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Geodesic Minimal PathsGeodesic Minimal Paths
� Minimal paths, Eikonal Equation , Fast Marching and 

Front Propagation
� 3D Fast Marching, some examples 
� Fast Marching on a surface and adaptive Remeshing
� Anisotropic Fast Marching
� Closed Contour as a set of minimal paths. Perceptual 

Grouping. Key points method
� Geodesic Voting and tree structure segmentation
� Adding iteratively Key points for geodesic meshing
� Surface between two curves as a network of paths
� Path Network and Transport Equation
� Application to Virtual Endoscopy
� Segmentation by Fast Marching : Freezing, Dual fronts

3D FAST MARCHING3D FAST MARCHING: : 

LevelLevel sets of U sets of U cancan bebe seenseen as a front as a front propagation propagation outwardsoutwards. . 

Ui,j,kUi,j,k solution solution of the of the discretediscrete problèmproblèm

22ndnddegreedegree Equation, Equation, 
action action U U atat {{i,j,ki,j,k} } dependsdepends onlyonly on on smallersmaller action action neighborsneighbors

FastFast marchingmarching : : orderorder in the in the selectionselection of points to of points to solvesolve the local the local schemescheme..

StartingStarting point point pp0 0 withwith U = U = 00. . 

Extension Extension to 3D by the to 3D by the samesame numericalnumerical resolutionresolution of of EikonalEikonal EquationEquation
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Minimal path Minimal path -- 22D and D and 33D synthetic examplesD synthetic examples

Examples of shortest paths on univalued or bivalued potentialExamples of shortest paths on univalued or bivalued potential

With a potential P = 1 the front propagation With a potential P = 1 the front propagation 
computes the Euclidean distance to the starting computes the Euclidean distance to the starting 
point. And all minimal paths are straight lines.point. And all minimal paths are straight lines.

P1

slower

P2 < P1

Faster

P=c

07/05/2012 21:38 99Cours  Laurent COHEN, MVA 2012

Extension Extension to 3D to 3D –– syntheticsynthetic exampleexample

PotentialPotential for 2D  spiralfor 2D  spiral

PotentialPotential for for 33D  spiralD  spiral minimal minimal pathpath in3Din3D

Gradient Gradient DescentDescent

minimal Action in minimal Action in 33DD

Propagation Propagation withwith

3D 3D EikonalEikonal

minimal Action in minimal Action in 22D D 

22D D EikonalEikonal Equation Equation 

Propagation with
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Exemples de Chemins Minimaux 3DExemples de Chemins Minimaux 3D

Colon Colon 33D CTD CT Trachée 3D CTTrachée 3D CT
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Navigation and Robotics:

Finding a minimal path in 
larger dimension space:

(location, size, orientation)
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3D Minimal 3D Minimal PathPath for for tubulartubular shapesshapes in 2Din 2D

2D in space , 1D for radius of vessel2D in space , 1D for radius of vessel
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33D Minimal D Minimal PathPath for for tubulartubular shapesshapes in in 22DD

2D in space , 1D for radius of vessel2D in space , 1D for radius of vessel
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Geodesic Minimal PathsGeodesic Minimal Paths
� Minimal paths, Eikonal Equation , Fast Marching and 

Front Propagation
� 3D Fast Marching, some examples 
� Fast Marching on a surface and adaptive Remeshing
� Anisotropic Fast Marching
� Closed Contour as a set of minimal paths. Perceptual 

Grouping. Key points method
� Geodesic Voting and tree structure segmentation
� Adding iteratively Key points for geodesic meshing
� Surface between two curves as a network of paths
� Path Network and Transport Equation
� Application to Virtual Endoscopy
� Segmentation by Fast Marching : Freezing, Dual fronts
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Fast Marching sur une surfaceFast Marching sur une surface
et lignes géodésiqueset lignes géodésiques

� DEMO
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Fast Marching sur une surfaceFast Marching sur une surface
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Fast Marching sur une surfaceFast Marching sur une surface

� maillage.ppt

� presfr
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� MOVIE DEMO
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Front Propagation on a surface from one point.Front Propagation on a surface from one point.

Fast Marching on a surface and RemeshingFast Marching on a surface and Remeshing
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Fast Marching on a surface and RemeshingFast Marching on a surface and Remeshing

xx1

x2

x
x1

x2

From orthogonal grid to triangulationFrom orthogonal grid to triangulation

� Consider each triangle in the 1-ring.

� Choose for U(x) the minimum valid solution.

� Stability issues for obtuse angles:
– Subdivision of these angles.

– Local support via unfolding.

07/05/2012 21:38 Cours  Laurent COHEN, MVA 2012 114

Fast Marching on a surfaceFast Marching on a surface
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Geodesic lines on a surfaceGeodesic lines on a surface
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Uniform and Adaptive RemeshingUniform and Adaptive Remeshing

� MOVIE DEMO

� SKIP SLIDES for VIDEO
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Example of VoronoiExample of Voronoi
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Sampling with uniform distributionSampling with uniform distribution
ChooseChoose first first 

point point anywhereanywhere

choose the choose the 

furthest pointfurthest point

update the update the 

geodesic distancegeodesic distance

The two new The two new 

furthest pointsfurthest points
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Sampling with uniform distributionSampling with uniform distribution
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Point Sampling AlgorithmPoint Sampling Algorithm
� Initialization: choose 

compute U1 distance to x1 .

� Loop on n:      choose 
Update                               and 

� Stop: if                      .

Propagation for update is limited to   

Fast algorithm, order O(N log(N)2) operations.

{ }1xS ←

( ))( maxarg1 xUx nxn =+

{ }1+∪← nxSS ( )
1

, min1 +
=+ nxnn UUU

( ) δ≤+1nn xU

{ })()( /  
1

xUxUx
nxn +

≥

07/05/2012 21:38 Cours  Laurent COHEN, MVA 2012 121

Sampling on a planeSampling on a plane
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How to Triangulate ?How to Triangulate ?

� Keep track of Voronoi neighborhood 
information.

� Construction geodesic Delaunay 
triangulation.

� We can draw the corresponding geodesic 
triangles on the surface.
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Geodesic Delaunay TriangulationGeodesic Delaunay Triangulation
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Uniform RemeshingUniform Remeshing
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Examples of ParameterizationExamples of Parameterization
� Perform local 

propagations.

� Compute 3 
distances for each 
vertex.

� Use Heron formula.

� Ex: interpolate 
color along 
coordinates.

07/05/2012 21:38 Cours  Laurent COHEN, MVA 2012 128

Flattening and textureFlattening and texture

Original Original 

modelmodel

Texture Texture 

on the on the 

flattened modelflattened model

Texture Texture 

on the 3D on the 3D 

model model 
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Non constant speed functionNon constant speed function

High High 

SpeedSpeed

Low Low 

speed speed 

A little  A little  

later …later …
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Adaptive SamplingAdaptive Sampling

� P constant: 
uniform
triangulation. 

� P large: 
dense 
triangulation.
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Density Given by a TextureDensity Given by a Texture
� A texture: 
� Adaptive speed :

RI]1,0[S : T 2 →→ Iϕ

( )))()((grad/1)(/1 vIvPF ϕε +==
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� MOVIE DEMO
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Examples of RemeshingExamples of Remeshing

Original Original 

meshmesh

UniformUniform CurvatureCurvature

adaptedadapted
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Geodesic Minimal PathsGeodesic Minimal Paths
� Minimal paths, Eikonal Equation , Fast Marching and 

Front Propagation
� 3D Fast Marching, some examples 
� Fast Marching on a surface and adaptive Remeshing
� Anisotropic Fast Marching
� Closed Contour as a set of minimal paths. Perceptual 

Grouping. Key points method
� Geodesic Voting and tree structure segmentation
� Adding iteratively Key points for geodesic meshing
� Surface between two curves as a network of paths
� Path Network and Transport Equation
� Application to Virtual Endoscopy
� Segmentation by Fast Marching : Freezing, Dual fronts

Radius dependent EnergyRadius dependent Energy
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Radius dependent EnergyRadius dependent Energy
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Riemannian Manifolds, Anisotropy and Riemannian Manifolds, Anisotropy and 
Geodesic DistancesGeodesic Distances
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Geodesic Methods for Shape and Surface Processing, Gabriel Peyre and Laurent D. Cohen in Advances 
in Computational Vision and Medical Image Processing: Methods and Applications, Springer, 2009.
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Anisotropy and Anisotropy and EikonalEikonal EquationEquation
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Anisotropy and GeodesicsAnisotropy and Geodesics
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Anisotropy and GeodesicsAnisotropy and Geodesics
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Anisotropy and GeodesicsAnisotropy and Geodesics
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Anisotropy and GeodesicsAnisotropy and Geodesics
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Anisotropy and GeodesicsAnisotropy and Geodesics
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Anisotropic Voronoi SegmentationAnisotropic Voronoi Segmentation
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3D Minimal 3D Minimal PathsPaths for for tubulartubular shapesshapes in 2Din 2D

2D in space , 1D for radius of vessel2D in space , 1D for radius of vessel

33D Minimal D Minimal PathsPaths for for tubulartubular shapesshapes in in 22DD
MotivationMotivation
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Orientation dependent EnergyOrientation dependent Energy
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33D Minimal D Minimal PathPath for for tubulartubular shapesshapes in in 22DD

2D in space , 1D for radius of vessel2D in space , 1D for radius of vessel
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Orientation dependent EnergyOrientation dependent Energy
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Orientation dependent EnergyOrientation dependent Energy

07/05/2012 21:38 Cours  Laurent COHEN, MVA 2012 163

07/05/2012 21:38 Cours  Laurent COHEN, MVA 2012 164

Examples of Examples of 33D Minimal PathsD Minimal Paths
for tubular shapes in for tubular shapes in 22DD

Tubular anisotropy for 3D vessels segmentation. Fethallah Benmansour and Laurent D. Cohen. Preprint, 
2009. 
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Examples of Examples of 33D Minimal PathsD Minimal Paths
for tubular shapes in for tubular shapes in 22DD
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ExamplesExamples of 3D Minimal of 3D Minimal PathsPaths
for for tubulartubular shapesshapes in 2Din 2D
2D in space , 1D for radius of vessel2D in space , 1D for radius of vessel
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Examples of Examples of 33D Minimal PathsD Minimal Paths
for tubular shapes in for tubular shapes in 22DD
22D in space , D in space , 11D for radius of vesselD for radius of vessel
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Examples of Examples of 33D Minimal PathsD Minimal Paths
for tubular shapes in for tubular shapes in 22DD
2D in space , 1D for radius of vessel2D in space , 1D for radius of vessel
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Examples of 4D Minimal PathsExamples of 4D Minimal Paths
for tubular shapes in 3Dfor tubular shapes in 3D
2D in space , 1D for radius of vessel2D in space , 1D for radius of vessel
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Examples of Examples of 44D Minimal PathsD Minimal Paths
for tubular shapes in for tubular shapes in 33DD
3D in space , 1D for radius of vessel3D in space , 1D for radius of vessel
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Examples of Examples of 44D Minimal PathsD Minimal Paths
for tubular shapes in for tubular shapes in 33DD
3D in space , 1D for radius of vessel3D in space , 1D for radius of vessel
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Geodesic Minimal PathsGeodesic Minimal Paths
� Minimal paths, Eikonal Equation , Fast Marching and 

Front Propagation
� 3D Fast Marching, some examples 
� Fast Marching on a surface and adaptive Remeshing
� Anisotropic Fast Marching
� Closed Contour as a set of minimal paths. Perceptual 

Grouping. Key points method
� Geodesic Voting and tree structure segmentation
� Adding iteratively Key points for geodesic meshing
� Surface between two curves as a network of paths
� Path Network and Transport Equation
� Application to Virtual Endoscopy
� Segmentation by Fast Marching : Freezing, Dual fronts
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Trouver un Ensemble de Trouver un Ensemble de 
Chemins MinimauxChemins Minimaux

� Chemin Minimal entre 2 extrémités p1 et p2. 

� Problème 1:Étant donné un ensemble de points, 
trouver un ensemble de chemins minimaux les 
reliant: basé sur les points selle de U. 

� Problème 2:Étant donné un ensemble de régions, 
trouver un ensemble de chemins minimaux les 
reliant, basé sur la même technique

� Application à des images  médicales
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Chemins minimaux pour Chemins minimaux pour 
compléter des contours?compléter des contours?
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Chemins à partir de Sources multiples pkChemins à partir de Sources multiples pk
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Chemins à partir de Sources multiples pkChemins à partir de Sources multiples pk
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Chemins à partir de Sources multiples pkChemins à partir de Sources multiples pk
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Groupement perceptuel a partir d’un ensemble de chemins minimauxGroupement perceptuel a partir d’un ensemble de chemins minimaux

Reference: 
L. D. Cohen

Multiple Contour Finding and Perceptual Grouping using Minimal Paths.
Journal of Mathematical Imaging and Vision, 14:225-236, 2001.

Il faut compléter les contours noirs pour former 
automatiquement l’ellipse entière 
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Groupement perceptuel a partir d’un ensemble de chemins minimauxGroupement perceptuel a partir d’un ensemble de chemins minimaux
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Groupement perceptuel a partir d’un ensemble de chemins minimauxGroupement perceptuel a partir d’un ensemble de chemins minimaux

Reference: 
L. D. Cohen

Multiple Contour Finding and Perceptual Grouping using Minimal Paths.
Journal of Mathematical Imaging and Vision, 14:225-236, 2001.
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Comment trouver les pk’s automatiquement?Comment trouver les pk’s automatiquement?
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Chemins à partir de Sources multiples : Chemins à partir de Sources multiples : 
Détermination automatique des points source pkDétermination automatique des points source pk
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PerceptualPerceptual GroupingGrouping usingusing Minimal Minimal PathsPaths
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Using the orientation with anisotropic geodesicsUsing the orientation with anisotropic geodesics

PerceptualPerceptual GroupingGrouping usingusing Minimal Minimal PathsPaths

Anisotropic Geodesics for Perceptual Grouping and Domain Meshing. Sebastien Bougleux and Gabriel 
Peyr\'e and Laurent D. Cohen. Proc. tenth European Conference on Computer Vision (ECCV'08)}, Marseille, 
France, October 12-18, 2008.


