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Auxetic Deformation in Polymer Foams
Negative Poisson’s ratio due to changes in geometry

Poisson’s ratio ν = − transversal strain

longitudinal strain

ν > 0

produced from conventional low-density 

open-cell polymer foams (Fig. 1) by causing 
the ribs of each cell to permanently protrude 
inward; this resulted in a reentrant structure 

such as that shown in Fig. 2. An idealized 
reentrant unit cell is shown in Fig. 3. A 

polyester foam (5) was used as a starting 
material and was found to have a density of 
0.03 g cm-3, a Young's modulus of 71 kPa, 
a cell size of 1.2 mm, and a Poisson's ratio of 
0.4. The method used to create the reentrant 
structure is as follows. Specimens of conven- 
tional foam were compressed triaxially, that 

is, in three orthogonal directions, and were 

placed in a mold. The mold was heated to a 

temperature slightly above the softening 
temperature of the foam material, 163? to 
171?C in this case. The mold was then 

cooled to room temperature and the foam 

was extracted. Specimens that were given a 

permanent volumetric compression factor of 

between 1.4 and 4 during this transforma- 

tion were found to exhibit negative Pois- 

son's ratios. For example, a foam subjected 
to a permanent volumetric compression fac- 

tor of 2 had a Young's modulus of 72 kPa, 
and a Poisson's ratio of -0.7. Polyester 
foams of similar structure and properties, 
but different cell sizes (0.3, 0.4, and 2.5 

mm), transformed by the above procedure 
were also found to exhibit negative Pois- 

son's ratios. Reticulated metal foams were 

transformed by the alternate procedure of 

plastically deforming the material at room 

temperature. Permanent compressions were 

performed sequentially in each of three or- 

Fig. 3. Idealized reentrant unit cell produced by 
symmetrical collapse of a 24-sided polyhedron 
with cubic symmetry. 

thogonal directions. Foams transformed in 

this way were also found to exhibit reentrant 

structures. 

The casual observer may comment that 

materials with negative Poisson's ratios are 

counterintuitive in that they do not conserve 

volume. This is not objectionable since there 

is no law of conservation of volume. Various 

observers develop insights about these phys- 
ical properties from rubbery materials that 

are indeed nearly incompressible. Neverthe- 

less, such common materials such as steel, 

aluminum, conventional foams, and hard 

plastics have Poisson's ratios that differ from 

0.5, hence these materials do not conserve 

volume. All known materials, including the 

ones described here, obey conservation of 

energy, which restricts Poisson's ratio to be 

between -1.0 and 0.5 for isotropic materi- 

als. The physical origin of the negative 
Poisson's ratio can be appreciated in view of 

the idealized unit cell shown in Fig. 3. 

Tension applied to the vertical links will 

cause the cell to unfold and expand laterally. 
The actual cell structure (Fig. 2) also con- 

tains ribs which are bent and protrude into 

the cells. 

Foams with negative Poisson's ratios were 

found to be more resilient than conventional 

foams. Foams with a typical structure of 

tetrakaidecahedral (14-sided) cells (6) exhib- 

it an approximately linear compressive 
stress-strain curve up to about 5% strain (7). 
At higher strains, the cell ribs buckle and the 

foam collapses at constant stress. Reentrant 

foams exhibited a nearly linear relation be- 

tween stress and strain up to more than 40% 

strain, with no abrupt collapse. Resilience 

was enhanced for deformation in each of 

three orthogonal directions. Improved resil- 

ience (in one direction) has also been report- 
ed in foams compressed permanently in one 

direction (uniaxially) (8). I prepared such 

foams and found that they exhibited Pois- 

son's ratios near zero. They did not exhibit 

Fig. 1 (top). Stereo photograph of a conventional open-cell polymer foam. Scale mark, 2 mm. Fig. 
2 (bottom). Stereo photograph of a reentrant foam. Permanent volumetric compression factor is 2.7. 
Poisson's ratio is -0.6. Scale mark, 2 mm. 
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negative values. 

It is notable that the theory of elasticity 
contains no characteristic length scale. The 
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contains no characteristic length scale. The 
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ν < 0

(R. Lakes, Science, 1987)



Auxetic Deformation in Polymer Foams
Negative Poisson’s ratio due to changes in geometry

Poisson’s ratio ν = − transversal strain

longitudinal strain

ν > 0 ν < 0

(R. Lakes, Science, 1987)



Cellular Solids
Examples: wood, cork, sponge, coral, solid foam

“An assembly of cells with solid edges or faces,
packed so that they fill space”

Elastic regime:
linear stress-strain-relation for solid
material:

ε i =
6

∑
i=1

Sij σj

BUT

Relation of effective moduli to
geometry complex!

Methods:
I Homogenization techniques
I Numerically: FEM-Simulation (PDE’s)



Inverted Honeycomb Pattern
Most common picture of an auxetic framework

ν > 0 ν < 0



Framework
Pin-joint-and-bar framework

x
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l{34}
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b
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l{34}
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Edges are inextendible, incompressible rods which are joined
but rotate freely at the vertices.

Deformation of a framework:

Continuous 1-parameter family P (δ) = (p1 (δ) , . . . ,pN (δ)) with

I
∣∣pi (δ)− pj (δ)

∣∣2 − l{ij}
2 = 0 ∀ {i , j} ∈ B

Numerical solution by Newton’s method



Numerical calculation of affine deformations

Initial configuration

Defines edge equations

Affine uniaxially deformed
initial configuration

Edge equations violated

Calculated configuration
by Newton method

Edge equations fulfilled

I Multi-dimensional Newton-Raphson method
I Singular Value Decomposition



Deformation of unit cell and its Poisson’s ratio νperiodic F.

Deformation of a rectangular unit cell
with constraint a (δ) · b (δ) = 0

b0

l

a
0

b
0

l
′

δl

b0

a (δ)

b (δ)

fixed

moved

Imposed deformation:

a(δ) = (1 + δ) a0

Poisson’s ratio:

ν(δ) = −
|b|(δ)−|b0|
|b0|

|a|(δ)−|a0|
|a0|

= −X
δ

with b(δ) = (1 + X )b0

Deformation of an oblique unit cell
without any constraints

0

l

∣∣∣b0
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Imposed deformation:

a(δ) = a0
‖(1 + δ)e‖ + a⊥(δ)e⊥

b(δ) = b0
‖(1 + δ)e‖ + b⊥(δ)e⊥

Poisson’s ratio:

ν(δ) = −
|a⊥ (δ)|+|b⊥ (δ)|−|a0
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⊥|+|b
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Repositories of frameworks: Tilings

two-dimensional:
I 1-uniform
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two-dimensional:
I 1-uniform
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Repositories of frameworks: Tilings

two-dimensional:
I 1-uniform
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Repositories of frameworks: Tilings

two-dimensional:
I 1-uniform
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Repositories of frameworks: Tilings

two-dimensional:
I 1-uniform
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Repositories of frameworks: Tilings

two-dimensional:
I 1-uniform
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Repositories of frameworks: Tilings

two-dimensional:
I 1-uniform
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Results of tensile experiments of Ti-6Al-4V cellular solid
vs. numerical results of skeletal structures

 0.2

 0.4

 0.6

 0.8

 1

 0.2  0.4  0.6  0.8  1  1.2  1.4

ε l [%
]

εt [%]

Experimental Data
Fit εt=0.76εl-0.24

l l

l

l

l l

l

l
l

l

l

l

l

l
l

l

l
l

l

l

l
l

l
l

l

l

l
l

l

l
l

l

l
l

l

l

l

l

l

l

l

l
l

l

l

l

l
l

l

l
l

l

l

l
l

l
l

l

l

l
l

l

l
l

l

l

l

l

l

l

l
l

l

l

l

l

l
l

l

l
l

l
l

l

l

l
l

l

l

l

l
l

l

l

l

l

l
ll

l
l

l

l

l

l

l

l

l

l
l

l

l
l

l

l
l

l
l

l

l

l
l

l

l

l

l
l

l

ll

l
l

l

l

 0
 2
 4
 6
 8

 10
 12

 0  2  4  6  8  10

ε l [%
]

εt [%]

Numerical data
Fit εt=1.00εl-0.00

Same sign and similar value of ν



Results of tensile experiments of Ti-6Al-4V cellular solid
vs. numerical results of skeletal structures

 0.2

 0.4

 0.6

 0.8

 1

 0.2  0.4  0.6  0.8  1  1.2  1.4

ε l [%
]

εt [%]

Experimental Data
Fit εt=0.76εl-0.24

 0
 2
 4
 6
 8

 10
 12

 0  2  4  6  8  10

ε l [%
]

εt [%]

Numerical data
Fit εt=1.00εl-0.00

Same sign and similar value of ν



Deformations of periodic frameworks
Existence and uniqueness illustrated by Archimedean tilings

(34.6)
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Deformations of periodic frameworks
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Deformations of periodic frameworks
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Deformation retaining available symmetries
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Strain amplification: |ν| > 1
[Baughman et al, “Negative Poisson’s Ratios for Extreme States of Matter”, Science (2000)]

(3.42.6;3.6.3.6)2 in cm ⊂ c2mm:
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Ambiguous deformations of frameworks
Conservation of symmetries and energy minimization

E.g. harmonic angular springs:

H [P(δ)] = ∑
{i;jk}

(α(P(0)){i;jk} − α(P(δ)){i;jk})
2
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ff. Strain Amplification and Energy Minimization
2-uniform tiling (3.42.6;3.6.3.6)2

c11m c2

c1 + min(E) p1 + min(E)



Summary

Results
I Qualitative similar result in TS-wheels structure

between framework and cellular solid
I Find new auxetic mechanisms in repositories of tilings
I Deformation modes depend on symmetries

Can floppy frameworks
predict auxetic cellular materials?

[Mitschke et al, “Finding auxetic frameworks in periodic tessellations", Adv.Mat., 2011]
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