
Invariant Variational Calculus

Irina Kogan
North Carolina State University & IMA

December 12, 2013, Fields Institute, Toronto

1



Ingredients

• Invariant Euler-Lagrange operator

Invariant Euler-Lagrange Equations and the Invariant Variational
Bicomplex, I. Kogan, P. Olver, Acta Appl. Math. 76, 137-193, (2003)

• Invariant Noether correspondence (work in progress)

• Symbolic implementation (iVB package) using MAPLE package VESSIOT

for calculus on the jet bundles. by I. Anderson et al.

Needs translation to DIFFERENTIALGEOMETRY package !!!
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Euler’s Elastica

What is the shape of a thin elastic rod of a fixed length with fixed end-points
and tangent directions at the end-points?

Find γ(t) = (x(t), y(t)) that minimizes bending energy:

L(γ) =
1

2

∫ l
0
κ2 ds,

κ = ÿẋ−ẍẏ
(ẋ2+ẏ2)3/2 is Euclidean curvature and ds =

√
ẋ2 + ẏ2 dt is the

infinitesimal arclength.

This variational problem is invariant under the group of rigid motions on the
plane (E(2) = O(2) n R2).
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Max Born’s Ph.D thesis, 1906,
“Investigations of the stability of the elastic line in the plane and in space under
different boundary conditions”:

• Max Born. Untersuchungen über
die Stabilität der elastischen Linie in
Ebene und Raum, under verschiedenen
Grenzbedingungen. PhD thesis, University
of Göttingen, 1906.
• R. Levien. The elastica: a mathematical

history, 2008. http://www.eecs.

berkeley.edu/Pubs/TechRpts/2008/

EECS-2008-103.pdf
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Euler-Lagrange equations for Euler’s Elastica

Let γ be parametrized by x-variable: γ = (x, u(x)), then

1

2

∫ l
0
κ2 ds =

1

2

∫ b
a

u2
xx

(1 + u2
x)5/2

dx.
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Euler-Lagrange equations for Euler’s Elastica

Let γ be parametrized by x-variable: γ = (x, u(x)), then

1

2

∫ l
0
κ2 ds =

1

2

∫ b
a

u2
xx

(1 + u2
x)5/2

dx.

Notation: u1 = ux, . . . , u4 = uxxxx.

L = 1
2

u2
2

(1+u2
1)5/2

yE =
∑
k

(−1)k
(
d

dx

)k ∂

∂uk
=

∂

∂u
−
(
d

dx

)
∂

∂u1
+
(
d

dx

)2 ∂

∂u2

2u4 (u2
1+1)2+5u3

2 (6u2
1−1)−20u1 u2 u3 (u2

1+1)

(u2
1+1)9/2 = 0
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Euler-Lagrange equations for Euler’s Elastica

Let γ be parametrized by x-variable: γ = (x, u(x)), then

1

2

∫ l
0
κ2 ds =

1

2

∫ b
a

u2
xx

(1 + u2
x)5/2

dx.

u1 = ux, . . . , u4 = uxxxx κs = dκ
ds
, κss = dκs

ds
, . . .

L = 1
2

u2
2

(1+u2
1)5/2

y ∂
∂u −

(
d
dx

)
∂
∂u1

+
(
d
dx

)2 ∂
∂u2

0 =
2u4 (u2

1+1)2+5u3
2 (6u2

1−1)−20u1 u2 u3 (u2
1+1)

(u2
1+1)9/2 = κss + 1

2κ
3
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Euler-Lagrange equations for Euler’s Elastica

Let γ be parametrized by x-variable: γ = (x, u(x)), then

1

2

∫ l
0
κ2 ds =

1

2

∫ b
a

u2
xx

(1 + u2
x)5/2

dx.

u1 = ux, . . . , u4 = uxxxx κs = dκ
ds
, κss = dκs

ds
, . . .

L = 1
2

u2
2

(1+u2
1)5/2 ⇐⇒ L̃ = 1

2κ
2

yE = ∂
∂u −

(
d
dx

)
∂
∂u1

+
(
d
dx

)2 ∂
∂u2

y ?( not ∂
∂κ!!!)

0 =
2u4 (u2

1+1)2+5u3
2 (6u2

1−1)−20u1 u2 u3 (u2
1+1)

(u2
1+1)9/2 = κss + 1

2κ
3
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G-Invariant Euler-Lagrange operators for planar curves

• A Lie group G acts on (x, u)-space→ action on planar curves.

• κ is a (lowest order) differential invariant (G-curvature);

• ds is a (lowest order) G-invariant one-form (G-arc-length form);

• G-invariant total derivative D = d
ds; κi = Diκ.
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G-Invariant Euler-Lagrange operators for planar curves

• A Lie group G acts on (x, u)-space→ action on planar curves.

• κ is a (lowest order) differential invariant (G-curvature);

• ds is a (lowest order) G-invariant one-form (G-arc-length form);

• G-invariant total derivative D = d
ds; κi = Diκ.

G-symmetric variational problem:
∫
L̃ (κ, κ1, . . . , κn) ds.

• Express Euler-Lagrange operator in terms of κ and D.
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G-Invariant Euler-Lagrange operators for planar curves

• A Lie group G acts on (x, u)-space→ action on planar curves.

• κ is a (lowest order) differential invariant (G-curvature);

• ds is a (lowest order) G-invariant one-form (G-arc-length form);

• G-invariant total derivative D = d
ds; κi = Diκ.

G-symmetric variational problem:
∫
L̃ (κ, κ1, . . . , κn) ds.

• Express Euler-Lagrange operator in terms of κ and D.

• Generalize to G-symmetric variational problem in higher dimensions
(several dependent and independent variables)
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“The shape of a Möbius strip” , Starostin and Van der Heijden, Nature Materials.
2007.

The shape of a Möbius strip
is determined by its centerline
γ(s), which minimizes:

L(γ) =
1

w

∫ l
0

(κ2 + τ2)2

κ τs − τκs
ln

(
κ2 + w(κ τs − τκs)
κ2 − w(κ τs − τκs)

)
ds

2w is the width of the strip, κ is the curvature and τ is the torsion of γ.
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“The shape of a Möbius strip” , Starostin and Van der Heijden, Nature Materials.
2007.

The shape of a Möbius strip
is determined by its centerline
γ(s), which minimizes:

L(γ) =
1

w

∫ l
0

(κ2 + τ2)2

κ τs − τκs
ln

(
κ2 + w(κ τs − τκs)
κ2 − w(κ τs − τκs)

)
ds

2w is the width of the strip, κ is the curvature and τ is the torsion of γ.

This variational problem is invariant under the group of rigid motions in R3

(E(3) = O(3) n R3).
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Minimal surfaces

Find u(x, y), s. t. the surface z = u(x, y) with a fixed boundary has the
minimal area:

L(u) =
∫
D

√
u2
x + u2

y + 1 dx ∧ dy =
∫
S
ω,

ω =
√
u2
x + u2

y + 1 dx ∧ dy infinitesimal area (Euclidean invariant).
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Minimal surfaces

Find u(x, y), s. t. the surface z = u(x, y) with a fixed boundary has the
minimal area:

L(u) =
∫
D

√
u2
x + u2

y + 1 dx ∧ dy =
∫
S
ω,

ω =
√
u2
x + u2

y + 1 dx ∧ dy infinitesimal area (Euclidean invariant).

L =
√
u2
x + u2

y + 1 ⇐⇒ L̃ = 1

yE = ∂
∂u −

(
d
dx

)
∂
∂ux
−
(
d
dy

)
∂
∂uy

y ?

0 =1
2
uxx (u2

y+1)2+uyy (u2
x+1)2−2ux uy uxy

(u2
x+u2

y+1)3/2 = mean curvature

This variational problem is invariant under the group of rigid motions in R3.
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Results

• Euler-Lagrange operators for variational problems for plane and space
curves and surfaces symmetric under Euclidean transformations appeared
in

– Griffiths (1983), Anderson (1989)

• General formula for any number of dependent and independent variables
first appeared in

– IK and Olver, (2001, 2003) and somewhat less explicitly in Itskov
(2002).
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General formula for planar curves ∫
L̃ (κ, κ1, . . . , κn) ds.

Ẽ = A∗ ◦ E −B∗ ◦ H

E
(
L̃
)

=
n∑
i=0

(−D)i
∂L̃

∂κi
, H

(
L̃
)

=
n∑

i>j≥0

κi−j (−D)j
∂L̃

∂κi
− L̃.

• invariant differential operators A and B are measuring infinitesimal
variation of κ and ds in an invariant “normal” direction, respectively.
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General formula for planar curves ∫
L̃ (κ, κ1, . . . , κn) ds.

Ẽ = A∗ ◦ E −B∗ ◦ H

E
(
L̃
)

=
n∑
i=0

(−D)i
∂L̃

∂κi
, H

(
L̃
)

=
n∑

i>j≥0

κi−j (−D)j
∂L̃

∂κi
− L̃.

• invariant differential operators A and B are measuring infinitesimal
variation of κ and ds in an invariant “normal” direction, respectively.

• A and B are algorithmically computable from the structure equations of an
invariant coframe and infinitesimal generators of the group action.
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General formula for planar curves ∫
L̃ (κ, κ1, . . . , κn) ds.

Ẽ = A∗ ◦ E −B∗ ◦ H

E
(
L̃
)

=
n∑
i=0

(−D)i
∂L̃

∂κi
, H

(
L̃
)

=
n∑

i>j≥0

κi−j (−D)j
∂L̃

∂κi
− L̃.

• invariant differential operators A and B are measuring infinitesimal
variation of κ and ds in an invariant “normal” direction, respectively.

• A and B are algorithmically computable from the structure equations of an
invariant coframe and infinitesimal generators of the group action.

• if we have p dependent and q independent variables then we have a similar
formula, with scalar differential operators replaced with vector and matrix
operators of appropriate dimensions.
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Variational problems for planar curves (x, u(x))

• Euclidean group: SE(2) = SO(2) nR2.

κ = u2
(1+u2

1)3/2 , ds =
√

1 + u2
1 dx

A = A∗ =
(
d
ds

)2
+ κ2

B = B∗ = −κ

• Affine group: SA(2) = SL(2) nR2

µ =
u2 u4−5

3u
2
3

u
8/2
2

, da = u
1/3
2 dx

A = A∗ =
(
d
da

)4
+ 5

3µ
(
d
da

)2
+ 5

3µa
(
d
da

)
+ 1

3µaa + 4
9µ

2

B = B∗ = 1
3

(
d
da

)2
− 2

9µ
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Variational calculus can be done in the context of variational bicomplex

Dedecker (1957), Tulczyjew (1977), Tsujishita (1982), Takens (1979),
Vinogradov (1984), Anderson (1989), ...

Invariant variational calculus can be done in the context of invariant variational
bicomplex

Anderson (1989), Anderson and Pohjanpelto (1995), Kogan and Olver
(2001,2003), Itskov (2002), Thompson and Valiquette (2011)

Equivariant moving frame method by Fels and Olver (1999) gives rise to
invariant variational bicomplex with computable structure.
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Standard local coframe on J∞(M,p)

Local coordinates: x1, . . . , xp, u1, . . . , uq, umJ , m = 1 . . . q, J – multi-index.

Basis of horizontal sub-bundle Basis of vertical sub-bundle
Cotangent

horizontal one-forms contact one-forms (m = 1, . . . , q)

d x1, . . . , d xp

θm = dum −
p∑

i=1

umi dx
i,

θmJ = dumJ −
p∑

i=1

umJi dx
i.

Tangent
total derivatives: vertical derivatives

d
dxi

= ∂
∂xi

+
q∑

m=1

umi
∂

∂um

+
∑
m,J

umJi
∂

∂umJ

∂
∂um,

∂
∂umJ

.
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Bigrading of exterior differential algebra

Grading: Λ∗ =
⊕

Λk, where Λk =

∑ one form ∧ · · · ∧ one form︸ ︷︷ ︸
k times

.

d : Λk −→ Λk+1, d ◦ d = 0 =⇒ de Rham complex.

Bigrading: Λ∗ =
⊕

Λs,t, where

Λs,t =

∑ hor. 1-form ∧ · · · ∧ hor. 1-form︸ ︷︷ ︸
s times

∧ cont. 1-form ∧ · · · ∧ cont. 1-form︸ ︷︷ ︸
t times


d : Λs,t −→ Λs+1,t ⊕ Λs,t+1 ⇒ d = dH + dV

d2 = (dH + dV )2 = 0 ⇒ d2
H = 0, d2

V = 0, dH ◦ dV = −dV ◦ dH
⇓

Bicomplex
15



Variational Bicomplex (locally exact)

Λ0,0 Λ1,0-

dH

Λ0,1 Λ1,1-
dH

6

dV

6

Λ0,2 Λ1,2-
dH

6

dV

6

... ...
6

dV

6

. . .-

dH

. . .-
dH

6

dV

6

. . .-
dH

6

dV

6

...
6

dV

6

Λp−1,0-

dH

Λp−1,1-
dH

6

Λp−1,2-
dH

6

... ...

dV

6

Λp,0-

dH

Λp,1-
dH

dV

6

Λp,2-
dH

dV

6

...

dV

6

∂V

�
�
�
�
�
�
���

F1-

I

F2-I

dV

6

∂V

...

dV

6

∂V

I : Λp,s −→ Fs = Λp,s/ImdH - integration by parts operator

∂V = I ◦ dV - variational derivative;

dV dH = −dHdV , d2
H = 0, d2

V = 0, ∂2
V = 0, I ◦ dH = 0, ∂V ◦ dH = 0.
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Integration by parts operator

For Ω ∈ Λp,s, s > 0.

I(Ω) =
1

s

q∑
m=1

θm ∧

∑
J

(−1)|J |
d

dxJ

(
∂

∂umJ
yΩ

) .

λ = L(x,u(n))dx
∑
m,J

∂L

∂umJ
θmJ ∧ dx-

dV
∑
m,J

Em(L) θm ∧ dx-I

Em, m = 1, . . . , q are Euler-Lagrange operators.

Em(L) = 0, m = 1, . . . , q are Euler-Lagrange equations.
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Λ0,0 Λ1,0-

dH

Λ0,1 Λ1,1-
dH

6

dV

6

Λ0,2 Λ1,2-
dH

6

dV

6

... ...
6

dV

6

. . .-

dH

. . .-
dH

6

dV

6

. . .-
dH

6

dV

6

...
6

dV

6

Λp−1,0-

dH

Λp−1,1-
dH

6

Λp−1,2-
dH

6

... ...

dV

6

Λp,0-

dH

Λp,1-
dH

dV

6

Λp,2-
dH

dV

6

...

dV

6

∂V

�
�
�
�
�
�
���

F1-

I

F2-I

dV

6

∂V

...

dV

6

∂V

• λ = Ldx ∈ Λp,0 - Lagrangian; ∂V λ =
q∑

m=1

Em(L) θm ∧ dx, (Em(L) = 0 are E.-L. eq.).

• dV λ− ∂V λ = dHν, ν ∈ Λp−1,1
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Λ0,0 Λ1,0-

dH

Λ0,1 Λ1,1-
dH

6

dV

6

Λ0,2 Λ1,2-
dH

6

dV

6

... ...
6

dV

6

. . .-

dH

. . .-
dH

6

dV

6

. . .-
dH

6

dV

6

...
6

dV

6

Λp−1,0-

dH

Λp−1,1-
dH

6

Λp−1,2-
dH

6

... ...

dV

6

Λp,0-

dH

Λp,1-
dH

dV

6

Λp,2-
dH

dV

6

...

dV

6

∂V

�
�
�
�
�
�
���

F1-

I

F2-I

dV

6

∂V

...

dV

6

∂V

• λ = Ldx ∈ Λp,0 - Lagrangian; ∂V λ =
q∑

m=1

Em(L) θm ∧ dx, (Em(L) = 0 are E.-L. eq.).

• dV λ− ∂V λ = dHν, ν ∈ Λp−1,1

• v.-f. v is an infinitesimal variational symmetry if ∃α ∈ Λp−1,0 s.t. v∞(λ) = dH(α) .

• Noether correspondence: π = v∞yν + α is a conservation law:

dHπ = 0 mod {Em(L)} .
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Invariantization (Fels and Olver (1999))

Theorem: Let g be an r-dim’l Lie algebra of infinitesimal transformations on J0.
Then for some k0 ≤ r, ∃ submanifold K ⊂ Jn of codimension r (called local
cross-section) such that

T |zK
⊕

g|z = T |zJk0, ∀z ∈ K.

K can be lifted to Jk for all k ≥ k0.
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Invariantization (Fels and Olver (1999))

Theorem: Let g be an r-dim’l Lie algebra of infinitesimal transformations on J0.
Then for some k0 ≤ r, ∃ submanifold K ⊂ Jn of codimension r (called local
cross-section) such that

T |zK
⊕

g|z = T |zJk0, ∀z ∈ K.

K can be lifted to Jk for all k ≥ k0.

Theorem: K defines invariantization ι for functions, differential forms and vector
fields on an open neighborhood of K:

• ∀f ∈ C∞(J∞) ∃!g-invariant ιf s.t. ιf |K = f |K.

• ∀Ω ∈ Λ∗(J∞) ∃!g-invariant ιΩ s.t. ιΩ|K = Ω|K.

• ∀w ∈ T (J∞) ∃!g-invariant ιw s.t. ιw|K = w|K.
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Properties of ι

• ι preserves linear independence of differential forms and vector-fields

• ι preserves contact-ideal

• structure equations for invariantized frame and coframe are algorithmically
computable without explicit formulas for invariants!!:

d (ιΩ) = ι (dΩ)−
r∑

κ=1

ι
[
dK · v(K)−1

]
∧ ι [vκ (Ω)]

v = (v1, . . .vr) – is a basis of g.

K = (K1, . . . ,Kr) – is a row vector of functions, whose zero-set defines the
cross-section K.

v(K) is an r × r-matrix whose (i, j)-th entry equals to v∞j (Ki).
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Invariant local frame and coframe on J∞

i = 1, . . . , p, m = 1 . . . q, J – symmetric multi-index.

Invariant horizontal basis Invariant vertical basis
Tangent

invariant total diff. operators invariant vertical diff. operators

Di = ι
(
d
dxi

)
span {Di} = span

{
d
dxi

}
VJm = ι

(
∂

∂umJ

)

span {Vm} 6= span
{

∂
∂um

}
unless the action is projectable

Cotangent
invariant “horizontal” one-forms invariant contact one-forms

ωi = ι(dxi)

span
{
ωi
}
6= span

{
d xi

}
unless the action is projectable

ϑmJ = ι(θmJ )

span
{
ϑmJ

}
= span

{
θmJ

}
21



Example se(2)-invariant frame and coframe J∞(R2,1)

Invariant horizontal basis Invariant vertical basis
Tangent

invariant total diff. operators invariant vertical diff. operators

D = 1√
1+u2

x

d
dx = d

ds

V = − ux√
1+u2

x

∂
∂x + 1√

1+u2
x

∂
∂u

Vx = (1 + u2
x) ∂

∂ux
+ 3uxuxx ∂

∂uxx
+ . . .

. . .

Cotangent
invariant “horizontal” one-forms invariant contact one-forms

ω = ds+ ux√
1+u2

x

θ, where ds =
√

1 + u2
xdx

ϑ = θ√
1+u2

x

ϑx = (1+u2
x) θx−uxuxxθ

(1+u2
x)2

. . .
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Invariant bigrading: Λ∗ =
⊕

Λ̃s,t

Unless the action is projectable Λ̃s,t 6= Λs,t and for s ≥ 1:

d : Λ̃s,t −→ Λ̃s+1,t ⊕ Λ̃s,t+1 ⊕ Λ̃s−1,t+2 ⇒ d = dH̃ + dṼ + dW

d2 = (dH̃ + dṼ + dW )2 = 0

d2
H̃

= 0, d2
Ṽ

+ dH̃dW + dWdH̃ = 0, dH̃ ◦ dṼ = −dṼ ◦ dH̃ , d2
W = 0

∂2
Ṽ
6= 0!!
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Generating set of invariants

• Tresse (1894): Differential algebra of invariants is finitely generated.
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Generating set of invariants

• Tresse (1894): Differential algebra of invariants is finitely generated.

• Fels and Olver (1999): Invariantization of coordinate functions

{ι(x1), . . . , ι(xp), ι(umJ )}

m = 1, . . . , q, J = (j1, . . . , jl) is a symmetric multi-index contains a
finite set of invariants

{κ1, . . . , κq̃}

such that any other invariant function on J∞ can be expressed as
a function of (κl

Ĵ
), where l = 1, . . . , q̃, Ĵ = (j1, . . . , jl) is a

non-symmetric multi-index and κl
Ĵ

= Djl · · · Dj1 κ
l .
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Generating set of invariants

• Tresse (1894): Differential algebra of invariants is finitely generated.

• Fels and Olver (1999): Invariantization of coordinate functions

{ι(x1), . . . , ι(xp), ι(umJ )}

m = 1, . . . , q, J = (j1, . . . , jl) is a symmetric multi-index contains a
finite set of invariants

{κ1, . . . , κq̃}

such that any other invariant function on J∞ can be expressed as
a function of (κl

Ĵ
), where l = 1, . . . , q̃, Ĵ = (j1, . . . , jl) is a

non-symmetric multi-index and κl
Ĵ

= Djl · · · Dj1 κ
l .

• A symmetric variational problem can be represented by λ̃ = L̃[κ]ω,

where [κ] = {κl
Ĵ
|l ∈ {1, . . . , q̃}}, ω = ω1 ∧ · · · ∧ ωp.
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Invariant Variational ”Bicomplex”. • variational edge is a complex

Λ̃0,0 Λ̃1,0-

dH̃

Λ̃0,1 Λ̃1,1-
dH̃

6

dṼ

6

Λ̃0,2 Λ̃1,2-
dH̃

6

dṼ

6

... ...
6

dṼ

6

. . .-

dH̃

. . .-
dH̃

6

dṼ

6

. . .-
dH̃

6

dṼ

6

...
6

dṼ

6

Λ̃p−1,0-

dH̃

Λ̃p−1,1-
dH̃

6

Λ̃p−1,2-
dH̃

6

... ...

dṼ

6

Λ̃p,0-

dH̃

Λ̃p,1-
dH̃

dṼ

6

Λ̃p,2-
dH̃

dṼ

6

...

dṼ

6

∂Ṽ

�
�
�
�
�
�
���

F̃1-

Ĩ

F2-Ĩ

dṼ

6

∂Ṽ

...

dṼ

6

∂Ṽ

• λ̃ = L̃[κ]ω - Lagrangian ∂Ṽ λ̃ =
q∑

m=1

Ẽm(L̃)ϑm ∧ ω, (Ẽm(L̃) = 0 are E.-L. eq.).

• Ẽm =
q̃∑

l=1

A∗lmEl −
p∑

i,j=1

B∗jimH
i
j, where

dṼ (κl) =
q∑

m=1

Alm(ϑm) and dṼ (ωj) =
p∑

i=1

q∑
m=1

Bjim(ϑm) ∧ ωi
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• λ̃ = L̃[κ]ω, where [κ] = {κl
Ĵ
|l ∈ {1, . . . , q̃}}, ω = ω1 ∧ · · · ∧ ωp.

• ∂V λ̃ =
q∑

m=1

Ẽm(L̃)ϑm ∧ ω,

• Ẽm =
q̃∑

l=1

A∗lmEl −
p∑

i,j=1

B∗jimH
i
j,

• dṼ (κl) =
q∑

m=1

Alm(ϑm) and dṼ (ωj) =
p∑

i=1

q∑
m=1

Bjim(ϑm) ∧ ωi

• El =
∑
Ĵ

D†
Ĵ
◦

∂

∂κm
Ĵ

, Hij = −δij +
q̃∑

l=1

∑
ĴK̂

κl
Ĵj
D†K ◦

∂

∂κl
ĴiK

.
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Noether Correspondence

{generalized symmetries of λ = L(x,u(n))dx } / {trivial symmetries}

l

{conservation laws of E(L) = 0 } / {trivial conservation laws}
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Noether Correspondence

{generalized symmetries of λ = L(x,u(n))dx } / {trivial symmetries}

l

{conservation laws of E(L) = 0 } / {trivial conservation laws}

v =
q∑

j=1

Qj(x,u(k))
∂

∂uj
is generalized variational symmetry if

∃A = (A1, . . . , Ap), v∞(L) = DivA.

l

P = (P1, . . . , Pp) is a conservation law if DivP ≡ 0 mod E(L)
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In terms of differential forms

v is a gen. var. symmetry of λ = L(x,u(n))dx if ∃α =
p∑

i=1

Ai dx̂
i ∈

Λp−1,0 s.t. v∞(λ) = dH(α) (equivalently v∞ydV λ = dH(α)).

l

π =
p∑

i=1

Pi dx̂
i ∈ Λp−1,0 is a conservation law of E(L) = 0 if

dHπ = 0 mod {E(L)} .

Noether correspondence: π = v∞yν + α , where

dV λ− ∂V λ = dHν, ν ∈ Λp−1,1
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G-invariant Noether correspondence for G-symmetric
variational problems

G-invariant generalized variational symmetry:

↓ (IK) ↑?

G-invariant conservation law:

29



Invariant Noether Correspondence

Λ̃0,0 Λ̃1,0-

dH̃

Λ̃0,1 Λ̃1,1-
dH̃

6

dṼ

6

Λ̃0,2 Λ̃1,2-
dH̃

6

dṼ

6

... ...
6

dṼ

6

. . .-

dH̃

. . .-
dH̃

6

dṼ

6

. . .-
dH̃

6

dṼ

6

...
6

dṼ

6

Λ̃p−1,0-

dH̃

Λ̃p−1,1-
dH̃

6

Λ̃p−1,2-
dH̃

6

... ...

dṼ

6

Λ̃p,0-

dH̃

Λ̃p,1-
dH̃

dṼ

6

Λ̃p,2-
dH̃

dṼ

6

...

dṼ

6

∂Ṽ

�
�
�
�
�
�
���

F̃1-

Ĩ

F2-Ĩ

dṼ

6

∂Ṽ

...

dṼ

6

∂Ṽ

• λ = L̃ ω ∈ Λ̃p,0 - Lagrangian; ∂Ṽ λ =
q∑

m=1

Ẽm(L̃)ϑm ∧ ω, (Ẽm(L̃) = 0 are E.-L. eq.).
• dṼ λ− ∂Ṽ λ = dH̃ν, ν ∈ Λp−1,1

• v.-f. v is an infinitesimal variational symmetry if ∃α ∈ Λp−1,0 s.t. v∞(λ) = dH̃(α) .

• Noether correspondence: π = v∞yν + α is a conservation law:

dH̃π = 0 mod {Ẽm(L̃)} .
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SE(2)-Invariant Example (Elastica)

• λ = 1
2κ

2ω , where ω = ds+ u1√
1+u2

x

θ.

• dṼ λ = (κss + 1
2κ

3)ϑ ∧ ω + dH̃ν, where ν = κsϑ1 − κϑ2 .

• Euler-Lagrange equation: Ẽ(L̃) = κss + 1
2κ

3 = 0.

• Invariant evolutionary vector field: v = ψ(κ, κs)V, where
V = − ux√

1+u2
x

∂
∂x + 1√

1+u2
x

∂
∂u

• Symmetry condition ∃α v∞(λ) = dH̃α =⇒ ψ = κs f(κ4 + 4κ2
s).

Take v = κs V, then v∞(λ) = dH̃α, where α = 1
2 κκss + 1

8κ
4 − 1

2κ
2
s .

• Conservation laws: π = v∞yν + α = 1
2κ

2
s + 1

8κ
4
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• Check: d
dsπ = κs(κss + 1

2κ
3) = κsẼ(L̃) ≡ 0 mod Ẽ(L̃).

(Recall Ẽ(L̃) = κss + 1
2κ

3).
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SA(2)-Invariant Example

• λ = µω , where ω = u
1/3
2 dx+ u3

3u
5/3
2

θ.

• D = 1
u2

1/3
d
dx, µ1 = Dµ, . . . , µi = Dµi−1.

• dṼ λ = (2
3µ2 + 2

9µ
2)ϑ ∧ ω + dH̃ν, where ν = 2

3ϑ1 − 2
3ϑ2 − ϑ4 .

• Euler-Lagrange equation: Ẽ(L̃) = −(2
3µ2 + 2

9µ
2) = 0.

• Invariant evolutionary vector field: v = ψ(µ, µ1)V

• Symmetry condition ∃α v∞(λ) = dH̃α =⇒ ψ = µ1 f(2
9µ

3 + µ2
1).

Take v = µ1 V, then v∞(λ) = dH̃α, where α = µ4 + 2µµ2 + 2
27µ

3.

• Conservation laws: π = v∞yν + α = 2
27µ

3 + 1
3µ

2
1
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• Check: Dπ = µ1(2
9µ

2 + 2
3µ2) = µ1Ẽ(L̃) ≡ 0 mod Ẽ(L̃).

(Recall Ẽ(L̃) = (2
3µ2 + 2

9µ
2)).
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Other work on Noether Correspondence and Moving Frames

• Gonçalves and Mansfield, 2011, 2013 consider a group G of point
symmetries (not generalized symmetries) and use moving frame method
to express conservation laws (not necessarily G-invariant) that correspond
to G.

• We reduce a variational problem by its group G of point symmetries and
considerG-invariant generalized symmetries of the reduced problem. This
leads to invariant conservation laws.
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Implemented for an invariant bicomplex in the iVB package

• dH̃ , dṼ , Ĩ, ∂Ṽ .

• Prolongation of the vector fields

• Exactness of interior rows: given dH̃(ω) = 0 where ω ∈ Λ̃t,s, s > 0,
compute η s. t. dH̃(η) = ω.

Thank you!
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