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Bar and joint frameworks
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Rigid In Non-rigid In
the plane the space



Bar and joint frameworks

—————— = 1
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Rigid Non-rigid (mechanism)

How can we describe the difference?



What Is the effect of a rod?
| —

(z: — 5“"3')2 + (y:'.‘“ y;)° + (2 — z;)? = constant

| (I'f'(t) - ‘”J'(t))'lz + (ui(t) - 93'('5))2 + (2:(t) — 2;{t))? =C_£J'."

e T




What Is the effect of a rod?

|

\/(a:,; — 5“"3')2 + (y{—— y;)? + (Zi. — z7)% = constant

| (Ii'(t) - ‘EJ'(t))'Iz + (y’i (t) - !_’J'(t))z + (2:(t) — 2;{t))? =C_£J'."

e T

(5:(6) — ) (3 6) — 25(8) + (w(8) ~ () G 2) ~ 65(0)+
(alt) - 2 ) ) - 55(0) =0, .




::r . (z:(t) — z;(£))2i(t) + (z;(8) — 2:(2)) 25 () —|—- .

ot (0 - 2 )E) + (1) - )5 =0.



::r . (z:(t) — z;(£))2i(t) + (z;(8) — 2:(2)) 25 () —|—- .

ot (0 - 2 )E) + (1) - )5 =0.



0
0
0

The matrix A In case of K,

In the 2-dimensional space

.__532_'331 | 0 ' 0 ' y]_.——yg Yo — 1 0 0
0 3 — I1 0 yi—-y3 0 ys—y1 O

Zy—xz3 z3—22 0 0  y2—wy3 ya—y2 O
T2—x4 0 mg—xzp 0 ya—ys 0  ys—yo
0 z3-zg oxp—z3 0 0 yz3—vYs Ya—y3




Au=0

has a mathematically trivial
solution u=0



Au=0

has a mathematically trivial
solution u=0 and a lot of further
solutions which are trivial from
the point of view of statics.



A framework with n joints In the
d-dimensional space Is defined
to be (infinitesimally) rigid If

'(A) = nd — d(d+1)/2

In particular: r(A)=n-11fd =1,
r(A) = 2n — 3 for the plane and
r(A) = 3n — 6 for the 3-space.



Rigid Non-rigid (has an
Infinitesimal motion)

(although the graphs of the two
frameworks are isomorphic)
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» For certain graphs (like C,)
every realization leads to
nonrigid frameworks.

 For others, some of their
realizations lead to rigid
frameworks.

These latter type of graphs are
called generic rigid.



» Deciding the rigidity of a frame-
work (that Is, of an actual real-
ization of a graph) Is a problem
In linear algebra.

» Deciding whether a graph is
generic rigid I1s a combinatorial
problem.



» Deciding the rigidity of a frame-
work (that Is, of an actual real-
ization of a graph) Is determining
r(A) over the field of the reals.

» Deciding whether a graph is
generic rigid is determining r(A)
over a commutative ring.



» Special case: minimal generic
rigid graphs (when the deletion of
any edge destroys rigidity).

* [N this case the number of rods
must be r(A) = nd — d(d+1)/2



» Special case: minimal generic
rigid graphs (when the deletion of
any edge destroys rigidity).

* [N this case the number of rods
must be r(A) = nd — d(d+1)/2

* Why minimal?
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Szabadsag Bridge, Budapest



Does e = 2n-3 imply that a planar
framework Is minimally rigid?

v







Certainly not:

X

If a part of the framework is ,overbraced”,
there will be a nonrigid part somewhere
else...




Maxwell (1864):

If a graph G Is minimal generic
rigid in the plane then,
In addition to e = 2n — 3,

the relation e’ < 2n’ — 3 must
hold for every (induced) sub-
graph G’ of G.



Laman (1970):

A graph G is minimal generic
rigid in the plane if and only If
e = 2n-3 and the relation

e’ < 2n’ - 3 holds for every
(induced) subgraph G’ of G.



However, the 3-D analogue of
Laman’s theorem is not true:

The double banana graph
(Asimow — Roth, 1978)



Laman (1970):

A graph G is minimal generic
rigid in the plane if and only If
e = 2n-3 and the relation

e’ < 2n’ - 3 holds for every
(induced) subgraph G’ of G.



This is a ,,good characterization”
of minimal generic rigid graphs
In the plane, but we do not
wish to check some 2"
subgraphs...



Lovasz and Yemini (1982):

A graph G is minimal generic
rigid in the plane if and only if

e = 2n—3 and doubling any
edge the resulting graph, with
2(n-1) edges, Is the union of
two edge-disjoint trees.



A slight modification (R.,1984):

A graph G Is minimal generic
rigid in the plane if and only If

e = 2n — 3 and joining any two
vertices with a new edge the
resulting graph, with 2(n-1)
edges, Is the union of two
edge-disjoint trees.



A (not particularly interesting)
corollary Iin pure graph theory:

Let G be a graph with n vertices and
e = 2n -3 edges. If joining any
two adjacent vertices, the resulting
graph, with 2(n-1) edges, Is the
union of two edge-disjoint trees then
joining any two vertices with a new
edge leads to a graph with the
same property.
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Colloquium -

Special Semester on
Structural Rigidity

Thursday afternoons
Tea: 3:00, Talk: 3:30

Centre-- de Recherches Mathématiques
Université de Montréal
5620 Darlington, Room 0080
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Square grids with diagonals

need (and where) to make
a square grid rigid?




Square grids with diagonals

The edge {a,1}
Indicates that

column a and
row 1 will move
together.




Square grids with diagonals

This Is nonrigid, since the associated
bipartite graph is disconnected.




Rigidity of square grids

* Bolker and Crapo, 1977:. A set of diagonal
bars makes a k X £ square grid rigid if
and only If the corresponding edges form a
connected subgraph in the bipartite graph
model.



Rigidity of square grids

* Bolker and Crapo, 1977:. A set of diagonal
bars makes a k X £ square grid rigid if
and only If the corresponding edges form a
connected subgraph in the bipartite graph
model.

» Baglivo and Graver, 1983: In case of
diagonal cables, strong connectedness
IS needed In the (directed) bipartite graph
model.



Minimum # diagonals needed.:

k+ -1 diagonal bars

2:max(k, £) diagonal cables

(If kK#¢ thenC-B>1)



In case of a one-story building
some sqguares In the vertical
walls should also be braced.



Such a diagonal x prevents motions
of that plane S, along itself.




Rigidity of one-story buildings

Bolker and Crapo, 1977:

If each external vertical wall
contains a diagonal bar then
Instead of studying the roof of
the building one may consider
a k X ¢ square grid with Its
four corners pinned down.



e el

One of these 4 X 6 grids is rigid
(If the four corners are pinned
down), the other one has an
(Infinitesimal) motion. Both have
4+ 6 — 2 = 8 diagonals.
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In the
bipartite
graph
model
we have
2-Com-

ponent
forests
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Rigidity of one-story buildings

Bolker and Crapo, 1977:. A set of diagonal
bars makes a k X £ square grid (with
corners pinned down) rigid if and only If the
corresponding edges in the bipartite graph
model form either a connected subgraph or
a 2-component asymmetric forest.

For example, ifk=4,f=6,k'=2,{"'=3,
then the 2-component forest iIs symmetric
(L=K,where ¢'/f{=L, k'[lk=K).



k X ? KXY{
square grid 1-story building

k+(-1 k+ -2

diagonal bars | diagonal bars

2-max(k, ¢)

diagonal cables



k X ? KXY{
square grid 1-story building

K+{-1 K+{-2
diagonal bars | diagonal bars

2:max(k, £) How many

diagonal cables gdiagonal cables?



Minimum # diagonals needed.:

B

k + -2 diagonal bars

C = k+¢—- 1 diagonal cables
(exceptifk=¢f=1ork=¢=2)

(Chakravarty, Holman,
McGuinness and R., 1986)



k X ? KXY{
square grid 1-story building

k+(-1 k+ -2

diagonal bars | diagonal bars

2-max(k, ) k+¢-1

diagonal cables | diagonal cables



Rigidity of one-story buildings

Which (k + £ — 1)-element sets of cables
make the k X £ square grid (with corners
pinned down) rigid?

Let X, Y be the two colour classes of the
directed bipartite graph. An XY-path is a
directed path starting in X and ending in Y.

If X, IS a subset of X then let N(X,) denote
the set of those points Iin Y which can be
reached from X, along XY-paths.



R. and Schwarzler, 1992:

A (k + £ - 1)-element set of cables makes
the k X ¢ square grid (with corners pinned
down) rigid if and only If

INCX)| - kK> [X| - £

holds for every proper subset X, of X and
INCYo)l - £>[Yql K

holds for every proper subset Y, of Y.




Which one-story building Is rigid?




Which one-story building Is rigid?




Solution:

Top: k=7,¢=17,k,=5,¢,=12,L<K
(0.7059 < 0.7143)

Bottom: k=7,¢=17,k,=5,¢ =13, L>K
(0.7647 > 0.7143)

where {,/ =L, ky/k=K.






Hall, 1935 (Konig, 1931):

A bipartite graph with colour classes X, Y
has a perfect matching if and only If

IN(Xo)| 2 | Xo

holds for every -preper subset X, of X and
INCYo)l 2 [Yol

holds for every proper subset Y, of Y.



Hetyel, 1964

A bipartite graph with colour classes X, Y
has perfect matchings and every edge Is
contained in at least one if and only if

IN(Xo)| > [Xol

holds for every proper subset X, of X and
INCY Q)| > [Yol

holds for every proper subset Y, of Y.




An application in pure math

Bolker and Crapo, 1977:. A set of diagonal
bars makes a k X £ square grid (with
corners pinned down) rigid if and only If the
corresponding edges in the bipartite graph
model form either a connected subgraph or
a 2-component asymmetric forest.

Why should we restrict ourselves to bipartite
graphs?



An application in pure math

Let G(V, E) be an arbitrary graph and let
us define a weight function w: V—R so
that 2 w(v) =0. A2-component forest is
called asymmetric If the sums of the vertex
weights taken separately for the two
components are nonzero.

Theorem (R., 1987) The 2-component
asymmetric forests form the bases of a
matroid on the edge set E of the graph.



A side remark

The set of all 2-component forests form
another matroid on the edge set of E.



A side remark

The set of all 2-component forests form
another matroid on the edge set of E. This
Is the well known truncation of the usual
cycle matroid of the graph.



A side remark

That Is, the sets obtained from the spanning
trees by deleting a single edge (and thus
leading to the 2-component forests) form
the bases of a new matroid.



A side remark

That Is, the sets obtained from the spanning

trees by deleting a single edge (and thus
leading to the 2-component forests) form
the bases of a new matroid.

Similarly, the sets obtained from the
spanning trees by adding a single edge
(and leading to a unique circuit of the

graph) form the bases of still another
matroid.



The sets obtained from the spanning trees
by adding a single edge (and leading to a
unigue circuit of the graph) form the bases
of still another matroid.



The sets obtained from the spanning trees
by adding a single edge (and leading to a
unigue circuit of the graph) form the bases
of still another matroid.

Let us fix a subset V'’ of the vertex set V of
the graph and then permit the addition of a
single edge If and only if the resulting

unigue circuit shares at least one vertex
with V.



The sets obtained from the spanning trees
by adding a single edge (and leading to a
unigue circuit of the graph) form the bases
of still another matroid.

Let us fix a subset V'’ of the vertex set V of
the graph and then permit the addition of a
single edge If and only if the resulting
unigue circuit shares at least one vertex
with V.

Theorem (R., 2002) The sets obtained In this
way also form the bases of a matroid.












Rigid rods are resistant to
compressions and tensions:
| x-x || = ci



Rigid rods are resistant to
compressions and tensions:
| x-x || = ci

Cables are resistant to
tensions only: |[x.-x,|[< ¢



Rigid rods are resistant to
compressions and tensions:
| x-x || = cix
Cables are resistant to
tensions only: |[x.-x,|[< ¢

Struts are resistant to
compressions only:

” XXy ” 2 Ciy



Frameworks composed from
rods (bars), cables and struts
are called tensegrity frame-
Works.






Frameworks composed from
rods (bars), cables and struts
are called tensegrity frame-
Works.

A more restrictive concept is the
r-tenseqrity framework, where
rods are not allowed, only
cables and struts. (The letter r
means rod-free or restricted.)



We wish to generalize the
above results for tensegrity
frameworks:

When Is a graph minimal ge-
neric rigid in the plane as a
tensegrity framework (or as
an r-tensegrity framework)?



Which is the more difficult problem?



Which is the more difficult problem?

If rods are permitted then why should one
use anything else?



Which is the more difficult problem?

If rods are permitted then why should one
use anything else?

,Weak” problem: When is a graph minimal
generic rigid in the plane as an r-tenseqgrity
framework?

,otrong” problem: When is a graph with a
given tripartition minimal generic rigid in
the plane as a tensegrity framework?



The 1-dimensional case Is
still easy



R. — Shal, 2005:

Let the cable-edges be red, the strut-edges
be blue (and replace rods by a pair of
parallel red and blue edges).

The graph with the given tripartition Is
realizable as a rigid tensegrity framework
In the 1-dimensional space if and only if

* |t Is 2-edge-connected and

* every 2-vertex-connected component
contains edges of both colours.



An example to the
2-dimensional case:



The graph K, can be realized as a
rigid tensegrity framework with
struts {1,2}, {2,3} and {3,1} and with
cables for the rest (or vice versa) If
‘4’ 1s In the convex hull of {1,2,3} ...



...or with cables for two independent
edges and struts for the rest (or vice
versa) If none of the joints Is In the
convex hull of the other three.



As a more difficult example, consider the
emblem of the Sixth Czech-Slovak Inter-
national Symposium on Combinatorics,
Graph Theory, Algorithms and
Applications

(Prague, 2006, celebrating the 60™" birthday

of Jarik Nesetril). —
- SLOVAK
COMBINATORICS

2006



If every bar must be replaced by a
cable or by a strut then only one so-
lution (and Iits reversal) Is possible.



Critical rods cannot be
replaced by cables or struts If
we wish to preserve rigidity




Jordan — R. — Szabadka, 2007

A graph can be realized as a rigid
d-dimensional r-tensegrity
framework

If and only If

It can be realized as a rigid d-
dimensional rod framework and
none of Its edges are critical.



Corollary (Laman — type).

A graph G is minimal generic
rigid in the plane as an r-

tensegrity framework if and
only if

e = 2n—-2 and the relation
e' < 2n'— 3 holds for every
proper subgraph G' of G.
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Corollary (Lovasz-Yemini — type):

A graph is minimal generic rigid
INn the plane as an r-tenseqrity
framework If and only If it Is the
union of two edge-disjoint
trees and remains so If any
one of its edges Is moved to
any other position.



* A graph is generic rigid in the 1-
dimensional space as an r-tensegrity
framework If and only If it IS 2-edge-
connected.

* For the generic rigidity in the plane as an
r-tensegrity framework, a graph must be 2-
vertex-connected and 3-edge-connected.
Neither 3-vertex-connectivity nor 4-edge-
connectivity Is necessatry.






Happy Birthday, Walter




Thank you for your attention




