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Overview

m Minimal Paths, Fast Marching and Front Propagation
m Geodesic Density for tree structures

— Using Geodesic voting with Radius energy

— Using Geodesic voting as a prior shape

— Using Geodesic voting as initial deformable tree
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Paths of minimal energy

Looking for a path along
which a feature Potential
P(x,y) is minimal
EQ) = [ rC9)e
example: a vessel
dark structure
P =gray level

Input : Start poinpl=(x1,y1)
End point p2 =(x2,y2)

Image

Output: Minimal Path
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Minimal Paths: Eikonal Equation

L
E(C)=, PC(9)ds
Potential P>0 takes lower values near intereséatures :
on contours, dark structures, ...

STEP 1 : search for the surface of minimal actioof p1 as the minimal energy
integrated along a path between start pglrand any poinp in the image

Startpoint C(0) = pL, _
UuP= inf EO= inf [PCOXs

CO=PLC(L=p CO)=pLC(L)=p

STEP 2: Back-propagation from the end ppixito the start poinpl:
Simple Gradient Descent alol u pl
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Minimal Paths: Eikonal Equation Minimal Paths: Eikonal Equation
S etween start point and any poinp m e mage. | EQ)=[ PCE)ds
( ) STEP 2: Back-propagation from the end ppiito the start poinpl:
StartpointC(0) = pL, Simpl i
. . L ple Gradient Descent alol U
Uu(p) = !nf EO)= !nf _ LF’(O(S))dS -
C(0)=pLC(L)=p C(0)=pLC(L)=p (d_,’(“ — VU, (C(s)) with C(0) = ps.

|0V (%] = P(x)andU ,(p1) =0

Example P=1, U Euclidean distance to p1
in general, U weighted geodesic distance to p1
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Minimal Path between pl and p2 Minimal Path between pl and p2
Step #1 :
2 [IVih (x)|| = P(x) pourx € Q
=)
o
3 Ui(p1) =0
[sa]
g
©

ksl

D4

D2

potential P : (1 — RT* -
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Minimal Path between pl and p2

Step #1: U obtained by the .
FAST MARCHING ALGORITHM{ [|Wih (x)|| = P(x) pourx € 2

Uip1)=0

0.5

0.6

D4

potentiel P

Geodesic Methods

Minimal Path between pl and p2

Step #1: U obtained by the i -
FAST MARCHING ALGORITHM { [|Vih (x)|| = P(x) pourx €

Uy(p1) =0
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Minimal Path between pl and p2

Step #1 )
[| Vi (x)|| = P(x) pourx € £
Ui(pi)=10
Step #2 Ap. . (5) ‘
gradient descent on U for % = -V (Cp1,pz(5.|
extraction of minimal path Cp, p. Co pa(0) = Ps
1 2

.

‘&M\\\
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)

Minimal Path between pl and p2

minimal action I}

35
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Minimal Path between pl and p2 Minimal Path between pl and p2
Step #1 .
VI = Q
minimal path { [|Vih (x)|| = P(x) pourx €
Cp,p, = min fﬁ (v(s))ds Upr) =0
TEp1.p2 J oy
Is obtained by solving ODE: Step #2 Cp, o (5)
o gradient descent on U, for —E— = V4 (CPIaPz (5))
9Cpy py () extraction of minimal path(, ds
PR = VU (Cpy p, () Panp. e Cpp-(0) = P2
CDW,DT)(O) = P2

= simple gradient descent on
U, from p, to p,

minimal action U

Y
o .
S — L
_ 05201221 1minimal action U, awenconen, Torome, 201 2

Minimal Pathbettwessapilaacidp@2

Step #1 i Overview
{ V24 (x)]| = P(x) pourx €

Ui(p1)=10 m Minimal Paths, Fast Marching and Front Propagation

m Geodesic Density for tree structures

;‘r'z%i?m descent on iy for {Bﬁ’pa,:[s) = —VU (Cp, pa(5)) — Using Geodesic voting with Radius energy
extraction of minimal pathCp, . Cpy.pe(0) = P2 — Using Geodesic voting as a prior shape
. — Using Geodesic voting as initial deformable tree
-C.%
Ca
4
02
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Geodesidieasgity Geodesidieastity
| | | | | One could give a root point and the set of endpoipts
for each branch.

Goal: user gives only one root point.
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Geodesmbesﬂyy

GeodesMIéesﬁmy
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Geodesic Methods

Geodesideasgity
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GeodesidieasgiyiBaltmjcd image
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Geodesideas#ityS ratingomed™haiiem
A

2

Figure 2: Shading zones. Left panel: extraction of geodesics from the boundary of the
domain. The green cross represents the source point from which the propagation is started
and the pink lines represent pathis extracted from the image border to the source point.
The paths are superimposed on the image: only 10 percent of the paths extracted are
shown in the figure. Center panel: geodesie density superimposed on the image, density
is shown as transparent when equal to 0. Right panel: shading zones. The colored regions
correspond to the extracted shading zones (obtained by morphological operations on the
geodesic density); these are zones without vote.
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GeodesiddeastiyS atinyyoomedhaikiem GeodesiddeasgySiaat
\ 7
Multiple
source
points
(a) (b) (c)
i
A RS
s g Z
Different solutions proposed: e =— .
- Second step in each shading zone (@ (e} ©
- Multiple source points ' e
- Transport Equation et oo etaine E
- Adaptive Voting: End points adaptively scattered e L
computed by multi-propagation.
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Geodesidieassity Tnaamspantt Epuettmm Geodesideasity naamspantt Eopuettiommn

uy + div(vw) =0,  (t,x) €]0,T[xQ, (8) ug + div(vu) =0, (¢, 2) €]0, T[xQ, (8
where v = —VU denotes the velocity field computed from the distance map
U. Due to the conservation of the information transported by the equation
(8) toward the source point, we can define a geodesic density as the integral
of the solution of the (ransport equation (8) in the time T

1
,u[.r)—f u(f, x)dt.
0

- -

Figure 6: Voting by transport equation. First panel: synthetic image representing a trec
structure.  Second panel: distance map, the source point is indicated by the red cross)
I'bird panel: zoom on the velocity field shown in the region indicated by the red square

in the first panel. Fourth panel: geodesic density computed by the relation (10).
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Geodesidieastity

Not sensitive to the source point location

v

Figure 5: Tlustration of the effeer of the localization of the scurce point on the geodesie

en, and blue e1 indicate the loealizarion of

Threshold values voting density. From left to right: red, g

the source points: geodesic density generated with the souree point indicated by the red

Figure 4: Adaptive voting. First row: the left panel shows the synthetic tree. the rec cross; geodesic density generated by the source point indicated by the blue cross: geodesic

= cross represents the root of the tree; the center panel shows the farthest points; the right density generated by the source point indicated by the green cross.

extracted from the farthest points to the root. Seconc
density: the eenter panel shows the geodesic density
:t of the varintion of the threshold on the

n blue the geodesic:
the geode

ght panel plots the ef

panel shows
= row: the left pancl
after thre
overlap ratio, the red square represents the value T nax(geodesic density)
, = JXIEeOUCSIC densy )
100
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Geodesid]?éea'gt';t;ﬂﬂtdﬁm

07/05/201221:11 Laurent COHEN, Toronto, 2012

A 4 7
T ‘7 . 7
ERprs L O

calimage

4 - LS 1 ‘;';

75

Geodesic Methods

GeodesideasiyiResa beaamypée

‘ [x‘
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Boundary : 4*256 end points

Geodesi Density:ffrmthe imagebbuudda,ly

77
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Geodesidieassityal| gmimtts

From all points : 256*256 end points
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Geodesidieastityaiiautixerotitigg

Adaptive voting : 1000 end points
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Overview

m Minimal Paths, Fast Marching and Front Propagation
m Geodesic Density for tree structures

— Using Geodesic voting with Radius energy

— Using Geodesic voting as a prior shape

— Using Geodesic voting as initial deformable tree
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Geodesic Methods
GeodesideasiityatEptveaotitigy
Adaptive voting : 1000 end points
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Geodesicdatigandaartertime
(with Y. Rouchdy,|S5B111))
voting using Space + radius distance
& pmmp (s} y(s).r(s))
V- SN
(s),7(s)) v / Y
center pulnt:( (s)u(s))” _—
o /’{
Figure 1. A mbular surface is presented as the envelope of'a family
of spheres with continuously changing center poinis and radii.
- A g, M5 .
P(z,v) =w+ f—:(m(m 7)) —me)” + f—‘(r’(z r)—ao5)”
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Geodesic/dangandasrtetime Geodesicdangandasrtetime
(with Y. Rouchdy,|S5B111)) (with Y. Rouchdy,|S5B111))
voting using Space + radius distance voting using Space + radius distance
: point #(z(s). pls). r(s)) ’ point plx(s), ls). r(s))
<3N T < CRYy ~
t/ﬂ)/v/wb (™ w ((\)/ ) < \\\ \)
rava s AN Pa .
/g\")"’ \ _— A /"‘\>\‘;""' ‘\ S— b
A7 F R
(\’l-l.j;‘))spl1ere\('(rj> ). 7(s)) . /\; C';\j?)-‘vi)hel'e Bels). r(s)) g /v'
f;ig;"}/ center point e((s), :r(:}i/:_/,/ : >§’~/ SeHiteT }‘Uim‘.{l(h).”i?/ll/:_// ¥
Tigl Tig
of s of s
P(.l f’(.r.
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3D Minimal Patif@ortubular Stepesi2PD Geodesicdatigandaartertime

voting using Space + radius distance

2D in space , 1D for radius of vessel Different ways of using the voting results.

T"maz

- - - il =gl il

Fig. 2. Vessel segmentation for an angiogram 2D projection image based on the proposed method
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Geodesicdatigandaartertime

voting using Space + radius distance

T

Figure 8: Comparison of the original voting method and our approach. From left to right:
in blue the mamal segmentation of the centerlines of the free; results obtained hy the
original voting method (overlap ratio O = 0,41); the geodesic density fi,, obtained by our
approach; the density f1,, after thresholding [overlap ratio O — 0.75).
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Overview GeodesioNtitiggand SegmentationithitRrior

Level set method either edge based or region based
m Minimal Paths, Fast Marching and Front Propagation
m Geodesic Density for tree structures

— Using Geodesic voting with Radius energy

— Using Geodesic voting as a prior shape

— Using Geodesic voting as initial deformable tree

Laurent COHEN, Toronto, 2012 92
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Geodesid/dttiggand Segmentationithithrior

Level set initialized with result of voting gB

Geodesic Methods
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Geodesid/dttiggand Segmentationithithrior

(with Y. Rouchdy, SSSXri1t))
Chan Vese Energy including shape Prior give qf)by

V(g e1,00) = [, (Al(_“ll — 1) Ho () + Aglrg — e2)(1 — Ho(e))+
()| Vo| + vH, (6))dx,

. (¢ — r_’))2 .
Ey(d, c1,00) = V(b €1, 0) + % —A), (),
g 202 )
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Geodesid/dttigand Segmentationithithrior

(with Y. Rouchdy, SESXMN11Y)

Chan Vese Energy including shape Prior giveqﬁby

Figure 10: Geodesic vating segmentation of vessels from a 2D retinal image. The left panel
shows in red the voting tree on the image; the second panel show the voting tree obtamed
by thresholding the geodesic density; the third panel shows in red the voting tree after
morphological dilatation; the right panel shows the segmentation result obtamed with the
geodesic voting method presented in Section 4.2.2 (GVP).

Geodesid/dttiggand Segmentationithithrior

(with Y. Rouchdy, SESXR/I111))

Chan Vese Energy including shape Prior give qziby

Figure 10: Geodesic voting segmentation of vessels from a 2D retinal image. The left panel
shows 1n red the voting tree on the image; the second panel show the voting tree obtamed
by thresholding the geodesic density; the third panel shows in red the voting tree after
morphological dilatation; the right panel shows the segmentation result obtained with the
geodesic voting method presented in Section 4.2.2 (GVP).
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Geodesid/dttiggand Segmentationithithrior Geodesid/dttiggand Segmentation

3D extension 3D extension

Figure 18: Segmentation of the airwny tree with the geodesie voting wethod. The left
panel shows the surfa

rendering of the votit

ndering of the manual segmentation. The right panel shows the

ee after dilation of 1 mm.
Figure 16: Lumen segmentation from simulated 3D data. The left panel shows the original
image, the center panel shows the geodesic density, the right panel shows the segmentation
result obtained with our approach.
07/05/2012 21:11 Laurent COHEN, Toronto, 2012 103 07/05/201221:11 Laurent COHEN, Toronto, 2012 104

Overview Geodesic/datgand Deftomreaied Teee

(with Julien Mille, MMBIA’09, ISBI'10)

m Minimal Paths, Fast Marching and Front Propagation
m Geodesic Density for tree structures

— Using Geodesic voting with Radius energy

— Using Geodesic voting as a prior shape

— Using Geodesic voting as initial deformable tree

initial image with root point
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Geodesic Voting and Deformable Treg

1”4

Geodesic Voting and Deformable Treg

1”4

minimal action map from root poin ‘ Initial tree from voting score ‘
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1”4

Geodesic Voting and Deformable Treg

Geodesic/dotgaand Deftomreatied Teee

Ra

B I

dr

Removing unsignificant segments by =
(i

thresholding the geodesic voting

dR\?
(?ﬁf} du

Evgenll. R] = // )+ [ [ o (X)el
Rin Rout

Earoothl. R] = [
JO

c(1)

Rew \\‘I:[:R]

Mooyt = F(0) + RUIN(D) o1 Tomy(e) = M(a) - R(NCY)
@

L)
Figure 2. Deformable band defined by medial curve and thickness

(a), representation of the tree by discontinuous bands (b)
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Geodesic Voting and Deformable Treg

1”4

Geodesic Voting and Deformable Treg

1”4

\ Intermediate steps of tree evolution. ‘ final step of tree evolution.

’
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Geodesic Voting and Deformable Treg

1”4

Geodesic/dotgaand Deftomreatied Teee

‘ Energy minimizing Deformable tubé

8(s,0) = ¢is) + R(s, v)(cosvN + sinvB}

re (middlz row), fin
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Geodesio/ dttigand Deffomratil & Teee Conclusion

m Minimally interactive tools for vessels and vascular tree
segmentation (tubular branching structures)

E User provides only one initial point

Fast and efficient propagation algorithm

Voting approach as a powerful tool to find the structure,
which can be completed with other approach.
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Geodesic Voting for
Thank you ! biomedical image segmentation
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