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Notations

@ Considered C*-algebras A, B, ... are separable, ...

@ ... except multiplier algebras M(B), and ideals of corona algebras
Q(B) :=M(B)/B, ...
as e.g., QRy, B) := Cp(R4, B)/ Co(R4, B) C Q(SB).

@ Ty spaces X, Y,... are second countable.

@ Z(A) means the lattice of closed ideals of A.

@ CP(A, B) is the cone of completely positive maps V: A — B.
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The C*-algebra A is exact, if the functor B — A®@™" B is exact.

Since C*(F..) @M L(H) = C*(F) ®™" L(H), this is equivalent to the
property that each completely positive map of A into a weakly injective
(=WEP) C*-algebra E is automatically nuclear. In particular, exact A is
sub-nuclear in the sense of D. Voiculescu.

The C*-algebra A is strongly purely infinite if for every aj,a> € A,
and ¢ > 0 there exists d;, db € Asuch that, forj=1,2,

ldfad, — & <c and |dfajaxds| <e.

The Ais “only” purely infinite, i.e., each non-zero element of A is
properly infinite, if this holds with a; = a». It is not known if “purely
infinite” always implies “strongly purely infinite”. If Prim(A) is Hausdorff
or if Z(A) is linearly ordered “p.i.” implies “s.p.i.”
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Theorem (Representing KK-classes by morphisms)

Suppose that A and B are stable and separable, and that

C1 € CP(A, B) is an m.o.c.c., and that there exists a non-degenerate
*-monomorphism hy: A — B such that hy generates the m.o.c. cone C4
and that hy @ hy is unitarily equivalent to hy. Then:

() the natural semi-group morphism from the semi-group of unitary
equivalence classes [Hom(A, B) N Cq]y into KK(Cy ; A, B) —
induced by ¢ — [(B, ¢,0)] — is surjective, and

(i) [¢] = [¢] holds in KK(C1 ; A, B) if and only ify & h and ¢ @ h are
unitarily homotopic
(i.e. if there exists a norm-continuous map
t €[0,00) — u(t) e U(M(B)) with u(0) =1 and
lim; o u(t)*(p(a) ® h(a))u(t) = v(a) ® h(a) forac A).
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Corollary (C-classification)
If, in addition to the assumptions of the last theorem, Co C CP(B, A) is
an m.o.c.c. such that there is non-degenerate *-morphism hy: B — A
that generates Co and is unitarily equivalent to ho & ho, then:
There is an isomorphism ¢ from A onto B with ¢ € Cy and o~ € Co,
if and only if
(i) idg € Ca0Cy,
(i) idgeCyoCy, and
(iii) there are z; € KK(Cy; A, B) and z, € KK(Cz; B, A) with
z1 ®a 2o = [idg] in KK(Cy o Co; B, B) and z ®g z1 = [id4] in
KK(Cz2 0 Cq; A, A).

If C1 and C» satisfy the assumptions (i)-(iii) of the Corollary on
C-classification, then the isomorphism ¢ can be found such that
[¢] = z; in addition. The ¢ is unique up to unitary homotopy.
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We have seen that the existence of a suitable *-monomorphism

ho: A — B that represents the zero element of KK(C; A, B) plays an
important role for the ideal-equivariant classification. The following
partial result will be discussed in lectures 2-4:

Theorem (Existence of hy: The embedding Theorem.)

Suppose that A and B are stable, A is exact and B is strongly purely
infinite, and that W : O(Prim(B)) — Z(A) is a non-degenerate action of
Prim(B) on A lower s.c. and monotone upper s.c.

Then there is a non-degenerate nuclear monomorphism hy: A — B
such that hyg @ hg is unitarily equivalent to hy, and
C(ho) = CP(Prim(B); A, B) = CPh(A, B) N CP(V; A, B).

Thus [Homaye(Prim(B); A, B) & holu(y = KK(Prim(B); A, B).
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Notice that a C*-algebra B is stable, i.e., B~ B ® K if and only if there
exists a sequence of isometries s, € M(B) with the property

> Sns; = 1 (with strict convergence).

Then the infinite repeat i, : M(B) — M(B) defined by

do(@) := > spasy is a stricty continuous endomorphism of M(B) that
is up to unitary equivalence uniquely defined by an arbitrary sequence
of isometries s1, sp, ... € M(B) with ) ss};, because u := > t,s; is a
unitary in M(B) if >~ taty =1 = thin.

The commutant 0, (M(B))’ N M(B) contains a copy C*(s, t) of the
Cuntz algebra O unitally.
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A generalized W.-vN. Theorem:

Let B a o-unital C*-algebra, C a separable C*-subalgebra of M(B),
and V: C — M(B) is a completely positive contraction that satisfies
the following conditions («) and (5):

(o) There exists h € C, with V(h) =0 and h'/"d — d if n — oo for
everyd € B.

(B) Forevery ac By, every finite subset X ¢ C; and every e > 0
there exists d € M(B) with ||d*cd — aV(c)a|| < e for c € X.
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One can show that the element d € M(B) in (5) can be chosen such
that || d|| < ||a||. There are contractions e, € C*(e)., for a strictly
positive contraction e € B, such that (e,) is an approximate unit of B
that commutes sufficiently fast with the elements of a filtration

Xi C Xo C -+ of C by finite-dimensional subspaces X, C C, and
satisfies e,;1en = en. Find a sequence h,, of contractions in C*(h)4
such that h,1h, = h, and that maxm<p ||em — hnem|| sufficiently fast
converges to zero. Build elements t, € B from d, with

SUPxex, 17 (1 — hni2)X(1 — hpy2)dn — enisXenys|| converging to zero
as products of the form t, := (hp 1 — hp)dneni2. Then a suitable
selection leads to strictly convergent series of the kind

Sm = bomen!? + > pom ton(€n — en—1)1/2, that satisfy part (i) of the
following theorem. The other parts follow by passage to

Co(R+, M(B))/ Co(R+, B).

Eberhard Kirchberg (HU Berlin) |CEEESYE Cl R IETERA= Lo S N() M L ecture 2, Toronto, 27/02/2014 10/21



Proposition (Generalized W.-vN. Theorem)
The above assumptions (o) and (3) imply:

(i) There exist contractions S, € M(B) such that S;,cS, — V(c) € B
andlimg||S;cS, — V(c)|| =0 forc € C and k > 0.

(i) IfBis stable and T: C — M(B) is a completely positive
contraction such that V := 6., o T satisfies (o) and (), then there
is a norm-continuous map t € Ry — S(t) € M(B) into the
contractions of M(B) such that S(t)*cS(t) — T(c) € Bfort >0
andlimi_, || T(c) — S(t)*cS(t)|| =0 forall c € C.

(i) If, in addition to (ii), T is a *-homomorphism and T(C)B is dense
in B, then idc asymptotically absorbs T, i.e.,idc ®T: C — M(B)
and id¢ are unitarily homotopic (cf. following Definition).

(iv) The Sy in (i) (resp. S(t) in (ii)) can be chosen as isometries if
1me) € C and V (resp. T in (ii)) is unital.
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Definition (Unitary homotopy)

Let hji: A— M(B), j = 1,2, *-homomorphisms, and let V a completely
positive contraction from A into the multiplier algebra M(B) of B.

We call hy and h, unitarily homotopic if there is a norm-continuous
map t — U(t) from the non-negative real numbers R into the
unitaries in M(B), such that,

(i) Uty hi(a)u(t) — he(a) € Bfort € Ry and a € A, and
(i) limioo |[h2(@) — U(t)*hy(a)U(1)]| for all a € A.

If M(B) contains a copy of C*(s, t) of Oz unitally, then we can define
Cuntz addition hy @ hy := shy(-)s* + tho(:)t* on Hom(A, M(B)) , and
then (by definition) hy asymptotically absorbs h, if hy and hy @ h, are
unitarily homotopic. Unitary equivalence implies unitary homotopy, but
not necessarily point-norm homotopy of hy and h..
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We say that h; asymptotically dominates a completely positive
contraction V: A — M(B) if there is a norm-continuous map t — S(t)
from the non-negative real numbers R into the isometries in M(B),
such that,

(i) S(t)*hi(a)S(t) — V(a) e Bforte Ry andac A, and

(i) limiseo [V(Q) — S(8)*hy(a)S(t)]| for all a € A.
Note that hy and hy are unitarily homotopic (respectively hy
asymptotically dominates V), if and only if, hy and h. are unitarily

equivalent (respectively hy dominates V) in
Co(R+ , M(B))/ Co(R+, B) > M(B).

This implies e.g. that hy asymptotically absorbs hy if ho @ ho is unitarily
homotopic to h, and hy asymptotically dominates hy @ ho in
Cp(Ry, M(B))/Co(R4, B) D M(B) - an algebraic calculation.
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A unitary homotopy implies homotopy — in Hom(A, M(B)) with
point-norm topology — if the unitary group U(M(B)) of M(B) is
connected in norm-topology (e.g. if B is stable).

Thus hy ® idg and hy, ® idg are homotopic in Hom(A ® K, J ® K), if hy
and hy are unitarily homotopic and if J is an ideal of M(B) that
contains hy(A).

It is usual not always possible to find the map t — U(t) with U(0) = 1
in the definition of unitary homotopy.
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Let C ¢ CP(A, B) a non-degenerate countably generated m.o.c. cone,
where A is separable, B is o-unital, and both of A and B are stable.
There exists a *-homomorphism Hy: A — M(B) with following
properties
(i)
(il) do0 © Hp is unitarily equivalent to Hp,
(iii) Vp :=b*Hp(-)b € C for each b € B, and
(iv) each V € C can be approximated in point-norm topology by a
sequence (Vp,).

Hp is faithful non-degenerate,
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Corollary (Uniqueness of the universal bi-module for C)

If Hi: A— M(B) is a *-homomorphism that satisfies the conditions
(i)—(iv) (in place of Hy), then Hy and Hy are unitarily homotopic.

Each countably generated C-compatible Hilbert A-B-bimodule (E, ¢) is
isomorphic to a sub-module of (B, Hp).

The Hilbert B-module Hg = B is a “universal” Hilbert B-module (with
trivial grading) and Hy: A — L(H) the “universal” *-monomorphism
that corresponds to the given cone C.
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Definition of regular subalgebras:
Let C c Aa C*-subalgebra. C is regular for A if

(i) C separates the ideals J of A: J; N C = Jo N C implies J; = Jo.
(i) CN(J1+do) =(CnNJy)+ (Cn ) forall Jy, Jo € Z(A).

Theorem (Realization of ¥, H.H.,E.K.)

Suppose that B is separable and stable. Let V: Z(B) — Z(A) a
non-degenerate lower s.c. action of Prim(B) on A.

If B® O, contains a regular abelian C*-subalgebra C then V = V. for
C := Cy. In particular, ¥ comes from a non-degenerate
*-monomorphism h: A® K — M(B), that is unique up to unitary
homotopy of its infinite repeats.
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Corollary (Reconstruction Theorem, H.H.,E.K.)
Suppose that A is a nuclear and stable, that Q2 is a sup—inf closed
sub-lattice of Z(A) = O(Prim(A)) with Prim(A), 0 € Q. Then there is a
non-degenerate *-monomorphism Hy: A — M(A) with following
properties:

(i) The infinite repeat 6, o Hy is unitarily equivalent to Hy.

(i) Forevery U € O(Prim(A)) holds Hy(J(V)) = Ho(A) N M(A, J(U))

where V € Qisgivenby V = J{W € Q; W c U}.

The Hy is uniquely determined up to unitary homotopy.
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Corollary (Continuation of Reconstruction Theorem)
The Cuntz-Pimsner algebra Oy, of the Hilbert A-A-module H := (A, Hp)
is stable and strongly purely infinite; and it is the same as the C*-Fock
algebra F(H) of H.
The natural embedding of A into O3 defines a lattice isomorphism
from Q onto O(Prim(Oy)) and is a KK(X; -, -)-equivalence for

X :=prime(Q) = Prim(Oy).
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Theorem (On Prim(A), H.H.,E.K.,M.Rardam)
Let X a point-complete Ty-space. TFAE:

(i) X = Prim(E) for some exact C*-algebra E.
(i) The lattice of open sets O(X) is isomorphic to an sup—inf invariant
sub-lattice of O(Y') for some l.c. Polish space Y.
(iii) There is an l.c. Polish space Y and a pseudo-open and
pseudo-surjective continuous map w: Y — X.
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Theorem (On Prim(A), continuation)

If X satisfies (i)—(iii), then there is a stable nuclear C*-algebra A with
A= A® O,, and a homeomorphism ) : X — Prim(A),

such that,

for every nuclear stable B with B ® O2 = B and every homeomorphism
¢: X — Prim(B),

there is an isomorphism «: A — B with a(¢(x)) = ¢(x) for x € X.

The « is unique up to unitary homotopy.
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