Operations and constructions



There is a wide range of operations on (abstract) groups which may
yield C-groups. By and large, they fall into two main areas. First,
in mixing we pick suitable involutory elements in a given group.
Second, in twisting we augment a given group by means of suitable
automorphisms.

However, these notions are not mutually exclusive, since we find it
useful to allow inner automorphisms in twisting, and so, strictly
speaking, such an operation is mixing.

Further, we prefer to regard certain operations as examples of
constructions, particularly when the abstract and geometric part
company. Thus there is no hard-and-fast line to be drawn between
operations and constructions, and it is largely a matter of taste as
to how we categorize them.



Mixing

Most of the mixing operations are applied to C-groups, to yield new
closely related C-groups which may even be the same. The general
notation for operations will be bold Greek uncials, to distinguish
them from ordinary Greek letters used as (for example) real
numbers. These will then apply to the corresponding regular
polytopes as well.

A general principle is that, if a mixing operation is initially defined
for regular m-polytopes, then subsequently the same operation is
applied to the m-cofaces of polytopes of higher rank.



Duality

Strictly speaking, the duality operation
o: (S()7 . ,Sm,1) = (Sm,l, c 750) = (ro, ey rm,l)

is a mixing operation, and so fits in here. The notation P := ol
for the dual P with group G(P) = (ro,....rm—1) of O with group
G(Q) = (so,..., Sm-1) conforms to the general pattern.

Remark

With duality, we find one of the sharpest divides between the
abstract and geometric theories, since a geometric regular polytope
need not have a geometric dual, at least in the same space, and
may even have no geometric dual which exhibits its combinatorial
structure at all.



Facetting

As an important case, the facetting operation ¢, applies to a
polygon O (of rank 2), and is given on the generators of its group
H = <So, 51> by

@i (s0,51) — ((s051)* 's0,51) =1 (ro. r1),

to give a new C-group G = H¥* := (rq, ).

If O is a g-gon with successive vertices vy, v, .. ., vg—1 in cyclic
order, then successive vertices of the new polygon P = O%¥* are
Vo, Vi, Voks - - .. Thus we may assume that 1 < k < %q. If

(g, k) =s > 1, then P is a (g/s)-gon, reducing to a digon {2} if
1
S = jq



Theorem
The facetting operations applied to a regular g-gon satisfy

PiP; = Pk
with 1 < k < 3q such that k = £ij (mod q).

This is obvious from the geometric description. On the algebraic
level, it is made more clear if we write (sos1)* 'so = (s051)*s1, so
that ' ' )

((5051)151 -51)151 = (sosl)’fsl.

For the most part, we have (g, k) = 1, so that ¢, is invertible, but
occasionally the case (g, k) > 1 plays a useful role.



Petrie operation

The Petrie operation 7r applies to a regular polyhedron O (of rank
3), and is given on the generators of its group H = (sg,51,52) by

m: (So, S1,52) — (S052, 51, 52) =: (ro, r1, r2),

to give a new group G = H™ := (rg, r1, r2), and corresponding
polytope P := QT (when it exists).

We see that 7 is involutory; we call Q7 the Petrial of Q™. Only on
very rare occasions in rank 3 is G not a C-group, but it can fail to
be in higher ranks, as we shall shortly see.



It is routine to verify

Theorem
In rank 3, duality § and the Petrie operation T satisfy (m8)% = e,
the identity.

It is sometimes useful to employ the dual operation
7 = dmwd = wdm to m, which is given by

*

7" (So,S1,52) — (So,51,8052) =: (ro, ri,r2).

We can think of 7" as the conjugate of 7 under &.
The following is obvious.

Theorem
The Petrie operation 7 and facetting operation @, commute.

We shall write 7y := o, = mpy for their composition.



The most general circumstance under which the Petrie operation
breaks down in higher rank is given by

Theorem

Let H = (sg,...,Sm—1) be a string C-group with m > 4. If
Hp—2m-1=(So,...,Sm—3) has a relator which contains sp,_3 an
odd number of times, then H™ is not a C-group.

Proof.

Let h be the relator (so that h is a word in sq,...,S,_3 such that

h = e), and suppose that h contains s, 3 an odd number k of
times. Let g be the element obtained by replacing s,,_3 by
rm—3 = Sm—3Sm—1 (and s; by r; for other j). Then

k
g=hs,, 1 =e€eSm1=5m1.

In G = H™ we thus have r,,_1 € (rg,...,rm_3), violating the
intersection property. O



Halving

The halving operation 7 initially applies to a regular polyhedron O
with tetragonal 2-faces, and is

n: (S0, 51, 52) — (S0S1S0, S2,51) =: (ro, r1,r2),

to give a new group G = H" := (rq, r1,r2), and corresponding
polytope P := Q".

If O is of Schlafli type {4, g}, then P := Q" is a self-dual regular
polyhedron of type {g, g}, with duality induced by conjugation by
So.

Theorem
If @ has an odd edge-circuit, then Q™ has the same vertices and

group as Q. If not, then the number of vertices and group order are
halved.



Petrie contraction

In a vague sense, Petrie contraction is related to the dual of the
Petrie operation. Formally, it is the mixing operation zo on the
group H = (sg,...,s,,) of a regular polytope O given by

Thus we write G := (rg,...,rm-1) = HY, and P := Q% for the
corresponding regular polytope, if it exists. Observe that zo reduces
rank by 1.

Under many circumstances, G = H; the alternative cases are less
interesting, but still often worth noting. We shall postpone giving
examples until they are relevant.



Twisting

A twisting operation applies one or more (usually) involutory
automorphisms 71, ... to an existing (usually) C-group

H = (s1,...), to yield a new string C-group G = (ro,...,rm-1).
A similar notation to that for mixing can be employed:

where each rj is an s, or a 7.

We specifically allow inner rather than outer automorphisms, in
which case we genuinely have a mixing operation. Moreover, when
applied to a Coxeter diagram, a twist 7 is proper if the unit
normals to the reflexion hyperplanes of the diagram can be chosen
so that 7 permutes them (that is, does not change any of their
signs); otherwise 7 is improper (and then usually inner).



We shall leave to the appropriate place most examples of twisting.
However, there is one striking example which is worth presenting
here.

Suppose that H = C5" = C5 x --- x C», the elementary abelian
group of order 2", with involutory generators s1,....5s.,. Let

Sm={(71,...,Tm—1) be the symmetric group on {1..... m}, with
Tj = j+1)forj=1,....,m—1. Then

with the 7; acting as indicated on the indices of the s, gives the
automorphism group G := (rq, ..., r,_1) of the (abstract) m-cube
{4,3m2}.



Constructions

By definition, constructions are usually geometric in nature, since it
is often (but not invariably) unclear what an appropriate abstract
analogue would look like.

Typically, a construction will modify one or more generating
reflexions of a given string C-group, or adjoin a new reflexion to it.
Note that such constructions do not always lead to C-groups.

We begin with an important observation.

Theorem
IfS, T1,..., Tk are linear reflexions such that S = T; for each

Jj=1,...,k, then
S=TinNn--NTyg,

with the usual identification of geometric reflexions with their
mirrors.



on the euclidean space E, say. For each j, define

Now let H := (Sq, ..., Sm—1) be a given geometric C-group, acting

K =S, N Sk+1 N---NSm_1.
Using the previous observation, as a reflexion K, = S; for each
j # k —1, but K does not commute with S;_1.

Hence, if we define the operation

I{jkl (50 . .,Smfl) — (50, . --ijl«,Sij-,Sj+la- . .,Smfl)

then we cannot obtain a string C-group G := (R, ..., Ry—1) when
k > 1 unless j = k — 2 or k. Since the case j = k is particularly
important, we abbreviate Ky (= K.



There are several special cases, beginning with k = 0. If H is the
symmetry group of an apeirotope, then Ky = (), so that kg is not
defined. Thus only the case of polytopes is of interest, and here we
adopt the notation Z := Kj; thus Z is inversion in the centre of the
corresponding (finite) regular polytope Q.

For (finite) regular polytopes, we write ; := o, which replaces S;
by S;Z, and then further abbreviate ¢ := (o. This is an operation
of central importance.

Remark
Unfortunately, there are rare occasions when @ is a polytope, but
P = Q¢ is not. This means that the polytopality of P needs to be
checked.



Faces

We shall need to know how faces behave under (.

Theorem

Let F be an initial (proper) face with centre ¢ of a finite regular
polytope P with centre o. Then, under ¢, the corresponding initial
face F of PS with centre € is as follows:

e if F is not a blend with component {2} and ¢ = o, then
F =FS with¢ = o

e if F is not a blend with component {2} and ¢ # o, then
F = FS# {2} with¢ = o;

o if F =G # {2} is a blend with component {2} and c = o,

then F = G¢ with ¢ # 0;
o if F =G # {2} is a blend with component {2} and c # o,
then F = GS # {2} with T # o and (c,¢) = 0.



The proof of the last part is basically on hand of this picture:

G ¢ 6" =G

G/
We often use the convenient shorthand

QO {2} = Q° # {2},

so that the faces occurring above could be written G < {2}.



An apeirotope construction

For apeirotopes, it is k := 1 which is of most interest, and here

there is an crucial extension of the notion. A natural convention is
to take the initial vertex of the apeirotope @ to be the origin o, so
that the group (S1,...,5,_1) of the vertex figure is an orthogonal

group. Now K := Ky = W, the Wythoff space, so that the mirror
of KSy is W @ Si-.

However, with a slight modification the construction still applies
when @ is a finite polytope. In the usual cases of apeirotopes, W is
a point-set. So, we define P := Q" as previously, but with

W = {v}, where v is the initial vertex of Q. Now P may be an
apeirotope of the same rank, which will be discrete just when Q@ is
crystallographic. Indeed, if G is a proper face of @, then the face of
P of the same rank is F := G". We shall give examples of this
construction later.



In terms of the group generators (whether the polytope is finite or
not), we have R; := S; for j # 1, and R is defined by

xRy :=2v — x57.

An important consequence of the definition is the following.

Theorem

If G is a face of Q of rank k > 2, then the corresponding k-face of
P=Q"is F=G~".

Another consequence is

Theorem
If P, Q are two regular polytopes, then

(P# Q)" = P"# Q"



In the case of polygons, as before for p > 2 we define p” by

1 1 1

=
p P2
with the natural conventions 2" = oo, oo’ = 2. Then we have

Theorem
For each p > 2

{p}==1{p"}.

Corollary

For a general regular polygon {p} = {p1} # - -- # {px}, with
00 ZpL > >pr 22,

{p® ={p"} = {pk} #-- #{pf



Vertex-figures

When k is applied to an apeirotope P with vertex-figure @, the
vertex-figure of P* is (by definition) Q¢. In the discussion of ¢, we
saw how blends with {2} are interchanged with lower dimensional
polytopes not having o as centre.

Of course, this interchange was the original motivation for applying
 to finite polytopes; here, the vertex-figure @ is a polytope whose
centre is not the vertex v with respect to which ¢ is being applied.



The free abelian apeirotope

Another important construction is that of the free abelian
apeirotope. Let @ be a finite regular polytope, with symmetry
group H = (Sp,...,S5n-1) and initial vertex w. Define

W :=5Syn---NSy_1 and let v € W. Define Ry := {w} as a
point-reflexion, R; := S; 1 for j > 1, and let G := (Ry, ..., Rm).

The product of the point-reflexions in a, b € [ is the translation by
2(b — a). Thus G contains all translations by vectors 2(w; — w;),
with w;, wy € vert @, and so will be discrete only if Q is rational,
meaning that its vertices have rational coordinates with respect to
some basis.

Effectively, the only choice for v is v € aff vert Q or v ¢ aff vert Q.
In the former case, the resulting apeirotope is denoted P := Q%;
the class of the latter apeirotopes is denoted apeir @, whose general
member is of the form P # {2}.



Further comments

With both x and «, polytopality of the result is not guaranteed,
and so must be checked in each individual case. In contrast, if @ is
a rational finite regular polytope, then a general member

Q™ # {2} € apeir Q is always polytopal.

There are interesting connexions among these constructions. It is
clear from the definition that ax = Ca.

However, considerably more interesting is a connexion involving
Petrie contraction: cvto = K, as applied to finite polytopes. To see
this is easy, since, with v as before the initial vertex of @ with
symmetry group (Sp,...,Sn-1), the effect of azo on the group
generators is

which is just that of k.



