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Lie pseudo-groups

Lie pseudo-groups ú infinite-dimensional generalization

of local Lie group actions

Given G acting on M, I’m interested in the induced action on S Ă M

Example:

X “ f pxq Y “ epx , yq “ fxpxq y ` gpxq U “ u `
ex
fx
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Lie pseudo-groups in action

symmetry of differential equations

Navier–Stokes, Euler, K–P, Davey–Stewartson

equivalence transformations

fiber, point, contact equivalence of differential equations

gauge transformations

Maxwell, Yang–Mills, conformal, string, . . .

invariant variational calculus – Noether’s second theorem
(Stay tuned: Irina, Juha)

. . .
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Main theme & tools

Compute

differential invariants

invariant differential forms

invariant differential operators

Tools available:

Lie’s infinitesimal method

Cartan’s method (EDS)

Equivariant moving frames

Lie algebroids
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Why use equivariant moving frames?

Decouples the moving frame theory from reliance on any form of
frame bundle or connection

basic calculus

even an undergraduate student can do this!

Recurrence relations

symbolic

basic linear algebra

reveal the structure of the algebra of differential invariants
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Growing number of applications

computer vision

group foliation

invariant calculus of variation

invariant geometric flows

invariant numerical schemes

computation of

Laplace invariants of differential operators

invariants and covariants of Killing tensors

invariants of Lie algebras
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Moving frame algorithm

1 Lie (pseudo-)group
action

2 prolonged action
(freeness)

3 cross-section

4 normalization

5 invariantization
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Example

X “ f pxq Y “ epx , yq “ fxpxq y ` gpxq U “ u `
ex
fx

Prolonged action: (Lifted invariants)

UX “
ux
fx
`

exx ´ ex uy
f 2x

´ 2
fxx ex
f 3x

UY “
uy
fx
`

fxx
f 2x

UXY “
uxy
f 2x
`

fxxx ´ fxx uy ´ ex uyy
f 3x

´ 2
f 2xx
f 4x

UYY “
uyy
f 2x

UXX “
uxx
f 2x
`

exxx ´ exx uy ´ 2ex uxy ´ fxx ux
f 3x

`
e2x uyy ` 3ex fxxx uy ´ 4exx fxx ´ 3ex fxxx

f 4x
` 8

ex f
2
xx

f 5x
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Cross-section:

K8 “
 

x “ y “ uxk “ uyxk “ 0, uyy “ 1, k ě 0
(

.

Normalization equations:

X “ Y “ UX k “ UYX k “ 0 UYY “ 1

Definition: The constant lifted invariants are called phantom invariants
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Cross-section:

K8 “
 

x “ y “ uxk “ uyxk “ 0, uyy “ 1, k ě 0
(

.

Normalization equations:

X “ Y “ UX k “ UYX k “ 0 UYY “ 1

Definition: The constant lifted invariants are called phantom invariants

Solving . . . 0 “ X “ f

0 “ Y “ e

0 “ U “ u `
ex
fx

0 “ UX “
ux
fx
`

exx ´ ex uy
f 2x

´ 2
fxx ex
f 3x

0 “ UY “
uy
fx
`

fxx
f 2x

...
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Cross-section:

K8 “
 

x “ y “ uxk “ uyxk “ 0, uyy “ 1, k ě 0
(

.

Normalization equations:

X “ Y “ UX k “ UYX k “ 0 UYY “ 1

Definition: The constant lifted invariants are called phantom invariants

pρ: f “ 0

e “ 0

ex “ ´u
?
uyy

exx “ pu uy ´ uxq
?
uyy

exxx “ pu uxy ` 2u2uyy ` 2ux uy ´ uxx ´ 2u2y q
?
uyy

fxx “ ´uy
?
uyy

fxxx “ pu
2
y ´ uxy ´ u uyy q

?
uyy

fx “
?
uyy
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Invariantization:

UXYY “
fx uxyy ´ ex uyyy ´ 2fxx uyy

f 4x
UYYY “

uyyy
f 3x

ó

fx “
?
uyy fxx “ ´uy

?
uyy ex “ ´u

?
uyy

ó

pUXYY “
uxyy ` u uyyy ` 2uy uyy

u
3{2
yy

pUYYY “
uyyy

u
3{2
yy
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Question

Moving frame algorithm

1 Lie (pseudo-)group action

2 prolonged action

3 cross-section

4 normalization

5 invariantization

computationally demanding

How can steps 2 and 4 be made more effective?

Avoid computing the prolonged action (Like Cartan!)

Recursively construct partial moving frames
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Bundles

z “ px , uq coordinates on M

Jk – submanifold jet bundle:

zpkq : x1, . . . , xp

independent
u1, . . . , uq

dependent
. . . uαK . . .

jet

G – Lie pseudo-group:

g : Z a “ φapzbq a, b “ 1, . . . ,m “ p ` q

Gpkq – pseudo-group jet bundle:

g pkq : z1, . . . , zm
source

Z 1, . . . ,Zm

target
. . . Z a

B . . .
jet
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Lifted bundle

Bpkq – Lifted bundle:

zpkq “ p x i . . . uαK . . . q g pkq “ pX i
B . . . Uα

B q

Groupoid structure:

Bpkq
σpkq

}}

τ pkq

!!
Jk Jk

σpkqpzpkq, g pkqq “ zpkq

τ pkqpzpkq, g pkqq “ g pkq ¨ zpkq

Right multiplication:

Rhpz
pkq, g pkqq “ phpkq ¨ zpkq, g pkq ¨ phpkqq´1q
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Lift

Coframe on Bp8q:

Jet forms: dx i duαK

ˆ

or θαK “ duαK ´
p
ÿ

k“1

uαK ,kdx
k

˙

Group forms: Υa
B “ dZ a

B ´

m
ÿ

b“1

Z a
B,b dz

b

Jet projection:

πJ : Ω˚pBp8qq Ñ Ω˚J pBp8qq “ x . . . dx i . . . duαK . . . y

Definition: The lift of ω P Ω˚pJ8q is

λλλpωq “ πJ rpτ
p8qq˚ωs
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Invariant coframe

Lifted jet coframe:

σi “ λλλpdx i q σαK “ λλλpduαK q

ˆ

or ϑαK “ λλλpθαK q

˙

Relation:

σαK “

p
ÿ

i“1

Uα
K ,iσ

i ` ϑαK ”

p
ÿ

i“1

Uα
K ,iσ

i

Lifted jet frame:

Di “ λλλ

ˆ

B

Bx i

˙

DK
α “ λλλ

ˆ

B

BuαK

˙

defined by dJF px , u
pnq, g pnqq “

p
ÿ

i“1

Di pF qσ
i `

ÿ

α,K

DK
α pF qσ

α
K

Maurer–Cartan forms:

µaB “ Db1 ¨ ¨ ¨Dbk pΥ
aq B “ pb1, . . . , bkq 1 ď bi ď m
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Partial moving frame

Definition: A partial moving frame of order k is a right-invariant (local)
subbundle pBpkq Ă Bpkq. Right-invariance

Rhp pBpkqq Ă pBpkq

Proposition: If
TKk

ˇ

ˇ

zpkq
‘ gpkq

ˇ

ˇ

zpkq
“ TJk

ˇ

ˇ

zpkq

for all zpkq P Kk , then pBpkq “ pτ pkqq´1Kk defines a partial moving frame
or order k.

Moving frame: pρpkqpzpkqq P pBpkq

Partial moving frame: pρpkqpzpkq, hpkqq P pBpkq
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Invariantization

Definition: Let pρ be a (partial) moving frame. The invariantization of
ω P Ω˚pJ8q is

pω “ ιpωq “ pρ˚rλλλpωqs

Notation:

pσi “ ιpdx i q pσαK “ ιpduαK q
pDi “ ι

ˆ

B

Bx i

˙

pDK
α “ ι

ˆ

B

BuαK

˙

and
pΥa
B “ pρ˚pΥa

Bq pµaB “ pρ˚pµaBq
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Recurrence relations

ι ˝d ‰ d ˝ ι ι “ pρ˚ ˝πJ ˝ pτ
p8qq˚

g “
 

local vector fields tangent to pseudo-group orbits in M
(

gpkq “
 

local vector fields tangent to pseudo-group orbits in Jk
(

The prolongation of

v “
m
ÿ

a“1

ζapzq
B

Bza
“

p
ÿ

i“1

ξi px , uq
B

Bx i
`

q
ÿ

α“1

ϕαpx , uq
B

Buα
P g

is

vpkq “
p
ÿ

i“1

ξi px , uq
B

Bx i
`

q
ÿ

α“1

k
ÿ

#Kě0

ϕK
α

B

BuαK
P gpkq

where

ϕK
α “ DK

ˆ

ϕα ´

p
ÿ

i“1

ξiuαi

˙

`

p
ÿ

i“1

ξiuαK ,i
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v “
m
ÿ

a“1

ζapzq
B

Bza
ϕK
α “ DK

ˆ

ϕα ´

p
ÿ

i“1

ξiuαi

˙

`

p
ÿ

i“1

ξiuαK ,i

Lift of vector field jets:
λλλpζaBq “ µaB

Also
X i “ λλλpx i q Uα

K “ λλλpuαK q
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v “
m
ÿ

a“1

ζapzq
B

Bza
ϕK
α “ DK

ˆ

ϕα ´

p
ÿ

i“1

ξiuαi

˙

`

p
ÿ

i“1

ξiuαK ,i

Lift of vector field jets:
λλλpζaBq “ µaB

Also
X i “ λλλpx i q Uα

K “ λλλpuαK q

Recurrence relations:

dX i “ σi ` µi dUα
K “ σαK ` ψ

α
K

“

p
ÿ

i“1

Uα
K ,i σ

i ` ϑαK ` ψ
α
K

where ψαK “ λλλpϕK
α q
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v “
m
ÿ

a“1

ζapzq
B

Bza
ϕK
α “ DK

ˆ

ϕα ´

p
ÿ

i“1

ξiuαi

˙

`

p
ÿ

i“1

ξiuαK ,i

Lift of vector field jets:
λλλpζaBq “ µaB

Also
X i “ λλλpx i q Uα

K “ λλλpuαK q

Normalized recurrence relations:

d pX i “ pσi ` pµi d pUα
K “ pσαK `

pψαK

“

p
ÿ

i“1

pUα
K ,i pσ

i ` pϑαK `
pψαK

where pψαK “ pρ˚rλλλpϕK
α qs
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Recursive moving frame goal

Find

pρ pσi pσαK
pDi

pDK
α pµaB

recursively without computing

σi σαK Di DK
α µaB

Rough idea:

normalize, prolong, normalize, prolong, . . .
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Recursive moving frame goal

Find

pρ pσi pσαK
pDi

pDK
α pµaB

recursively without computing

σi σαK Di DK
α µaB

Key:

recurrence relations

vanishing of (most) group forms along pseudo-group orbits

pµaB “
pDb1 ¨ ¨ ¨

pDbk ppµ
aq à Lie pseudo-group structure equations
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By the way (Olver, Pohjanpelto – 2005)

Let G with determining system

F pkqpz ,Z pkqq “ 0

Let
Lpkqpz , ζpkqq “ 0

be the infinitesimal determining system of g. Then

λλλrLpkqpz , ζpkqqs “ LpkqpZ , µpkqq “ 0

and the structure equations of G are

dσa “
a
ÿ

b“1

µab ^ σ
b, dµaC “

m
ÿ

b“1

„

σb ^ µaC ,b `
ÿ

C“pA,Bq
#Bě1

ˆ

C

A

˙

µaA,b ^ µ
b
B



restricted to Lp8qpZ , µp8qq “ 0
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The Maurer–Cartan structure equations

The Maurer–Cartan structure equations of G are obtained by restricting
the structure equations of G to a target fiber.

Example 1: The Maurer–Cartan structure equations of

X “ x ` ay ` b Y “ y

are
dµ “ 0 dµY “ 0

Example 2: The Maurer–Cartan structure equations of

X “ f pxq or X “ f pxq, U “
u

f 1pxq

are

dµn “
n
ÿ

i“0

ˆ

n

i

˙

µi`1 ^ µn´i n ě 0
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Example

Pseudo-group

X “ f pxq Y “ epx , yq “ f 1pxq y ` gpxq U “ u `
ex

f 1pxq

Step 1: Order 0 jet forms

σx “ fx dx σy “ ex dx`fx dy σu “ du`

ˆ

exx
fx
´
ex fxx
f 2x

˙

dx`
fxx
fx

dy

Order 0 normalizations

K0 “ tx “ y “ u “ 0u  X “ Y “ U “ 0

Pseudo-group normalizations

f “ 0 e “ 0 ex “ ´u fx
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Group forms

Υk “ dfk ´ fk`1 dx Ψk “ dek,0 ´ ek`1,0 dx ´ fk`1 dy

Normalization

pΥ “ ´fx dx pΨ “ fxpu dx ´ dyq pΨx “ ´dpu fxq ´ exx dx ´ fxx dy

pΥk “ 0, k ě 1:

fk`1 “ Dk
x pfxq, k ě 1

pΨ “ 0:

dy “ u dx  
dy

dx
“ upx , ypxqq
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pΨx “ 0:
exx “ ´pux ` u uy qfx ´ 2u fxx .

pΨk “ 0, k ě 2:
ek`1,0 “ Dxpek,0q

Normalization
pσx “ fx dx , pσy “ fxpdy ´ u dxq

and

pσu “ du ´

ˆ

ux ` u uy `
u fxx
fx

˙

dx `
fxx
fx

dy ”

ˆ

uy
fx
`

fxx
f 2x

˙

pσy “ pUY pσ
y
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Order 1 normalization

pUY “ 0  fxx “ ´uy fx

Prolongation

f “ 0

fxx “ ´uy fx

fxxx “ pu
2
y ´ uxy ´ u uyy qfx

...

e “ 0

ex “ ´u fx

exx “ pu uy ´ uxqfx

exxx “ pu uxy ` 2u2uyy ` 2uyux ´ uxx ´ u u2y qfx
...
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(Partial) Cross-section

We have normalized

f fxx fxxx . . . e ex exx . . .

without computing the prolonged action!

What is the (partial) cross-section K8 producing these normalizations?

To find K8:
pρ
ˇ

ˇ

ˇ

K8
“ 1p8q

ˇ

ˇ

ˇ

K8
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Substituting

f “ x fx “ 1 fxx “ ¨ ¨ ¨ “ 0 e “ y ex “ ¨ ¨ ¨ “ 0

into

f “ 0 fxx “ ´uy fx fxxx “ pu
2
y ´ uxy ´ u uyy qfx . . .

e “ 0 ex “ ´u fx exx “ pu uy ´ uxqfx . . .

yields
K8 “ tx “ y “ uxk “ uyxk “ 0, k ě 0u

Remains to normalize fx
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Step 2: Compute the 2nd order partially normalized prolonged action

ó

Need the recurrence relations

For

X “ f pxq Y “ epx , yq “ fxpxq ` gpxq U “ u `
ex
fx

we have

v “ ξpxq
B

Bx
` ηpx , yq

B

By
` ηxpx , yq

B

Bu
, ηy “ ξx

Basis of Maurer–Cartan forms

µX k “ λλλpξxk q νX k “ λλλpηxk q
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X “ f pxq Y “ epx , yq “ fxpxq ` gpxq U “ u `
ex
fx

we have

v “ ξpxq
B

Bx
` ηpx , yq

B

By
` ηxpx , yq

B

Bu
, ηy “ ξx

Basis of Maurer–Cartan forms

µX k “ λλλpξxk q νX k “ λλλpηxk q
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Recurrence relations:

dX “ σx ` µ

dY “ σy ` ν

dU “ σu ` νX

dUX “ σux ` νXX ´ UX µX ´ UY νX

dUY “ σuy ` µXX ´ UY µX
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Recurrence relations:

0 “ pσx ` pµ

0 “ pσy ` pν

0 “ pσu ` pνX

0 “ pσux ` pνXX
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Recurrence relations:
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0 “ pσu ` pνX

0 “ pσux ` pνXX

0 “ pσuy ` pµXX

When

K1 “ tx “ y “ ux “ uy “ 0u  X “ Y “ U “ UX “ UY “ 0

Normalized Maurer–Cartan forms:

pµ “ ´pσx “ ´fx dx pµXX “ ´pσ
u
y ” ´

pUYY pσy
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Recurrence relations:

0 “ pσx ` pµ

0 “ pσy ` pν

0 “ pσu ` pνX

0 “ pσux ` pνXX

0 “ pσuy ` pµXX

When

K1 “ tx “ y “ ux “ uy “ 0u  X “ Y “ U “ UX “ UY “ 0

Normalized Maurer–Cartan forms:

pµ “ ´pσx “ ´fx dx pµXX “ ´pσ
u
y ” ´

pUYY pσy

We obtain pUYY by computing pµXX “ pD2
X ppµq “ ´

pD2
X ppσ

xq
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Normalized operator:

pDX “
1

fx

„

B

Bx
` u

B

By
` pux ` u uy q

B

Bu
` puxy ` u uyy q

B

Buy

` puxx ` u uxy q
B

Bux
` ¨ ¨ ¨ ´ fx uy

B

Bfx



Fact: pDX is tangent to the pseudo-group orbits in pBp8q

dy

dx
“ u,

du

dx
“ ux ` u uy , . . .

dfx
dx

“ fxx “ ´uy fx .

Hence

pµX “ pDX ppµq “ ´pDX ppσ
xq “ uy dx `

1

fx
dfx

pµXX “ pDX ppµX q ” ´
uyy
f 2x

pσy ppUXX “ 0q
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pµX “ uy dx `
1

fx
dfx , pµXX ” ´

uyy

f 2x
pσy

Since
´pUYY pσy ” pµXX “ ´

uyy
f 2x

pσy ñ pUYY “
uyy
f 2x

Case 1 ñ uyy “ 0:

pUX iY j`2 “ 0  no further normalization

 partial moving frame

Francis Valiquette Recursive Moving Frames 12/12/2013 32 / 36



S TAT E  U N I V E R S I T Y  O F  N E W  YO R K

Case 2 ñ uyy ‰ 0:

1 “ pUYY “
uyy
f 2x

ñ fx “
?
uyy

Then

pµX “ uy dx `
1

fx
dfx

ó

pµX ”

ˆ

uxyy ` u uyyy ` 2 uy uyy

2u
3{2
yy

˙

pσx `
uyyy

2u
3{2
yy

pσy “
pUXYY

2
pσx `

pUYYY

2
pσy

Thus

pUXYY “
uxyy ` u uyyy ` 2 uy uyy

u
3{2
yy

pUYYY “
uyyy

u
3{2
yy

Francis Valiquette Recursive Moving Frames 12/12/2013 33 / 36



S TAT E  U N I V E R S I T Y  O F  N E W  YO R K

Case 2 ñ uyy ‰ 0:

1 “ pUYY “
uyy
f 2x

ñ fx “
?
uyy

Then

pµX “ uy dx `
1

fx
dfx

ó

pµX ”

ˆ

uxyy ` u uyyy ` 2 uy uyy

2u
3{2
yy

˙

pσx `
uyyy

2u
3{2
yy

pσy “
pUXYY

2
pσx `

pUYYY

2
pσy

Thus

pUXYY “
uxyy ` u uyyy ` 2 uy uyy

u
3{2
yy

pUYYY “
uyyy

u
3{2
yy

Francis Valiquette Recursive Moving Frames 12/12/2013 33 / 36



S TAT E  U N I V E R S I T Y  O F  N E W  YO R K

Case 2 ñ uyy ‰ 0:

1 “ pUYY “
uyy
f 2x

ñ fx “
?
uyy

Then

pµX “ uy dx `
1

fx
dfx

ó

pµX ”

ˆ

uxyy ` u uyyy ` 2 uy uyy

2u
3{2
yy

˙

pσx `
uyyy

2u
3{2
yy

pσy “
pUXYY

2
pσx `

pUYYY

2
pσy

Thus

pUXYY “
uxyy ` u uyyy ` 2 uy uyy

u
3{2
yy

pUYYY “
uyyy

u
3{2
yy

Francis Valiquette Recursive Moving Frames 12/12/2013 33 / 36



S TAT E  U N I V E R S I T Y  O F  N E W  YO R K

Recursive algorithm

Data is needed:

Lie pseudo-group G – Recurrence relations – Basis of group forms

Initial step:

Compute σa “ dJZ
a

Fix K0 and solve for pseudo-group parameters

Prolonged pseudo-group normalizations (vanishing of group forms)

Compute pσi , pσα ”

p
ÿ

k“1

pUα
k pσk

Fix K1 and normalize pseudo-group  prolonged pseudo-group
normalizations
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Loop: k ě 1

Substitute cross-section normalizations into the order k lifted
recurrence relations.

Solve for pσαK à #K “ k

Use pµaB,b “
pDbppµ

a
Bq, and pUpkq to obtain coordinate expressions for

pσαK “ d pUα
K ´

pψαK ”

p
ÿ

i“1

pUα
K ,k pσ

k

If possible, normalize some of the pUα
K ,k  pseudo-group

normalization  prolonged pseudo-group normalization

corresponding cross-section Kk`1

replace k by k ` 1
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Outcomes

Prolonged action becomes eventually free

All pseudo-group parameters are normalized

Moving frame

Prolonged action does not become free

Partial moving frame

Finitely many unnormalized pseudo-group jets à prolonged coframe

Infinitely many unnormalized pseudo-group jets à involutive coframe

All cases: use recurrence relations to analyze the algebra of differential
invariants
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