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Three Related Optimization Problems

• minimize ‖x‖
subject to constraints

• x is a chain or cochain
constraint involves a boundary matrix
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Optimal Homologous Chain Problem (OHCP)

Given finite simplicial complex X (dim n + 1)

min ‖x‖1

subject to x = c + ∂n+1 y

where x , c are n-chains.

• NP-hard if x , y , c are F2 valued

• If x , y , c are Z valued . . .

Polynomial time if X is relatively torsion free
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Main Result

Theorem (Dey-H.-Krishnamoorthy)

For a finite simplicial complex K of dimension > n, the boundary
matrix ∂n+1 is totally unimodular if and only if Hn(L, L0) is
torsion-free, for all pure subcomplexes L, L0 in K of dimension
n + 1 and n respectively, where L0 ⊂ L.
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Optimal Bounding Chain Problem (OBCP)

min ‖x‖1

subject to x = c + ∂n+1 y

x = c + ∂ y ⇒ ∂ x = ∂ c

∂ x = ∂ c ⇒
?

x = c + ∂ y

∂(x − c) = 0 ⇒
?

x − c = ∂ y

Yes if Hn(X ) = 0 since ker ∂n = im ∂n+1
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Using above and tools from low-dimensional topology:

Theorem (Dunfield-H.)

Let Y be an orientable manifold and K be a knot embedded in Y .
If H2(Y ;Z) = 0, the Least Spanning Area problem for K can be
solved in polynomial time.
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Optimal Cohomologous Cocycle Problem

Given closed form c :

min ‖x‖2

subject to x = c + d y

• Minimizer is a harmonic form.

• There is a unique harmonic form in each cohomology class.

Given cocycle c :

min ‖x‖2

subject to x = c + ∂T y

• Minimizer is a harmonic cochain.
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Hilbert Complexes

[Brüning and Lesch, 1992, Arnold, Falk and Winther, 2010]

• Given a sequence of Hilbert spaces W k with inner products
〈·, ·〉 and closed densely defined dk with dk+1 ◦ dk = 0

• (W , d) is called a Hilbert complex

• V k ⊂W k domain of dk with inner product

〈u, v〉V k = 〈u, v〉W k + 〈dku, dkv〉W k+1

• (V , d) is a bounded Hilbert complex called domain complex

• Let d∗ be the adjoint of d

• ∆ := d d∗+ d∗ d is called the Laplace-deRham operator
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de Rham Complex

W k = L2Λk = Square integrable forms

V k = HΛk = forms in L2Λk with weak d in L2Λk+1

H1(Ω)
grad−−−−→ H(curl; Ω)

curl−−−−→ H(div; Ω)
div−−−−→ L2(Ω)
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Hodge Decomposition in Finite Dimensions

X , Y , Z finite-dimensional inner product spaces

X
A−−−−→ Y

B−−−−→ Z

X
AT

←−−−− Y
BT

←−−−− Z

B ◦ A = 0

Y = im A⊕ im A⊥ = im A⊕ ker AT

Y = im A⊕ im BT ⊕ (ker B ∩ ker AT )

Y = im A⊕ im BT ⊕ ker ∆

∆ = A AT + BTB
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[Arnold, Falk and Winther, 2010]

FINITE ELEMENT EXTERIOR CALCULUS 297

Figure 2.3. Approximation of the vector Laplacian by the stan-
dard finite element method (left) and a mixed finite element
method (right). The former method totally misses the singular
behavior of the solution near the reentrant corner.

boundary value problem (10) is not well-posed except for special values of the forc-
ing function f . In order to obtain a well-posed problem, the differential equation
should be solved only modulo the space of harmonic vector fields (or harmonic 1-
forms), which is a one-dimensional space for the annulus, and the solution should
be rendered unique by enforcing orthogonality to the harmonic vector fields. If we
choose the annulus with radii 1/2 and 1, and forcing function f = (0, x), the result-
ing solution, which can be computed accurately with a mixed formulation falling
within the theory of this paper, is displayed on the right in Figure 2.4. However,
the standard Galerkin method does not capture the nonuniqueness and computes
the discrete solution shown on the left of the same figure, which is dominated by an
approximation of the harmonic vector field, and so is nothing like the true solution.

Figure 2.4. Approximation of the vector Laplacian on an annu-
lus. The true solution shown here on the right is an (accurate) ap-
proximation by a mixed method. It is orthogonal to the harmonic
fields and satisfies the differential equation only modulo harmonic
fields. The standard Galerkin solution using continuous piecewise
linear vector fields, shown on the left, is totally different.
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[Arnold, Falk and Winther, 2010]
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Poisson’s Equation

∆ u = f

d d∗u + d∗d u = f

f = d(d∗u) + d∗(d u)

Not well-posed (missing harmonic part)

∆ u = f − p

d d∗ u + d∗d u = f − p

〈d∗u, d∗v〉+ 〈d u, d v〉+ 〈p, v〉 = 〈f , v〉 , v ∈ V k ∩ V ∗k
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Mixed Formulation

∆ u = f − p

d d∗u + d∗d u = f − p

“ d∗u = σ”

d∗u − σ = 0

〈d∗u, τ〉 − 〈σ, τ〉 = 0

〈u, d τ〉 − 〈σ, τ〉 = 0 τ ∈ V k−1

〈dσ, v〉+ 〈d u, d v〉+ 〈p, v〉 = 〈f , v〉 v ∈ V k

〈u, q〉 = 0 q ∈ Hk
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Finite Element Approximation

〈σ, τ〉 − 〈d τ, u〉 = 0 , τ ∈ V k−1 ,

〈dσ, v〉+ 〈d u, d v〉+ 〈v , p〉 = 〈f , v〉 , v ∈ V k ,

〈u, q〉 = 0 , q ∈ Hk .

〈σh, τ〉 − 〈d τ, uh〉 = 0 , τ ∈ V k−1
h ,

〈dσh, v〉+ 〈d uh, d v〉+ 〈v , ph〉 = 〈f , v〉 , v ∈ V k
h ,

〈uh, q〉 = 0 , q ∈ Hk
h .
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Example of Vh
Whitney Forms

Whitney map: C k → L2Λk

For a triangle:

0-forms Barycentric coordinates

1-forms µ0 dµ1 − µ1 dµ0 etc.
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Harmonic Cochains

〈σh, τ〉 − 〈d τ, uh〉 = 0 , τ ∈ V k−1
h ,

〈dσh, v〉+ 〈d uh, d v〉+ 〈v , ph〉 = 〈f , v〉 , v ∈ V k
h ,

〈uh, q〉 = 0 , q ∈ Hk
h .

〈σh, τ〉 − 〈d τ, uh〉 = 0 , τ ∈ V k−1
h ,

〈dσh, v〉+ 〈d uh, d v〉 = 0 , v ∈ V k
h .

[
∗ − dT ∗
∗ d dT ∗ d

] [
σh
uh

]
=

[
0
0

]
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Harmonic Cochains
Eigenvector Method

Compute eigenvectors of zero eigenvalue
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Harmonic Cochains
Eigenvector Method
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Harmonic Cochains
Least Square Methods

Let ω be a cocycle. Solve for α

∂ ∗ ∂Tα = − ∂ ∗ω

Theorem (Demlow-H.)

ω + ∂Tα solves the finite element equations for Whitney forms.
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Hodge-deRham Isomorphism

For a boundaryless manifold M: Hk(M;R) ∼= Hk(M) = ker ∆k .
For manifolds M with boundary: Hk(M;R) ∼= Hk

N(M) and

For manifolds M with boundary:

Hk(M, ∂M;R) ∼= Hk
D(M).

Harmonic forms : ker ∆
Harmonic fields : H(M) = ker d∩ ker d∗

Harmonic Neumann fields : HN(M) normal component 0
Harmonic Dirichlet fields : HD(M) tangential component 0

Hk
N(M) ∼= Hk(M;R) ∼= Hn−k(M, ∂M;R)

Hk
D(M) ∼= Hk(M, ∂M;R) ∼= Hn−k(M;R)
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What is Needed From Computational Topology ?
Cocycles
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What can be Given to Computational Topology ?
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What can be Given to Computational Topology ?

∆ u = λu
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Conclusions

Unifying theme : minimize norm subject to constraints involving
boundary or coboundary

min ‖x‖1 min ‖x‖1 min ‖x‖2

subject to subject to subject to

x = c + ∂n+1 y ∂n x = b x = c + ∂Tk y

• 1-norm and Z yields results in computational topology

• 2-norm and R yields results in numerical PDEs

• On graphs these themes yield ranking algorithms

• Simple application of computational topology to PDEs
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