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Persistence
Given f : X→ R and a ∈ R, let Fa = f−1(∞, a]

γα
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H∗(Fa) H∗(Fb) H∗(Fc) H∗(Fd) H∗(Fe)

Birth(γ) = b Death(γ) = e

When is γ ∈ H∗(Fa) born and when does it die?

· · · < a < b < c < d < e < · · ·



Level Set Zigzag Persistence
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Higher Dimensions
Given f : X → M , where M is an orientable Riemannian m-
manifold and U ⊆ M an open set, when is γ ∈ Hcm+p(FU ) born
and when does it die? Assume f is proper.

For any r ≥ 0, let Ur = {x ∈M | Dist(x, U) ≤ ε}

For 0 < r1 < r2 < r3 < . . ., we have

· · · ⊇ U3 ⊇ U2 ⊇ U1 ⊇ U = U ⊆ U1 ⊆ U2 ⊆ U3

· · · ⊇ FU3 ⊇ FU2 ⊇ FU1 ⊇ FU = FU ⊆ FU1 ⊆ FU2 ⊆ FU3
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Closed Homology

What is Hc
∗(FU ), for an open set U ⊆M?

Let {Ki}i∈I be the collection of compact sets Ki ⊆ f−1(U)

For Ki ⊆ Kj , we have fij : H∗(X,X−Kj)→ H∗(X,X−Ki)

Hc
∗(FU ) := lim←−i∈I H∗(X,X−Ki)

= {α ∈ Πi∈IH∗(X,X−Ki) | αi = fij(αj) for Ki ⊆ Kj}

For each compact Ki, there is πi : Hc
∗(U)→ H∗(X,X−Ki)

For an open set V ⊆ U , there is a unique morphism

u : Hc
∗(U)→ Hc

∗(V )



The Φ Map
→ Hc

m+p(FU3)→ Hc
m+p(FU2)→ Hc

m+p(FU1)→ Hc
m+p(FU )

← Hp(FU3)← Hp(FU2)← Hp(FU1)← Hp(FU )

Φ

For now, assume U ⊆M is path connected

There is a consistent choice of a generator

Hm+p(X,X− f−1(x))

Hp(FU ) Hm+p(FU ,FU − f−1(x))
_ f∗(µx)

∼=

µx ∈ Hn(M,M − {x}), for each x ∈M

Hc
m+p(FU )

πx



The Φ Map
→ Hc

m+p(FU3)→ Hc
m+p(FU2)→ Hc

m+p(FU1)→ Hc
m+p(FU )

← Hp(FU3)← Hp(FU2)← Hp(FU1)← Hp(FU )

Φ

For now, assume U ⊆M is path connected

There is a consistent choice of a generator

Hm+p(X,X− f−1(x))

Hp(FU ) Hm+p(FU ,FU − f−1(x))
_ f∗(µx)

Φ ∼=

µx ∈ Hn(M,M − {x}), for each x ∈M

Hc
m+p(FU )

πx



Birth and Death Restricts Nicely
For V ⊆ U ⊆M open and path connected
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If b = Birth(γ) and d = Death(γ), then b ≤ Birth(γ′) and
d ≤ Death(γ′).
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Stability
Let h : X× [0, 1]→M be a homotopy connecting f = h0 to g = h1

The homotopy speed of h is

δ = infε≥0 Dist(f(x), ht(x)) ≤ εt ∀x ∈ X, ∀t ∈ [0, 1]
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Last Slide

An extension of the classic notion of birth and death to mappings
f : X→M , where M is an orientable Riemannian manifold.

• For each open set U ⊆M and γ ∈ Hc
∗(FU ), we define Birth(γ)

and Death(γ).

• Birth and death is consistent with the restriction map
Hc
∗(FU )→ Hc

∗(FV ), for V ⊆ U .

• Birth and death is stable to homotopic perturbations to f .


