphism in X is monic in hoX. A map between Kan com-
plexes u : A — B is monic in the quasi-category Hot iff it is homotopy monic (see
?7?). We say that an arrow in a quasi-category X is surjective, or that is a surjec-
tion, if it is left orthogonal to every monomorphism of X. A map between Kan
complexes u : A — B is a surjective arrow in Hot iff the map mou : 1A — mB
is surjective. If A is the class of surjections and let B be the class of monomor-
phisms, then the pair (A, B) is a factorisation system iff every arrow in X admits
a factorisation f = wp, with v a monomorphism and p a surjection. In this case,
we shall say that the quasi-category admits surjection-mono factorisations. The
quasi-category HOT admits this kind of factorisation. If a quasi-category X ad-
mits surjection-mono-factorisations then so are the slice quasi-categories b\ X and
X /b for every vertex b € X, and the quasi-category X° for every simplicial set S.

22.6. We say that a simplicial set is 0-object if it is a disjoint union of weakly
contractible spaces. A simplicial set A is a 0-object iff the diagonal A — A x A is
homotopy monic. A Kan complex K is 0-object iff the projection K*° 'S Kisa
homotopy equivalence. If X is a quasi-category, we shall say that a vertex a € X
is discrete or that it is a 0-object if the simplicial set X (z,a) is a 0-object for every
node z € X; we shall say that an arrow u : a — b is a 0-cover if it is a 0-object
of the slice quasi-category X/b. When the product a X a exists, a vertex a € X is
0-object iff the diagonal @ — a x a is monic. When the exponential a” ' exists, a
vertex a € X is a 0-object iff the projection a® " Soais quasi-invertible. A map
of simplicial sets uw : A — B is an arrow in the quasi-category Hot; the arrow
is a O-cover in Hot iff the map is a O-cover in S (see ??). An arrow u : a — b
in a quasi-category X is a O-cover iff the map X (z,u) : X(z,a) — X(z,b) is a
0-cover for every node x € X. We shall say that an arrow v : @ — b in X is
0-connected if it is left orthogonal to every 0-cover in X. A map of simplicial sets
u: A — B is 0-connected iff its homotopy fibers are connected. In a quasi-category,
we shall say that the factorisation of an arrow as a 0-connected arrow followed by
0-cover is a 0-factorisation of this arrow. We shall say that a quasi-category X
admits O-factorisations if every arrow in X admits a O-factorisation. In this case
the quasi-category admits a factorisation system in which the left class is the class
of O-connected arrows and the right class the class of 0-covers. The quasi-category
Hot admits 0-factorisations and these factorisations are stable under base change.
If a quasi-category X admits O-factorisations, then so are the slice quasi-categories
b\X and X/b for every vertex b € X, and the quasi-category X for every simplicial
set S.

22.7. There is a notion of n-cover and of n-connected arrow in every quasi-category
for every n > 0. It can be defined by induction on n. If n > 0, we shall say that a
simplicial set A is a n-object if its diagonal A — A x A is a (n — 1)-cover. ( more
concretely, a simplicial set A is a n-object if we have 7;(A,a) = 0 for every i > n
and every a € Ap). If X is a quasi-category, we shall say that a vertex a € X is a
n-object if the simplicial set X (z,a) is a n-object for every vertex z € X. When
the product a X a exists, the vertex a is a n-object iff the diagonal a — a X a is
a (n — 1)-cover. When the exponential a5"" exists, the vertex a is a n-object iff
the projection 5" S s quasi-invertible. We shall say that an arrow v :a — b
is a n-cover if it is a m-object of the slice quasi-category X/b. A map between
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Kan complexes u : A — B is a n-cover in HOT iff its homotopy fibers are n-
objects. We shall say that an arrow in a quasi-category X is n-connected if it is
left orthogonal to every n-cover. A map between Kan complexes u : A — B is
n-connected in Hot iff its homotopy fibers are n-connected. In a quasi-category,
we shall say that the factorisation of an arrow as a n-connected arrow followed by
n-cover is a n-factorisation of this arrow. We shall say that a quasi-category X
admits n-factorisations if every arrow in X admits a n-factorisation. In this case
the quasi-category admits a factorisation system in which the left class is the class
of n-connected arrows and the right class the class of n-covers. The quasi-category
HOT admits n-factorisations for each n > 0, and these factorisations are stable
under base change. If a quasi-category X admits n-factorisations, then so are the
slice quasi-categories b\ X and X/b for every vertex b € X, and the quasi-category
X% for every simplicial set S.

22.8. If X admits n-factorisations for every 0 < k < n, we obtain a factorisation
systems (A, By) for each 0 < k < n. Notice the inclusions

Ag2 A1 2 A3 D A3--- 2 Ay
By C By CByC Bs---C B,

An Eilenberg-MacLane n-cover in a quasi-category X is a n-cover which is (n — 1)-
connected. A Postnikov tower (of height n) for an arrow a — b is defined to be a
factorisation of length n + 1 (in hoX)

Po p1 D2 Dy q,
a Xo X S Tp] < Ty <~

with po a 0-cover, px is an EM k-cover for each 0 < & < n and ¢, a n-connected
arrow. The Postnikov tower of an arrow is unique (up to a unique isomorphism in
the quasi-category of towers) when it exists. If X admits k-factorisations for each
0 < k < n, then every arrow in X admits a Postnikov n-tower.

22.9. To each model category £ we can associate its quasi-localisation L(£). Let
p: & — L(E) be the canonical map. We conjecture that if (A4, B) is a factorisation
system in L(€), then the pair (p~1(A4),p~1(B) is a homotopy factorisation system
in L(E) and that this defines a bijection between the factorisation systems in L(&)
and the homotopy factorisation systems in £. This conjecture can be proved in the
case of a simplicial category if we use 77.

22.10. We say that a factorisation system (A, B) in a quasi-category X is generated
by a set ¥ of of arrows in X if we have B = ¥, Let X be a cartesian closed quasi-
category. We shall say that a factorisation system (A, B) in X is stably generated
by a set of arrows X if it is generated by the set

Y= axz
ac€Xp
For example, the surjection-mono-factorisation system in Hot is stably generated
by the map S° — 1. More generally, the the n-factorisation system is stably
generated by the map S”t! — 1. The system of essentially surjective maps and
of fully faithful maps in Hotq, is stably generated by the inclusion 91 C I; the
system of initial maps and of left fibrations is stably generated by the inclusion
{0} C I; the dual system of final maps and of right fibrations is stably generated
by the inclusion {1} C I; the system of weak homotopy equivalences and of Kan
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fibrations is stably generated by the two inclusions {0} C I and {1} C I; the system
of localisations and of conservative maps is stably generated by the map I — 1.

23. QUASI-ALGEBRA

23.1. All universal algebra can be extended to this quasi-categories. A Lawwvere
theory or a product theory is defined to be a small quasi-category with finite products
T. A model of T (with values in Hot) is defined to be a product preserving map
T — Hot. The quasi-category of models Mod(T) is the full simplicial subset of
[T, Hot] = Hot” which is spanned by the models. The quasi-category M od(T) is
complete and cocomplete. If ¢ is an object of T, then the map hom(t,—) : T —
Hot is a free model of T. It follows from Yoneda lemma that T is equivalent
to the opposite of the quasi-category of finitely generated free models of T'. For
example, the product theory of monoids Mo is the opposite of the category of
finitely generated free monoids. A model of a product theory T with values in a
quasi-category with finite products X is a defined to be a product preserving map
T — X. The quasi-category of models Mod(T, X) is the full simplicial subset of
[T, X] = XT which is spanned by the models. The quasi-category Mod(T, X) is
complete if X is complete. An interpretation of a product theory S in a product
theory T is a model w : S — T. The induced map Mod(u) : Mod(T) — Mod(S)
has a left adjoint w : Mod(S) — Mod(T). The tensor product S © T of two
theories is the target of a map S x T' — S ® T preserving finite products in each
variables and which is universal with respect to that property. The (2-)category of
product theories is symmetric (pseudo-)monoidal closed. We have Mod(S©T,U) =
Mod(S, Mod(T,U) for every quasi-category with product U. In particular, we have

Mod(S©T)= Mod(S, Mod(T)) = Mod(T, Mod(S).

For example, the tensor square Mo®2 = Mo® Mo is the theory of braided monoids.
More generally, Mo®" is the theory of E,-monoids for each n > 2. If Gr denotes
the theory of groups, then Gr®” is the theory of n-fold loop spaces for each n > 1.

23.2. The notion of algebraic structure can be extended to include partially defined
finitary operations. This is called an essentially algebraic structure. For example,
the notion of category is essentially algebraic, since the composition of arrows in a
category is only partially defined. A finitary limit sketch is a pair (A, P), where A is
a simplicial set and P is a family of projective cones with finite base u; : 1xC; — A,
(i €I). Amap f: A — X with codomain a finitely complete quasi-category X
is said to be a model of the sketch if each cone fu; : 1 x C; — X is exact in
X. The quasi-category of models Mod(A, P; X) is defined to be the full simplicial
subset of [A, X] whose objects are the models. Let us say for short that a quasi-
category is left exact if it admits finite limits and also that a map between left
exact categories is left exact if it preserves finite limits. If X and Y are left exact
categories and X is small, then there is a left exact category Lex(X,Y) of left
exact maps X — Y. By definition, it is the full simplicial subset of [X,Y] = YX
which is spanned by the left exact maps X — Y. Every finitary limit sketch (A, P)
has a universal model u : A — T(A, P) with values in a left exact quasi-category
T(A, P); the universality means that u induces an equivalence of quasi-categories
Lex(T(A,P),X) — Mod(A, P; X) for any left exact quasi-category X. We now
give a few examples of essentially algebraic notions. A category object (in a left
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exact quasi-category X) is defined to be a simplicial object C' : A° — X satisfying
the Segal conditions. The conditions say that the natural projection

Cp — C1 Xgy,0, C1 X -+ Xgy,0, C1,

is quasi-invertible for every n > 2. Another example of structure that can be
defined by a limit sketch is the notion of monomorphism: an arrow a — b is monic
iff the diagonal @ — a Xj a is invertible. A third example is the notion of discrete
object: an object a is discrete iff the diagonal @ — a X a is monic. It follows that the
notion of a category object C' : A° — X with discrete object of objects Cp is also
(quasi-)algebraic. The (2-)category of small left exact quasi-categories is symmetric
monoidal closed. The tensor product S ® T is the target of a map S xT — S©T
left exact in each variables and universal with respect to that property. There is
an equivalence of quasi-categories

Mod(S ©T) = Mod(S,Mod(T)) = Mod(T, Mod(S)).

For example, if Ca denotes the theory of categories, then Ca®? = Ca ® Ca is the
theory of double categories.

23.3. The notion of algebraic structure can be extended to include partially defined
infinitary operations. A sheaf on a space is an example since gluing the sections
of a sheaf on the open sets of a cover is an infinitary operation if the cover is
inifinite. A limit sketch is a pair (A, P), where A is a simplicial set and P is a
family of projective cones u; : 1 xC; — A, (i € I). We say that amap f: A — X
with codomain a complete quasi-category X is a model of the sketch if each cone
fu; : 1% C; — X is exact in X. The quasi-category of models Mod(A, P; X)
is defined to be the full simplicial subset of [A, X] spanned by the models. The
quasi-category Mod(A, P; X) is an example of what we call a locally presentable
quasi-category. Up to equivalence, it is the most general example. We shall not
give an abstract definition of the notion of locally presentable quasi-category here.
Every locally presentable quasi-category is complete and cocomplete. If X is locally
presentable then so are the slice quasi-categories a\ X and X/a for any object a € X
and the quasi-category X for any simplicial set A. If X is locally presentable and Y
is cocomplete, then every cocontinuous map f : X — Y has a right adjoint Y — X.
We shall denote by LP the (2-)category of locally presentable quasi-categories and
cocontinuous maps.

23.4. Let X be a set of arrows in a locally presentable quasi-category X. Then the
pair (+(X+), X4) is a factorisation system. We say that an object a € X is ¥-local if
the terminal map @ — 1 belongs to £1. Let us denote by X* the simplicial subset
of X spanned by the ¥-local objects. The quasi-category X* is locally presentable,
an the inclusion Xy, C X has a left adjoint r : X — Xy. The map r is cocontinuous
and it inverts universally the arrows in ¥. We shall say that it is a localisation.
More generally, we say that a map f: X — Y in LP is a localisation iff its right
adjoint Y — X is fully faithful. Every map X — Y in LP can be factored as a
localisation X — L followed by conservative map L — Y, and this factorisation is
unique up to equivalence (with an equivalence which is unique up to a unique 2-cell).
The factorisation can be constructed as follows. Let W be the class of arrows in X
which are quasi-inverted by f. Then the pair (W, W) is a factorisation system.
The quasi-category X" of W-local object is locally presentable and the inclusion
XW C X has a left adjoint 7 : X — XW. The restriction f | X" is a conservative
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map g : X — Y and we have f ~ gr. A true factorisation f =¢'r': X - L — Y
can be obtained by factoring ¢ as an equivalence i : X" — L followed by a quasi-
fibration ¢’ : L — X. There then is a map r’ : X — L such that ¢’r’ = f. The
factorisation system (W, W) is always generated by a set ¥ C W.

23.5. If X and Y are locally presentables then so is the quasi-category Map(X,Y)
of cocontinuous maps X — Y. The 2-category LP is symmetric (pseudo-)monoidal
closed. The tensor product of two locally presentable quasi-categories X and Y is
the target of a map X x Y — X ® Y cocontinuous in each variable and universal
with respect to that property. The unit object for this tensor product is the quasi-
category Hot. If X € LP, the equivalence Hot ® X ~ X is induced by the action
map (A,z) — A -z, where for a simplicial set A, the object A -z is the colimit
of the constant diagram A — X with value z. The quasi-category P(A) is locally
presentable and freely generated by the simplicial set A. For any pair of simplicial
sets A and B, there is an external product for prestacks P(A) x P(B) — P(A x B)
and it induces an equivalence of quasi-categories

P(A) @ P(B) ~ P(A x B).

The quasi-categories P(A) and P(A°) are dual objects in LP, with the duality
pairing

(—,—) : P(A°) x P(A) — Hot
given by the cocontinuous extension of the map hom : A° x A — Hot. It follows
from this duality that we have an equivalence

P(A) ® X = Map(P(A°), X) = X*°.
The equivalence
Map(X*",Y) = Map(X,Y*)

also follows from this duality.

23.6. The opposite of a locally presentable quasi-category is cocomplete but it
is not locally presentable in general. For example, the quasi-category Hot® is not
locally presentable. We shall say that a complete quasi-category Z is a (generalised)
algebraic theory if the quasi-category Z° is locally presentable. Every limit sketch
(A, P) has a universal model u : A — U(A, P) with values in the algebraic theory
U(A, P) = Mod(A, P)°. The map u°: A° — Mod(A, P) is obtained by composing
the Yoneda map A° — [A, Hot] with the reflection map [4, Hot] — Mod(A, P).
Let us denote by AT the category whose objects are the generalised algebraic
theories and whose maps are the continuous maps. The 2-categories AT and LP
are isomorphic (beware that the isomorphism reverses the direction of 2-cells).
Hence the 2-category AT has the structure of a symmetric (pseudo)-monoidal closed
category. We shall denote by T'® U the tensor product of two algebraic theories
T and U. By definition, we have (T'© U)° = T° @ U°. We shall denote by
Mod(T,U) the quasi-category of continuous maps T — U. We have Mod(T,U)° =
Map(T°,U°®). The category LP is cotensored over the category AT. More precisely,
if X is locally presentable quasi-categorie and T is an algebraic theory, then the
quasi-category of continuous maps T — X is a locally presentable quasi-category
Mod(T, X). In fact, we have

Mod(T,X) =T°® X.
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In particular, Mod(T,Hot) = T°. It follows that we have X Y = Mod(X°,Y") for
any pair of locally presentable quasi-categories X and Y. We also have the formula

Mod(S®T) = Mod(S) ® Mod(T)

for any pair of algebraic theories S and 7. Dually, the category AT is cotensored
over the category LP. More precisely, if T is an algebraic theory and X is a locally
presentable quasi-category, then the quasi-category of cocontinuous maps X — T
is an algebraic theory Map(X,T). In fact, we have

Map(X,T) = Mod(T°, X°) = X° © T.
In particular, Map(X, Hot’) = X°.

24. CATEGORIES IN QUASI-CATEGORIES

24.1. If X is a quasi-category, we call a map C : A° — X is a simplicial object
in X. There is then a quasi-category [A°, X]| of simplicial objects in X. If X is
finitely complete, we shall say that a simplicial object C': A° — X is a category if
it satisfies the Segal conditions . These conditions can be expressed in many ways.
For example by demanding that C takes every square of the form

0] ———[n]

L

[m] — [m +nl,
to a pullback square in X, where a denotes the inclusion [m] C [m + n] and b the
composite [n] = [m,m +n] C [m + n]. We denote by Cat(X) the full simplicial
subset of [A°, X] spanned by the categories in X. We say that an arrow in Cat(X)
is a functor. If C € Cat(X), we shall put Ob(C) = Cy. If Ob(C) = 1, we shall say
that C' is a monoid (with underlying object Cy). A category C is a groupoid if it
takes the following square

0]~ [1]

N
d1
[1] — 2]
to a pullback square. A groupoid C is a group if Ob(C) = 1. We denote by
Grpd(X) the full simplicial subset of Cat(X) generated by the groupoids. The
inclusion Grpd(X) C Cat(X) has a right adjoint J : Cat(X) — Grpd(X) which
associate to C' € Cat(X) its groupoid of isomorphisms of C.

24.2. Let X be a finitely complete quasi-category. An element of Cat?(X) =
Cat(Cat(X)) is called a double categoryin X. A double simplicial object A°x A° —
X is a double category iff it is a category in each variable. The notion of n-fold
category can be defined for every n > 0. We shall denote by Cat™(X) the quasi-
category of n-fold categories in X. Let X be a finitely complete quasi-category. A
monoid in X is a category C' : A° — X such that Cy = 1. A braided monoid in X
is a 2-fold category C : (A?)° — X such that C,,0 = Cp, = 1. More generally, a
n-fold monoid in X is a n-fold category C : (A™)° — X such that C,, = 1 for all
m = (my, ..., my) such that my ---m, = 0.
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24.3. Let X be a finitely complete quasi-category. A 2-category in X is a double
category C' : A° — Cat(X) such that Cp : A° — X is (essentially) constant.
We shall denote by Cats(X) the quasi-category of 2-categories in X. The quasi-
category Cat,,(X) of n-category objects in X can be defined by induction on n > 0.
A category object C' : A° — Cat,(X) is a (n + 1)-category iff the n-category Cy is
(essentially) constant. Here is a gobal description: a n-fold category C : (A™)° — X
is a n-category iff its restriction to the subcategory

Ob(A)F x {[0]} x An—h-1

is is (essentially) constant for every 0 < k < n. The inclusion {[0]} C A is right
adjoint to the map A — {[0]}. It follows that the inclusion 7, : A™ = A™ x {[0]}* C
A" is right adjoint to the projection p, : A"** = A" x A¥ — A", The pair of
adjoint maps

pr = [(A")°, X] o [(A"FF)?, X] 2 a,

induces a pair of adjoint maps
inc: Caty(X) < Catpyp(X) : sk™

The functor inc is fully faithful and we shall regard it as an inclusion by adopting
the same notation of C' € Cat,(X) and inc(C) € Catpir(X). The functor sk™
associates to C' € Caty,yr(X) its n-skeleton sk™(C) € Cat,(X).

24.4. A monoidal category in X is a monoid object in Cat(X) or equivalently a
category object in Mon(X). A braided monoidal category is a braided monoid in
Cat(X) or equivalently a 3-category C' : A®> — X such that sk?(C) = 1. More
generally, a n-fold monoidal k-category in X is a (n + k)-category C € Cat,1x(X)
such that sk™(C) = 1. This is the stabilisation conjecture of Baez and Dolan proved
by Hirschowitz and Simpson.

24.5. A simplicial space is defined to be a functor A° — S. A simplicial space X
becomes a bisimplicial set if we put X,,,,, = (X, ), for every m,n > 0. The category
S®) = [A®, S] of simplicial spaces admits a simplicial model structure defined by
Reedy. A map of simplicial spaces X — Y is a weak equivalence for this model
structure iff the map X,, — Y, is a weak homotopy equivalence for every m > 0.
The cofibrations are the monic maps. A Reedy fibrant simplicial space X is said
to satisfy the Segal condition if the canonical map

Xn - Xl XBO,(’?I Xl Xowes X80,81 Xl

is a weak homotopy equivalence for every n > 2. A Reedy fibrant simplicial space
which satisfies the Segal condition is called a Segal space. The Reedy model struc-
ture on S(® admits a localisation in which the fibrant objects are the Segal spaces
[Rez]. The localised model structure is called the model structure for Segal spaces.
The category SS of Segal spaces is enriched over Kan complexes. Its coherent nerve
is equivalent to the quasi-category Cat(Hot).

24.6. A n-fold simplicial space is defined to be a functor (A™)° — S. A n-fold
simplicial space X becomes a (n + 1)-fold simplicial set if we put X, = (X;n)»
for every (m,r) € N™ x N. The category S("+1) = [(A")°, 8] of n-fold simplicial
spaces admits a Reedy model structure. A map of n-fold simplicial spaces X — Y
is a weak equivalence for this model structure iff the map X,, — Y,, is a weak
homotopy equivalence for every m € N™. The cofibrations are the monic maps. A
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Reedy fibrant n-fold simplicial space X is said to satisfy the Segal condition if it
satisfies the Segal condtion in each variable. A Reedy fibrant n-fold simplicial space
which satisfies the Segal condition in each variable is called a n-fold Segal space.
The Reedy model structure on S(**1 admits a localisation in which the fibrant
objects are the m-fold Segal spaces. The localised model structure is called the
model structure for n-fold Segal spaces. The category SS™ of n-fold Segal spaces is
enriched over Kan complexes. Its coherent nerve is equivalent to the quasi-category
Cat™(Hot).

24.7. We shall say that a 2-fold Segal space C : A x A — S is a Segal 2-space if
the functor Cy = Cp, : A —— S is homotopicaly constant (ie. if it takes every
arrow in A) to a homotopy equivalence). We shall denote by SSs the category
of Segal 2-spaces. There is a notion of Segal n-space for each n > 0. A (n + 1)-
fold Segal space C : A° — SS,, is a Segal (n + 1)-space iff the Segal n-space Cj is
homotopicaly constant. The Reedy model structure on S("+1) admits a localisation
in which the fibrant objects are the Segal n-spaces. The localised model structure is
the model structure for Segal n-spaces. The category SS,, of n-fold Segal spaces is

enriched over Kan complexes. Its coherent nerve is equivalent to the quasi-category
Cat,(Hot).

25. ABSOLUTELY EXACT QUASI-CATEGORIES

Let X be a quasi-category with pullbacks. Then the functor Ob : Grpd(X) —
X has a right adjoint Cosk® : X — Grpd(X). The right adjoint associates to
an object b € X the simplicial object Cosk®(b) : A° — X obtained by putting
Cosk®(b),, = bl"l for each n > 0. We shall say that Cosk®(b) is the full groupoid
of b. More generally, the equivalence groupoid Eq(u) of an arrow u : a — b in X is
defined to be the full groupoid of the object u € X/b (or rather its image by the
canonical map X/b — X). The equivalence groupoid of a pointed object p: 1 — b
is the loop group Eq(p) = Q2(b) of b at the base point p.

25.1. Let X be a finitely complete quasi-category. We shall say that X is absolutely
ezact if the following conditions are satisfied:

e X admits surjection-mono-factorisations and these factorisations are stable
under base change;

e every groupoid C € Grpd(X) is the equivalence groupoid of a surjection
ueX.

The quasi-category Hot is absolutely exact.

25.2. Let X be an absolutely exact quasi-category. Then the slice quasi-categories
b\X and X/b are absolutely exact for any node b € X. The quasi-category X is
absolutely exact for any simplicial set S. If T' is a small quasi-category with finite
products, then the quasi-category of models Mod(T, X) is absolutely exact. For
examples, the quasi-category of monoids and of groups in X are absolutely exact.

25.3. Let X be an absolutely exact quasi-category. Then the map Sk® : X —
Grpd(X) has a left adjoint

B: Grpd(X) — X.
If a € X, let us denote by Surj(a\X) the full simplicial subset of a\ X whose nodes
are the surjections with codomain a. Let Grpd(X,a) the fiber at a of the map
Ob : Grpd(X) — X. Then the map Surj(a\X) — Grpd(X,a) which associates
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to a surjection uw : a — b the equivalence groupoid Eqg(u) is an equivalence of
quasi-categories. We shall denote the quasi-inverse equivalence by

B : Grpd(X,a) — Surj(a\X).

If « = 1, the quasi-category Grpd(X,a) is the quasi-category Grp(X) of group
objects in X. An object of Surj(1\X) is a pointed connected object of X. We thus
have an equivalence of quasi-categories

B: Grp(X) < Surj(1\X) : Q,
where (b) is the loop group of a pointed connected object p: 1 — b in X.

25.4. If X is an absolutely exact quasi-category, then so is the quasi-category
Surj(a\X) for every object a € X. An arrow of Surj(a\X) is surjective (resp.
monic) iff its underlying arrow in X is O-connected (resp. a 0O-cover). It follows
from this that X admits n-factorisation for every n > 0. The n-factorisation of an
arrow a — b is obtained from the (n — 1)-factorisation of the diagonal a — a X a.
More precisely, if a — e — b is the n-factorisation of an arrow a — b, then
a — a X, a — a Xy ais the (n — 1)-factorisation of the diagonal a — a X, a. A
surjection @ — b is n-connected iff the diagonal a — a X a is (n — 1)-connected.

25.5. A quasi-category X is pointed if it contains an object 0 € X which is both
initial and terminal. Let X be an absolutely exact pointed quasi-category. If
C(X) C X is the sub-quasi-category spanned by the connected objects (connected
= 0O-connected) then we have an equivalence of quasi-categories,

B:Grp(X) < C(X):Q

This equivalence can be iterated since the quasi-category C(X) is absolutely exact
and pointed. We have Grp(X) = Mod(Gr, X), where Gr denotes the algebraic
theory of groups. We say that an element of Grp™(X) = Mod(Gr®", X) is a n-fold
group. We have Grp"*(X) = Grp(Grp™(X)) for every n > 0. If C,,(X) denotes
the full simplicial subset of X spanned by the n-connected objects, then we have
an equivalence of quasi-categories

B" : Grp"(X) « Cp_1(X) : Q™.

The equivalence can be constructed by induction on n > 1. We have Cp,11(X) =
C(C(X)) and the map Q"' : C,,(X) — Grp"*1(X) is the composite of the maps

C(Crr (X)) 22 C(Grp (X)) — 2> Grp(Grp™ (X)),

26. DESCENT THEORY

26.1. If X is a finitely complete quasi-category, then the map Ob : Cat(X) — X
is a Grothendieck fibration. A functor f : C — D in Cat(X) is a cartesian arrow
iff it is fully faithful, that is, iff the square

c,—7 . p

(Sﬂf)i l(sat)
fox fo

CQXOQ HOX DOXD07

is cartesian.
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26.2. Let X be an absolutely exact quasi-category. We shall say that a functor f :
C — D in Grpd(X) is essentially surjective if the morphism tp; : Dy X p, Co — D

obtained from the square

P2
Dy X Dy Co —— Co

D —=2 =D,

is surjective, where s is the source morphism and ¢ the target morphism. More
generally, we say that a functor f : C — D in Cat(X) is essentially surjective if
the functor J(f) : J(C) — J(D) is essentially surjective. We shall say that f is a
weak equivalence if it is fully faithful and essentially surjective.

26.3. If X is a finitely complete quasi-category. We shall say that a functor p :
E — C in Cat(X) is a left fibration if the naturality square

El $EO

C; —>=Cy

is cartesian, where s is the source map. The notion of right fibration is defined
dually by using the target map t. We shall denote by X¢ the full simplicial subset
of Cat(X)/C whose objects are the left fibrations £ — C. The pullback of a
left fibration E — D along a functor f : C — D in Cat(X) is a left fibration
f*(E) — C. This defines a map f*: XP — X©. We shall say that f is a Morita
equivalence if the map f* is an equivalence of quasi-categories.

26.4. Let X be an absolutely exact quasi-category. Then a weak equivalence f :
C — D in Cat(X) is a Morita equivalence. In particular, if an arrow « : @ — b in
X is surjective, then the induced functor Eq(u) — Sk°(b) is a Morita equivalence.
Thus, v* induces an equivalence of quasi-categories

X/b~ xPaw,

In particular, if p : 1 — b is a pointed connected object of X, then we have an
equivalence of quasi-categories,

X/b~ X0

27. STABLE QUASI-CATEGORIES

27.1. A zero object (0-object) in a quasi-category is an object which is both initial
and final. A quasi-category is pointed if it admits a 0-object. For example, if 1 is
a terminal object in a quasi-category X, then the quasi-category 1\ X is pointed.
The homotopy category hoX of a pointed quasi-category X is pointed. We shall
say that an arrow x — y between two objects of a quasi-category is nul if its image
in hoX is equal to the composite x — 0 — y.
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27.2. Let X be a finitely cocomplete pointed quasi-category with zero object 0 € X.
The smash product of an element x € X by a finite pointed simplicial set A is the
element A A x € X defined by the pushout square,

l-z—=1-0

L

A«;p4>A/\SC,

where a : 1 — A is the base point. This defines a map AA (=) : X — X. For any
pair A and B of pointed simplicial sets, we have a quasi-isomorphism

AN(BAz)~(AANB)Azx)

which is homotopy unique. Similarly, we have a canonical quasi-isomorphism S° A
x ~ x, where S° is the pointed 0O-sphere. The suspension ¥ : X — X is defined
to be the map S* A (=) : X — X, where S! is the pointed 1-sphere. The n-fold
suspension X" : X — X is the map S™ A (—) : X — X, where S™ is the pointed
n-sphere.

27.3. Dually, let X be a finitely complete pointed quasi-category with zero object
0 € X. The coaction of an element x € X by a finite pointed simplicial set A is the
element [A, 2] € X defined by the pullback square,

[A,2] ——0

where a : 1 — A is the base point. This defines a map [A,—] : X — X. For any
pair A and B of pointed simplicial sets, we have a quasi-isomorphism

[A,[B,z]] ~ [AA B, 7]

which is homotopy unique. Similarly, we have a canonical quasi-isomorphism
[SY, 2] ~ x. The loop space map  : X — X is defined to be the map [S!, -] : X —
X. The n-fold loop space Q™ : X — X is the map [S™, -] : X — X.

27.4. The opposite X of a finitely cocomplete pointed quasi-category X is finitely
complete, We have the formulas

(AN2)° =[A% 2% ~ [A,z°],

since A and A° are weakly homotopy equivalent. In particular, we have (X - x)° ~
Q(x°). The map AA (=) : X — X is left adjoint to the map [4, -] : X — X if X
is finitely bicomplete.

27.5. Let LP be the category of locally presentable quasi-categories and cocon-
tinuous maps, and let LP, be the full subcategory of LP spanned by the pointed
locally presentable quasi-categories. Then the inclusion functor LP, C LP has a
(pseudo) left adjoint which associates to X € LP the quasi-category X, = 1\ X,
where 1 denotes the terminal object of X. The canonical map X — 1\ X associates
to z € X, the arrow 1 — 1 U x.
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27.6. Let X be a pointed quasi-category with finite coproducts and products. For
any pair of objects z,y € X there is a canonical arrow z L1y — x x y well defined in
hoX; we shall say that X is semi-additive if the arrow is quasi-invertible for any pair
2 and y. In this case, the coproduct (resp. the product) of z and y can be written
as a direct sum = @ y. The homotopy category of a semi-additive quasi-category
X is semi-additive. If X is semi-additive, then the set hoX (z,y) has the structure
of a commutative monoid for any pair of objects x,y € X. We shall say that X is
additive if the monoid hoX (x,y) is a group for any pair z,y € X.

27.7. We shall say that a finitely bicomplete pointed quasi-category is stable if the
suspension map X : X — X is an equivalence of quasi-categories, or equivalently
if the loop space map 2 : X — X is an equivalence. A stable quasi-category is
additive.

27.8. We shall say that a stable quasi-category X is ezact if every arrow a — b in
X is the fiber of an arrow b — b’ as well as the cofiber of an arrow ¢’ — a. An
exact stable quasi-category is absolutely exact. For every object a € X, the map
Fib : a\X — X/a which associates to an arrow f : a — b its fiber ker(f) — a
is an equivalence of quasi-categories. The (pseudo-)inverse equivalence is the map
Cofib : X/a — a\X which associates to an arrow g : e — a its cofiber a —
coker(f). The homotopy category hoX of an exact stable quasi-category X is
triangulated.

27.9. Let SLP be the subcategory of LP, spanned by the stable locally presentable
quasi-categories. Then the inclusion functor SLP C LP, has a (pseudo) left adjoint

St : LP, — SLP

which associates to a pointed quasi-category X the stable quasi-category St(X)
generated by X. If the loop map 2 : X — X preserves directed colimits, the
quasi-category St(X) can be constructed as the (homotopy) projective limit of the
sequence of quasi-categories

X Q X Q X Q X

The canonical map X — St(X) associates to x € X the sequence (QX"x : n > 0),
where Qx = Q°°3¥°°x denotes the colimit in X of the sequence

z— Qr — 0°X%r — - -

27.10. The stable quasi-category St(Hot,) is the quasi-category of spectra,
Spec = St(Hot,).

The stable quasi-category Spec is exact.

27.11. The sphere spectrum S = QS° € Spec is defined to be the image of the
0-sphere S° € Hot, by the canonical map @ : Hot, — Spec. The stable quasi-
category Spec is freely generated by the sphere spectrum. This means that for
any stable quasi-category X and any object @ € X, there is a cocontinuous map
f : Spec — X such that f(S) = a and that f is unique up to a unique invertible
2-cell.
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27.12. If X is a stable locally presentable quasi-category, then so is X ® Y for any
locally presentable quasi-category Y. Similarly, for the quasi-categories Map(Y, X)
for any locally presentable quasi-category Y and the quasi-category Mod(T, X)
for any algebraic theory T. It follows that the category SLP of stable locally
presentable quasi-categories is closed (pseudo-)monoidal. The unit object for the
tensor product is the quasi-category of spectra Spec.

28. 00-TOPOS

28.1. Recall that a finitely complete quasi-category X is said to be locally cartesian
closed if the quasi-category X/a is cartesian closed for every object a € X. A
finitely complete quasi-category X is locally cartesian closed iff the base change
map f*: X/b — X/a has a right adjoint f. : X/a — X/b for any map f:a — b
in X. A locally presentable quasi-category X is locally cartesian closed, iff the
pullback map f*: X/b — X/a is cocontinuous for any map f:a — b in X.

28.2. We shall say that a locally presentable quasi-category X is an co-topos if the
following conditions are satisfied:

e X is locally cartesian closed;
e X is absolutely exact;
e The canonical map

X/ Ua; — H X/al
is an equivalence for any family of objects (a; : i € I) in X.

28.3. The quasi-category Hot is the primary example of an co-topos. If X is an
oo-topos, then so is the quasi-categorie X/a for any object a € X and the quasi-
category X4 for any simplicial set A. In particular, the quasi-category P(A) is an
oo-topos for any simplicial set A.

28.4. A geometric morphism g : X — Y between oco-topoi is an adjoint pair of
maps
g Y - X :g,

in which g* is a cartesian map. We call g* the inverse image part of g and g, the
direct image part of g. If f and g : X — Y are geometric morphisms, a geometric
transformation o : f — g is a pair of adjoint 2-cells o* : f* — ¢* and a, : g« — f*.
We shall denote by Top™ the 2-category of co-topoi and geometric morphisms. An
geometric map Y — X between oo-toposes is a cocontinuous cartesian map ¥ — X.
Every geometric map Y — X is the inverse image part of a geometric morphism
X — Y which is unique up to a unique invertible geometric transformation. The 2-
category Top™ is equivalent to the opposite of the 2-category of topoi and geometric
maps (beware that the duality preserves the direction of 2-cells).

28.5. If u : A — B is a map of simplicial sets, then the pair of adjoint maps
u* : P(B) — P(A) : u, is a geometric morphism P(4) — P(B). If X is an oo-
topos, then the pair of adjoint maps f* : X/b — X/a : f. is a geometric morphism
X/a — X/b for any map f:a — bin X.
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28.6. Let £ be a Grothendieck topos. Then the category [A°, &] of simplicial
sheaves on £ has a simplicial model structure introduced by the author. The co-
herent nerve of the category of fibrant objects is an oco-topos £°°. This defines a
functor
(=) : Top” — Top™,

where Top" is the category of Grothendieck toposes. The functor has a left adjoint
constructed as follows. If X is an co-topos, an object x € X is said to be discrete
if the diagonal * — x x z is monic. Let Dis(X) be the full simplicial subset of
X spanned by the discrete objects. The inclusion Dis(X) C X has a left adjoint
7o : X — Dis(X). The canonical map Dis(X) — hoDis(X) is an equivalence of
quasi-categories. We shall identify Dis(X) with hoDis(X). The category Dis(X)
is a Grothendieck topos. A geometric map X — Y induces a geometric map
Dis(X) — Dis(Y). This defines a 2-functor

Dis : Top™ — Top”,
which is right adjoint to the functor £ — £°.

28.7. If X is an oo-topos, we shall say that a reflexive sub quasi-category ¥ C X
is a sub-topos if the reflection X — Y is cartesian (i.e. preserves finite limits). We
shall say that a set X of arrows in X is a Grothendieck topology if the quasi-category
of ¥-local objects X* C X is a sub-topos.

28.8. Let f : X — Y be a geometric morphism between oco-toposes. If ¥ is
Grothendieck topology on Y, then f,(X) C Y iff f* take every quasi-isomorphism
in Then

in X is a Grothendieck topology if the quasi-category of X-local objects X* C X
is a sub-topos.

, we shall say that a reflexive sub quasi-category Y C X is a sub-topos if the
reflection X — Y is cartesian (i.e. preserves finite limits). We shall say that a set
3 of arrows in X is a Grothendieck topology if the quasi-category of X-local objects
X* C X is a sub-topos.

Let A be a simplicial set and let ¥ C P(A) be a Grothendieck topology. For
each object a € A can be obtained by specifying for each object a € A a set X, of
arrows with codomain a = y4(a) in P(A). The family ¥ = (X, : a € Ap) is said to
be closed under base change if we have f*(3;) C X, for every arrow f :a — b in
A. The author does not know of More generally, we shall say that amap f: 2z —y
in P(A) is fibrewise in ¥ if the map u * (z) — a belongs to X, for every a € Ap
and every map a — y in P(A). Let ¥’ C P(A) be the class of maps fibrewise in
Y. whose fibers belongs to ¥. The class ¥ is by construction closed under base
change. We shall say that X is closed under Let us suppose that ¥ is closed under
composition and that it has the right cancellation property. Let us suppose that %
satisfies

The set 3 = U, 3, is said to be closed under base change if we have f*(3;) C X,
for every arrow f:a — b in A.

We shall say that 3 is cl

In this case, the set ¥ = U,X, is a Grothendieck topology in P(A). Every sub-
topos of P(A) is of the form P(A)* for a Grothendieck topology ¥ of this form.
The pair (A,Y) is called a site. A prestack s € P(A) is called a stack if it is a
Y-local object. Every oco-topos is equivalent to a quasi-category of stacks on a site.
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28.9. If A is a simplicial set, a Grothendieck topology on P(A) can be obtained
by specifying for each object a € A a set X, of arrows with codomain a = y4(a) in
P(A). The family (3, : a € Ag) is said to be closed under base change if we have
f*(3p) C %, for every arrow f :a — b in A. In this case, the set ¥ = U2, is a
Grothendieck topology in P(A). Every sub-topos of P(A) is of the form P(A)* for
a Grothendieck topology X of this form. The pair (A, X) is called a site. A prestack
s € P(A) is called a stack if it is a 3-local object. Every co-topos is equivalent to
a quasi-category of stacks on a site.

28.10. If A is a simplicial set, then every set of arrows ¥ C P(A) generates a
Grothendieck topology ¥/ = U,3/, where ¥/ is a set of arrows with codomain a

representable a € Ay. By construction, an arrow u : ¢ — a belongs to X/, iff there
exists a pull back square
c
|
a

with g € . If X is an oco-topos, a geometric map P(A) — X inverts every arrow
in ¥ iff it inverts every arrow in X'

_—

<0
<

S

)

28.11. If A is a simplicial set, then the quasi-category P(A) is equivalent to the
coherent nerve of the simplicial category R(A) of fibrant objects of the model cate-
gory (S/A,W,) by ??. If ¥ is a set of arrows in S/A, let us denote by (S/A, W,.(X))
the model structure obtained by localising the model structure (S/A, W) with re-
spect to 3. We shall say that X is a quasi-topology if every homotopy pullback
square in the model category (S/A, W,.) is also a homotopy pullback square in the
model category (S/A, W,.(X)). For each vertex a € A, let us choose a factorisation
of the map a : 1 — A as a right cofibration 1 — Ra followed by a right fibration
Ra — A. Suppose that we have a set X, of right fibrations with codomain Ra for
each a € Ag. We shall say that the family (X, : a € Ay) is closed under base change
if we have f*(3;) C X, for every map f: Ra — Rb in S/A.

28.12. Let X and Y be co-toposes. We call a geometric morphism f: X — Y an
embedding if direct image part f, is fully faithful. In this case the essential image
of f. is a sub-topos Z C Y and the induced map X — Z is an equivalence of
quasi-categories.

28.13. Let X and Y be co-toposes. We call a geometric morphism f : X — Y
a surjection if the map f* : Y — X is conservative. Every geometric morphism
can be factored as a surjection followed by an embedding and this factorisation is
unique up to equivalence.

28.14. Recall that if X is a bicomplete quasi-category and A is a simplicial set,
then every map f : A — X has a cocontinuous extension f : P(4) — X. A
locally presentable quasi-category X is an oo-topos iff for any small cartesian quasi-
category T, the cocontinuous extension f : P(T) — X of any cartesian map f :
T — X is cartesian.
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28.15. Every simplicial set A generates freely a cartesian quasi-category A — C(A)
by ??. Similarly, every simplicial set A generates freely an co-topos i : A — Top(A).
This means that If X is an oco-topos, then every map f : A — X has a geometric
extension f’: T(A) — X along ¢ and that this extension is unique up to a unique
invertible 2-cell. By construction, Top(A) = P(C(A)). The map i : A — Top(A)
is obtained by composing the canonical map A — C(A) with the Yoneda map
C(A) — P(C(A)).

28.16. A geometric sktech is a pair (A, X)), where X is a set of arrows in Top(A4). A
geometric model of (A, X)) with values in an co-topos X is a map f : A — X whose
geometric extension f': T(A) — X takes every arrow in X to a quasi-isomorphism
in X. We shall denote by Mod(A/Y, X) the full simplicial subset of X“ which is
spanned by the models A — X.

28.17. Every geometric sktech has a universal geometric modelu : A — Top(A/Y).
The universality means that for every co-topos X and every model f : A — X there
is a geometric map f’ : Top(A/¥) — X such that f'u = f and moreover that f’
is unique up to a unique invertible 2-cell. We shall say that Top(A/X) is the
classyfying topos of (A,%). The oo-topos Top(A/Y) is a sub-topos of the topos
Top(A). We have Top(A/¥) = Top(A)*¥', where ¥ C Top(A) is the Grothendieck
topology generated by X..

29. HIGHER QUASI-CATEGORIES

29.1. Let X be a quasi-category with pullbacks. We say that a category C €
Cat(X) satisfies the Rezk condition, or that it is reduced, if the groupoid J(C) is
essentially constant, that is, if the canonical functor Sk°(Cy) — J(C) is quasi-
invertible. We shall denote by RCat(X) the quasi-category of reduced categories
in X.

An ordinary category C' € Cat(Set) is reduced iff its groupoid of isomorphism
is discrete, that is, if every isomorphism of C' is an identity.

29.2. Let X be an absolutely exact quasi-category. Then the inclusion RCat(X) C
Cat(X) has a left adjoint

R:Cat(X) — RCat(X)
which associates to a category C' € Cat(X) its reduction RC. By construction,
(RC),, = BJ(CM) for every n > 0, where CI"! is the internal category of functor
[n] — C. The canonical map C' — RC is a weak equivalence of categories (it is

fully faithful and essentially surjective). It is thus a Morita equivalence, since the
quasi-category X is absolutely exact.

29.3. The bozx product ACIB of two simplicial sets A and B is the bisimplicial set
obtained by putting

(ADB)mn = Am X By
for every m,n > 0. The functor (A, B) — AOB is divisible on both sides. In
particular, the functor AC(—) : S — S admits a right adjoint A\(—): S® — 8
for every simplicial set A. Let J be the groupoid generated by one isomorphism
0 — 1. A Segal space X is said to be complete by Rezk if the map

INX — J\X
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obtained from the map J — 1 is a weak homotopy equivalence. The Segal space
model structure on S® admits a localisation in which the fibrant objects are the
complete Segal spaces [Rez]. The localised model structure is called the model
structure for complete Segal spaces. The category of complete Segal spaces is en-
riched over Kan complexes. Its coherent nerve is equivalent to the quasi-category
RCat(Hot).

29.4. Let i1 : A — A x A be the functor defined by putting i1 ([n]) = ([n], [0]) for
every n > 0. If X is a bisimplicial set, then ¢} (X) is the first row of X. The functor
i1 is right adjoint to the first projection p; : A x A — A. The pair of adjoint
functors
pi:S —S@ .k,

is a Quillen equivalence between the model category for quasi-categories and the
model category for complete Segal spaces [JT2]. The equivalence is not simplicial,
since the model category for quasi-categories is not simplicial. The category QCat
is enriched over Kan complexes if we put Hom”(X,Y) = J(Y¥) for X,Y € QCat.
Let a,b and ¢ : A — S® be the functors defined by putting a([n]) = A[n]'01,
b([n]) = A[n]'OA[n] and ¢([n]) = 10A[n] for every n > 0. If X and Y are complete
Segal spaces, let us put

Homq(X,Y) =d' (YY), Homy(X,Y) =b"(YX) and Hom.(X,Y) = (YY),

where Y¥ is the exponentiation of ¥ by X in the topos S(?). This defines three
simplicial enrichements of the category CSS of complete Segal spaces. The projec-
tions

Hom,(X,Y)<— Homy(X,Y) ——= Hom.(X,Y)

obtained from the inclusions a([n]) C b([n]) 2 ¢([n]) are homotopy equivalences.
Hence the three enrichements are equivalent in the Dwyer-Kan-Bergner model
structure of SCat (we are neglecting the fact that the simplicial category CSS
is big). The functor i* : CSS — QCat induces a Dwyer-Kan equivalence

(CSS, Hom,) — (QCat, Hom”).

It follows from these considerations that the coherent nerve of CSS is naturally
equivalent to the quasi-category Hoty. By combining these results, we obtain an
equivalence of quasi-categories

RCat(Hot) ~ Hot;.

29.5. Let X be an absolutly exact quasi-category. We say that a double category
C: A% x A° — X is reduced if it is a reduced category in each variable. There is a
notion of reduced n-fold category for every n > 0. We shall denote by RCat™(X)
the quasi-category of reduced n-fold categories in X. We have RCat"t(X) =
RCat(RCat™(X)). The inclusion RCat™(X) C Cat™(X) has a left adjoint

R: Cat™(X) — RCat"(X).

. We shall say that a n-category C' € Cat, (X) is reduced if it is reduced as a n-fold
category. We shall denote by RCat,(X) the quasi-category of reduced n-categories
in X. The inclusion RCat,(X) C Cat,(X) has a left adjoint

R: Cat,(X) — RCat,(X).
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29.6. We say that a n-fold Segal space C' : A" — S is reduced if it is reduced
in each variable. We shall denote by RSS" the category of reduced n-fold Segal
spaces. The model structure for n-fold Segal spaces admits a localisation in which
the fibrant objects are the reduced n-fold Segal spaces. The coherent nerve of the
simplicial category RSS™ is equivalent to the quasi-category RCat"(Hot). We say
that a Segal n-space C' : A™ — S is reduced if it is reduced as a n-fold Segal space.
We shall denote by RSS,, the category of reduced Segal n-spaces. The model
category of Segal n-spaces admits a localisation in which the fibrant objects are the
reduced Segal n-spaces. The localised model structure is called the model structure
for reduced Segal n-spaces. The category RSS,, is enriched over Kan complexes.
Its coherent nerve is equivalent to the quasi-category RCat,,(Hot).

29.7. For each n > 0, let us put
Hot,, = RCat,(Hot).

We shall say that an object of Hot,, is a quasi-n-category. The quasi-category Hot,,
is cartesian closed. If n < m, the inclusion Hot,, C Hot,, is full and preserves
exponentiation. It has a left adjoint A, and a right adjoint p,.

29.8. The sequence of inclusion
Hot = Hoty C Hoty C Hot, C - --

has a colimit Hot,, in LP. We shall say that an object of Hot,, is a quasi-w-category.
The quasi-category Hot,, can be constructed as the (homotopy) projective limit of
the sequence of quasi-categories

HOtO <L HOtl P~ HOtQ P2 HOtg

In other words, a quasi-w-category is a sequence xz = (z,,) of objects x,, € Hot,
connected by a sequence of maps

XTog — 1 — Ty —> -+

such that p,(z,+1) = @, for every n > 0. Each inclusion Hot, C Hot,, has a
left adjoint A\, and a right adjoint p,. The left adjoint A, associates to an object
x = (x,) € Hot,, the colimit in Hot,, of the sequence

LTy — )\nmn-&-l - )\nxn-&-Q .
Notice the contravariant sequence
Ao(x) — Ai(z) «— Aa(x) .

The quasi-category Hot,, is cartesian closed. If an object z = (z,) € Hot,, and
y = (yn) € Hot,,, then y* is represented by the sequence

)\oiﬂ >\1$

Yool =yt = T =

Each inclusion Hot,, C Hot,, preserves exponentiation.
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30. THETA-CATEGORIES

30.1. We begin by recalling the duality between the category A and the category
of intervals. An interval I is a linearly ordered set with a first and last elements
respectively denoted 0 and 1, or 1 and T. If 0 ## 1 the interval is said to be strict.
A morphism between two intervals is an order preserving map f : I — J such that
f(0) =0and f(1) = 1. We shall denote by D; the category of finite strict intervals
(it is the category of finite 1-disk). The category D; is dual to the category A. The
duality functor (—)* : A° — Dy associates to [n] the set [n]* = A([n],[1]) = [n + 1]
equipped with the pointwise ordering. The inverse functor DY — A associates to
an interval I € D; the set I* = Dy(I,[1]) equipped with the pointwise ordering.
A simplicial set is usually defined to be a contravarint functors A° — Set. The
duality implies that it can be defined as a covariant functor D; — Set. We can
extends the notion of simplicial set by extending the notion of interval with the
notion of n-disk.

30.2. The euclidian ball B" = {z € R™ :|| z ||< 1} is the main geometric example
of an n-disk. Observe that the fiber p~!(z) of the projection p = p; : B® — [~1,1]
is an (n — 1)-disks except when x = 41 in which case p~1(x) is a point. There
is a complementary view with the projection ¢ : B® — B"~. The fiber ¢~ !(z)
is a 1-disk except when x € 9B"~! in which case ¢~!(z) is a point; there are
two canonical sections ig,i; : B"~! — B" obtained by selecting the bottom and
the top elements in each fiber; the image of ig is the bottom hemisphere and the
image of 4; the top hemisphere; observe that ig(x) = i1(x) iff z € OB"~!. The
map ¢ : B® — B"~! is an example of bundle of intervals. In general, a bundle of
intervals over a set B is an interval object in the category Set/B. More explicitly,
it is a map p : X — B whose fibers have an interval structure. The map p has
two canonical sections ig,7; : B — F obtained by selecting the bottom and the top
elements in each fiber. We shall say that the equaliser of ig and i; is the singular
set of the bundle. If we order the coordinates in R™ we obtain a sequence of bundles
of intervals:
l1«~B'«B*«—...B" ! — B

Observe that B* ! = io(B*) Ui, (BF).

30.3. A n-disk D is defined to be a sequence of length n of bundles of intervals
1=Dg« Dy« Dy« ---Dy,_1 D,

in which the singular set of the projection p : Diy1 — Dy is equal to ig(Dg—1) U
11(Dg—1) for every 0 < k < n. If £ = 0 this condition means that D, is a strict
interval.

30.4. It follows from the definition that igig = 179 and igi; = i171. We define the
boundary Dy, to be ig(Dg—1) Ui1(Dr—1) and the interior int(Dy) to be Dg\ODj,.
By convention Dy = 0. A planar tree T of height < n is defined to be a sequence
of maps
1=Ty T Ty~ - T,
with linearly ordered fibers. The interior of a n-disk D is a planar tree of height
<mn,
1 = int(D;) « int(D3) « - - -int(Dy—1) < int(Dy,).
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Every planar tree T of height < n is the interior of a unique n-disk 7. The size
| D | of a disk D is defined to be the number of edges of the tree int(D). We have

| D |= > Card(int(Dy)).
k=1

30.5. A morphism D — D’ between n-disks is defined to be a sequence of maps
fn 1 Sp — T, commuting with the projections

1 Dl D2 anl %Dn
fll le fn1l fnl
< D~ Dy D~ D

and inducing a map of intervals between the fibers. We shall denote by D,, the
category of finite n-disks. Let B™ be the euclidian n-disk,

1<—B1 <—BQ<—"'BH_1 — B™.
If D € D, then the set hom(D, B™) is an euclidian ball of dimension | D |.

30.6. The following neat description of hom(D, B") is due to Clemens Berger. The
order relation on fibers of the planar tree T = int(D) can be transported to the
edges. The topological space hom(D, B™) is homeomorphic to the space of maps
f :edges(T) — [—1,1] satisfying the following conditions

e > .cc f(e)? <1 for every maximal chain C' connecting a leaf to the root;

o f(e) < f(€') for two edges e < e’ with the same target.
We associate to f a map of n-disks f’ : D — B™ by putting f'(z) = (f(e1), -+, f(ex))
for every x € Ty, where (e1,--- ,ex) is the sequence of edges in chain connecting
the root to the vertex z.

30.7. The category O, is by definition the opposite of D,,. We shall write D = C*
and C' = *D for an object C € ©,, and the opposite disk D € D,,. We say that an
object C € O,, is a ©,-cell. The dimension of C is defined to be | C* |. A O,-set
is defined to be a functor
X :0) — Set,

or equivalently a functor X : D,, — Set. We shall denote by ©,, the category of
O,,-sets of order n. We shall use the Yoneda functor ©,, — ©,, to identify ©,, with
a full subcategory of ©,,. Consider the functor R : ©,, — Top defined by putting
R(C) = Hom(C*,B"™), where Top denotes the category of compactly generated
spaces. Its left Kan extension R : ©,, — Top preserves finite limits. We call R(X)
the geometric realisation of a ©,,-set X.

30.8. For each 0 < k < n, let us denote by e; the n-disk whose interior is the tree
with a single chain of k edges. The geometric realisation of the cell b* = *e;, is the
euclidian n-ball. There is a unique map of disks ex_; — e, hence also a unique
map of cells b¥ — b*~1. The sequence

1=00 —pl — b2 —...0"

has the structure of a n-disk b in the topos ©,,. It is the generic n-disk in the sense
of classifying topos.
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30.9. The composite D o E of a n-disk D with a m-disk E is the m + n disk
1=Dyg«+ Dy« -« D, (D,,0D,) x Ey « -+« (D,,0D,,) x E,,,
where (D,,,0D,,) x E}, is defined by the pushout square
0D, x Ey, D, x E}

| |

Ek E— (Dn, 8Dn) X Ek.

This composition operation is associative.

30.10. The category S(™ = [(A™)°, Set], contains n intervals
I, =1010--- 10701 - - - 101,

one for each 0 < k < n. It thus contain a n-disk 1™ : I[; oIy 0---0I,,. Hence there
is a geometric morphism
(P, ps) : st — é7

such that p*(b) = I™). We shall say that a map of ©,-sets f : X — Y is a weak
categorical equivalence if the map p*(f) : p*(X) — p*(Y) is a weak equivalence in
the model structure for reduced Segal n-spaces. The category ©,, admits a model
structure in which the weak equivalences are the weak categorical equivalences and
the cofibrations are the monomorphisms. We shall say that a fibrant object is
a ©,-category. The model structure is cartesian closed and left proper. We call
it the model structure for ©,-categories. We denote by ©,Cat the category of
O,,-categories. The pair of adjoint functors

p* 0, — 8 p,

is a Quillen equivalence between the model structure for ©,-categories and the
model structure for reduced Segal n-spaces.

31. APPENDIX

31.1. We fix some notations about simplicial sets. We shall denote by A the
category of finite non-empty ordinals and order preserving maps. It is standard to
denote the ordinal n+1 = {0,...,n} by [n]. A map u: [m] — [n] can be specified
by listing its values (u(0),...,u(m)). We shall denote by d; : [n — 1] — [n] the
injection which omits ¢ € [n] and by s; : [n] — [n — 1] the surjection which repeats
ien—1].

31.2. We shall denote by S the category [A°, Set] of simplicial sets. If X is a
simplicial set, it is standard to denote X ([n]) by X,. We often denote the map
X(d;) : Xp, = Xp—1 by 0; and the map X(s;) : X;,—1 — X, by 0;. An element of
X, is called a n-simpler; a 0-simplex is called a vertex and a 1-simplex an arrow.
For each n > 0, the simplicial set A(—,[n]) is called the combinatorial simplex of
dimension n and denoted by Aln]. The simplex A[l] is called the combinatorial
interval and we shall denote it by I. The simplex A[0] is the terminal object of the
category S and we shall denote it by 1. By the Yoneda lemma, for every X € S the
evaluation map x — (1)) defines a bijection between the maps A[n] — X and the
elements of X, for each n > 0; we shall identify these two sets by adopting the same
notation for a map x : A[n] — X and the simplex x(1p,)) € Xp,. If u : [m] — [n] we
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shall denote the simplex X (u)(x) € X,,, as a composite zu : Ajm] — X. If n > 0
and = € X, the simplex 9;(z) = xd; : Aln — 1] — X is called the i-th face of z. If
f € X1 we shall say that the vertex a = 01(f) = fd; is the source of the arrow f
and that b = dy(f) = fdp is its target. We shall write f : a — b to indicate that
a = 01(f) and that b = 9p(f). If a € X, we shall denote the (degenerate) arrow
asp as a unit 1, :a — a.

31.3. Let 7 : A — A be the automorphism of the category A which reverses
the order of each ordinal. If u : [m] — [n] is a map in A, then 7(u) is the map
u® : [m] — [n] given by u°(i) = n — f(m —i). The opposite X° is a simplicial
set X is obtained by composing the (contravariant) functor X : A — Set with
the functor 7. We shall distinguish between the simplicies of X and X° by writing
x° € X° for each x € X, with the convention that z°° = x. If f : @ — b is an arrow
in X, then f°:b° — a° is an arrow in X°.

31.4. If X is a simplicial set, we say that a subfunctor A C X is a simplicial subset
of X. If n > 0 and ¢ € [n] the image of the map d; : A[n — 1] — A[n] is denoted
0;A[n] C An]. The simplicial sphere OA[n] C A[n] is the union the faces 9; A[n] for
i € [n]; by convention OA[0] = 0. If n > 0, we shall say that a map = : 9A[n] — X
is a simplicial sphere in X; such a map is determined by the sequence of its faces
(2o, ... 2n) = (xdy,...,xd,). A simplicial sphere OA[2] — X is called a triangle.
Every n-simplex y : A[n] — X has a boundary 9y = (Ooy, - .., Ony) = (ydo, . .., ydy)
obtained by restricting y to 9A[n]. If Oy = = we shall say that the simplex y fills the
simplicial sphere . We shall say that a simplicial sphere x : 9A[n] — X commutes
if it can be filled.

31.5. If n > 0 and k € [n], the horn A¥[n] C A[n] is defined to be the union of
the faces 9;A[n] with i # k. A map z : A¥[n] — X is called a horn in X; it is
determined by a lacunary sequence of faces (zq, ..., Zg—1,%, Trt1,...,Tpn). A filler
for x is a simplex A[n] — X which extends z.

31.6. A pair (A, B) of classes of maps in a category & is called a factorisation
system if the following two conditions are satisfied:

e the classes A and B are closed under composition and contain the isomor-
phisms;
e every map f : A — B admits a factorisation f = pu: A — E — B with
u € Aand p € B, and this factorisation is unique up to unique isomorphism.
In this definition, the uniqueness of the factorisation of a map f : A — B means
that for any other factorisation f = qv: A — F — B with v € A and ¢ € B, there
exists a unique isomorphism 7 : £ — F' such that 1u = v and ¢i = p.

31.7. The left class A of a factorisation system has the right cancellation property
and the right class has the left cancellation property. Let us define these notions.
We say that a class of maps M in a category £ has the right cancellation property
if the implication

vueMandueM = veM
is true for any pair of maps u: A — B and v : B — C. Dually, we say that M has
the left cancellation property if the implication

meMandveM = ue M
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is true.

31.8. Recall that an arrow v : A — B in a category £ is said to have the left lifting
property with respect to another arrow f : X — Y or that f has the right lifting
property with respect to u, if every commutative square

A—"=X

7
ui 7 if
/

BT>Y

has a diagonal filler d : B — X (that is, du = x and fd = y). We shall denote this
relation by u M f. If the diagonal filler is unique we shall write u_L f and say that u
is left orthogonal to f, ot that f is right orthogonal to u. If A and B are two classes
of maps in &€, we shall write A M B to indicate that we have u th f for every u € A
and f € B. For any class of maps M C &, we shall denote by "M (resp. M™)
the class of maps having the left lifting property (resp. right lifting property) with
respect to every map in M. Each class "M and M™ contains the isomorphisms
and is closed under composition.

31.9. A pair (A, B) of classes of maps in a category & is called a weak factorisation
system if the following two conditions are satisfied:

e cvery map f € £ admits a factorisation f = pu with u € A and p € B;
e A="Band A" = B.
We say that A is the left class and that B is the right class of the weak factorisation
system. The intersection A N B is the class of isomorphisms.
Every factorisation system is a weak factorisation system.

31.10. We shall say that a map in a topos is a trivial fibration if it has the right
lifting property with respect to every monomorphism. This terminology is non-
standard but useful. The trivial fibrations often coincide with the acyclic fibra-
tions (which can be defined in any model category). A map of simplicial sets is
a trivial fibration iff it has the right lifting property with respect to the inclusion
dn : OA[n] C Aln] for every n > 0. If A be the class monomorphisms in a topos
and B is the class of trivial fibrations, then the pair (A, B) is a weak factorisation
system. An object X in a topos is said to be injective if the map X — 1 is a trivial
fibration.

31.11. Let &£ be a cocomplete category. If « = {i : i < a} is a non-zero ordinal,
we shall say that a functor C' : « — &£ is an «a-chain if the canonical map

liLnC'(i) — C(5)

i<j
is an isomorphism for every non-zero limit ordinal j < a. The composite of C' is
the canonical map

C(0) — lim C(4).

i<a

We shall say that a subcategory A C & is closed under transfinite composition if
the composite of any a-chain C': a — & with values in A4 belongs to A.
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31.12. Let £ be a cocomplete category. We shall say that a class of maps A C £
is saturated if it satisfies the following conditions:

e A contains the isomorphisms and is closed under composition ;
e A is closed under transfinite composition;
e A is closed under cobase change and retract;

Every class of maps ¥ C &£ is contained in a smallest saturated class called the
saturated class generated by 3.

31.13. The following theorem is a special case of a classical result. If 3 is a set of
maps in a locally presentable category, then the pair (¥, ™) is a weak factorisation
system, where Y denotes the saturated class generated by .

31.14. We shall say that a class W of maps in a category £ has the “three for two”
property if the following condition is satisfied:

e If two of three maps u: A — B, v: B — C and vu : A — C belongs to W,
then so does the third.

31.15. Let & be a finitely bicomplete category. We shall say that a triple (C, W, F)
of classes of maps in &£ is a model structure if the following conditions are satisfied:

e W has the “three for two” property;
e the pairs (CNW, F) and (C,F N W) are weak factorisation systems.

31.16. A model category is a category € equipped with a model structure (C, W, F).
The class W of a model structure contains the isomorphisms and it is closed under
retracts, see [JT1] for a proof. We shall say that a model structure is trivial if W
is the class of isomorphisms. A map in W is said to be acyclic or to be a weak
equivalence. A map in C is called a cofibration and a map in F a fibration. A map
in CNW is called an acyclic cofibration and a map in F N W an acyclic fibration.
An object X € & is fibrant if the map X — T is a fibration, where T is the terminal
object of £. Dually, an object A € £ is cofibrant if the map | — A is a cofibration,
where L is the initial object of £.

31.17. A model structure is said to be left proper if the cobase change of a weak
equivalence along a cofibration is a weak equivalence. Dually, a model structure is
said to be right proper if the base change of a weak equivalence along a fibration is
a weak equivalence. A model structure is proper if it is both left and right proper.

31.18. If £ is a model category, then so is the slice category £/B for each object
B € £. By definition, a map in £/B is a weak equivalence (resp. a cofibration
, resp. a fibration) iff the underlying map in £ is a weak equivalence (resp. a
cofibration , resp. a fibration). Dually, each category B\ is a model category.

31.19. The homotopy category of a model category £ is defined to be the category
of fractions Ho(€) = W~LE. We shall denote by [u] the image of a map u € € by
the canonical functor € — Ho(£). A map u: A — B is a weak equivalence iff [u]
invertible in Ho(&) by [Q].
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31.20. We shall denote by &; (resp. &) the full sub-category of fibrant (resp.
cofibrant) objects of a model category £. We shall put &5, = &y NE.. A fibrant
replacement of an object X € £ is a weak equivalence X — RX with codomain a
fibrant object. Dually, a cofibrant replacement of X is a weak equivalence LX — X
with domain a cofibrant object. Let us put Ho(Ey) = Wf_lé’f where Wy = WNEy
and similarly for Ho(&;) and Ho(Ey.). Then the diagram of inclusions

Efc E— Ef

|

E.—=€&
induces a diagram of equivalences of categories

Ho(Efc) — Ho(Ey)

L

Ho(E.) —— Ho(¢).

31.21. Recall from [Ho] that a cocontinuous functor F : U — V between two model
categories is said to be a left Quillen functor if it takes a cofibration to a cofibration
and an acyclic cofibration to an acyclic cofibration. A left Quillen functor takes
a weak equivalence between cofibrant objects to a weak equivalence. Dually, a
continuous functor G : V — U between two model categories is said to be a right
Quillen functor if it takes a fibration to a fibration and an acyclic fibration to an
acyclic fibration. A right Quillen functor takes a weak equivalence between fibrant
objects to a weak equivalence.

31.22. A left Quillen functor F : i/ — V induces a functor F,. : U, — V. hence also
a functor Ho(F.) : Ho(U.) — Ho(V.). Its left derived functor is a functor

FE . HoU) — Ho(V)
for which the following diagram of functors commutes up to isomorphism,

Ho@,) T How,)

L

Ho(U) —— Ho(V),

The functor F¥ is unique up to a canonical isomorphism. It can be computed as
follows. For each object A € U, we can choose a cofibrant replacement A4 : LA —
A, with A4 an acyclic fibration. We can then choose for each arrow u : A — B an
arrow L(u) : LA — LB such that ug = ApL(u),

LA 4

L(u)l lu
AB

LB —— B.

Then
FE([u]) = [F(L(u))] : FLA — FLB.
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31.23. Dually, a right Quillen functor G : V — U induces a functor G : Vy — Uy
hence also a functor Ho(Gy) : Ho(Vy) — Ho(Uy). Its right derived functor is a
functor

G Ho(V) — Ho(U)
for which the following diagram of functors commutes up to a canonical isomor-
phism,

Ho(vy) ™ Ho(uy)

L

Ho(V) —%"~ Ho(u).

The functor G is unique up to a canonical isomorphism. It can be computed as
follows. For each object X € V let us choose a fibrant replacement px : X — RX,
with px an acyclic cofibration. We can then choose for each arrow v : X — Y an
arrow R(u) : RX — RY such that R(u)px = pyu,

X 25 px

ui lR(u)
PY

Y — RY.

Then
G®([u]) = [G(R(u))] : GRX — GRY.

31.24. Let F : U < V : G be an adjoint pair of functors between two model
categories. Then the following two conditions are equivalent:

e Fis a left Quillen functor;
e (G is a right Quillen functor.

When these conditions are satisfied, the pair (F, G) is said to be a Quillen pair. In
this case, we obtain an adjoint pair of functors

FL: HoU) « Ho(V) : GE.

If A € U is cofibrant, the adjunction unit A — G®FL(A) is obtained by composing
the maps A - GFA — GRF A, where FA — RF A is a fibrant replacement of F A.
If X € Vis fibrant, the adjunction counit FXGT(X) — X is obtained by composing
the maps FLGX — FGX — X, where LGX — GX is a cofibrant replacement of
GX.

31.25. A Quillen pair (F, @) is said to be a Quillen equivalence if the adjoint pair
(FL,G%) is an equivalence of categories.

31.26. We shall say that a Quillen pair F' : Y < V : G is a homotopy localisation
U — V if the right derived functor G* is full and faithful. Dually, we shall say that
(F,G) is a homotopy colocalisation V — U if the left derived functor F is full and
faithful.

31.27. Let F : U < V : G be a homotopy localisation beween two model categories.
We shall say that an object X € U is local (with respect to the the pair (F,G)) if it
belongs to the essential image of the right derived functor G¥ : Ho(V) — Ho(U).
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31.28. Let M; = (C;, W;, F;) (i = 1,2) be two model structures on a category &.
If C; = C3 and Wy C Ws, we shall say that the model structure My is a Bousfield
localisation of the model structure M;.

31.29. Let ®: & x & — &3 be a functor of two variables with values in a finitely
cocomplete category £s. If u: A — Bismap in & and v: S — T is a map in &,
we shall denote by v ® v the map

AOT Upes BOS — BOT
obtained from the commutative square

AS——=BOS

L

AT ——B0oT.
This defines a functor of two variables

o &l x &l - &l
where £7 denotes the category of arrows of a category &.

31.30. [Ho] We shall say that a functor of two variables ® : & x & — &3 between
three model categories is a left Quillen functorif it is concontinuous in each variable
and the following conditions are satisfied:

e u (' v is a cofibration if u € £ and v € & are cofibrations;

e u (' v is an acyclic cofibration if u € £ and v € &5 are cofibrations and one

of the maps u or v is acyclic.

Dually, we shall say that the functor of two variables ® is a right Quillen functor
if the opposite functor ®° : &7 x €5 — &5 is a left Quillen functor.

31.31. [Ho] A model structure (C, W, F) on monoidal closed category £ = (€, ®)
is said to be monoidal if the tensor product ® : £ x & — £ is a left Quillen functor
of two variables and if the unit object of the tensor product is cofibrant.

31.32. A model structure (C, W, F) on a category & is said to be cartesian if the
cartesian product x : £ x & — £ is a left Quillen functor of two variables and if the
terminal object 1 is cofibrant.

31.33. We say that a functor of two variables ® : & x & — &3 is divisible on the
left if the functor A®(—) : &2 — &5 admits a right adjoint A\(—) : &3 — & for every
object A € & . In this case we obtain a functor of two variables (4, X) — A\X,

510 X(S‘g%gg,

called the left division functor. Dually, we say that © is divisible on the right if the
functor (=) ® B : &1 — &3 admits a right adjoint (—)/B : £3 — &; for every object
B € &;. In this case we obtain a functor of two variables (X, B) — X/B,

53 X520—>51,

called the right division functor.



82 ANDRE JOYAL

31.34. If a functor of two variables ® : & x & — &3 is divisible on both sides,
then so are the left division functor £ x £ — &, and the right division functor
&3 x £ — &;. This is called a tensor-hom-cotensor situation in ??. There is then
a bijection between the following three kinds of maps

AG®B - X, B — A\X, A— X/B.
Hence the contravariant functors A — A\X and B — B\X are mutually right

adjoint.

31.35. Suppose the category & is finitely complete and that the functor ©® : & x
&y — &3 is divisible on the left. If u: A — Bismap in & and f: X — Y is a map
in &3, we denote by (u\ f) the map

B\X — B\Y XA\Y A\X
obtained from the commutative square

B\X —= A\X

L

B\Y ——= A\Y.

The functor f +— (u\f) is right adjoint to the functor v — u ®" v for every map
u € &;. Dually, suppose that the category & is finitely complete and that the
functor ® is divisible on the right. If v : S — T'ismapin & and f: X — Y isa
map in &3, we denote by (f/v) the map

X/T — Y/T XY/S X/S
obtained from the commutative square

X/T——X/S

L

Y/T ——Y/S.

the functor f +— (f/v) is right adjoint to the functor u — w @' v for every map
v € Es.

31.36. Let ®: & x & — &3 be a functor of two variables divisible on both sides,
where &; is a finitely bicomplete category for i = 1,2,3. If u € &, v € & and
f € &s, then

(' v)hf <= uh{f/v) < ovh{\f).

31.37. Let ® : & X & — &3 be a functor of two variables divisible on each side
between three model categories. Then the functor ® is a left Quillen functor iff the
corresponding left division functor £ x £ — &s is a right Quillen functor iff the
the corresponding right division functor £ x £ — &5 is a right Quillen functor.
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31.38. Let &€ be a symmetric monoidal closed category. Then the objects X/A
and A\X are canonicaly isomorphic; we can identify them by adopting a common
notation, for example [A, X]. Similarly, the maps (f/u) and {(u\f) are canonicaly
isomorphic; we shall identify them by adopting a common notation, for example
(u, f). A model structure on £ is monoidal iff the following two conditions are
satisfied:

e if w is a cofibration and f is a fibration, then (u, f) is a fibration which is

acyclic if in addition u or f is acyclic;
e the unit object is cofibrant.

31.39. This is it.
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