Laurent COHEN Geodesic Methods

Geodesic Minimal Paths

3D FAST MARCHING
m Minimal paths, Eikonal Equation , Fast Marching and
Front Propagation Extensiort¢o3EDbyyttiessaneaumesived bsedlutionofEEonedEgueatiam
m 3D Fast Marching, some examples Ui,j,k solution affttiestismeeppotitbem
m Fast Marching on a surface and adaptive Remeshing

. . . (max{u - [’rifl.j.kz'“' — U1+1,j,i:: 0})2 +
m Anisotropic Fast Marching

|vu| =2 (masx{u = Usjovp, v = Uigi1, 01+
m Closed Contour as a set of minimal paths. Perceptual (max{u — Uija-1,u = Uigesn, 03 = Py,
Grouping. Key points method N
. . . 2 degreeHejgadition,
m Geodesic Voting and tree structure segmentation action U at §jj|§ cieysemiimolylyon smallersutimnmesigitns
m Adding iteratively Key points for geodesic meshing
m Surface between two curves as a network of paths Fastmearathimyy:ovdbeiin thheses et foditss osabhedtie |zt eemee

m Path Network and Transport Equation
m Application to Virtual Endoscopy
m Segmentation by Fast Marching : Freezing, Dual front Level sets of U cam e cesmssaaffonripoppagstorntiasdds
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Minimal path - 2Dz Extensiontto3BD—ssyritiestaesceammée
P=c slower Propagation with
P2 < P1 2D EikamelIEquetiom
Faster ol Action i 2D
minimal Action in
Examples of shortest paths on univalued or bivalued potential Potentialftor2ZD sppied!
@ Propagationwtith
RN RS
! "
With a potential P = 1 the front propagation 3D Eikonal GradientIbscemnt
computes the Euclidean distance to the starting
point. And all minimal paths are straight lines.
Potentiaftor3D spiirall minimal Action in 3D minimal jpeathinED
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Navigation and Robotics:

Exemples de Chemins Minimaux 3D

Finding a minimal path in
larger dimension space:

(location, size, orientation)

LR
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Colon 3IDIT Trachée 3D CT

3D Minimal Patihftortubular Stepesir? 2D 3D Mimimmal Pathftortubularghepesin 2D

AT
4 int 5(z(5), (). 7()) 2D in space, 1D for radius of vessel
point p{x(s),y(s),r(s

S (S T\'

o8 \.
A7 sphere C(c(s),r(s)) v
b center point ¢(x(s), y(y ’

Fig. 2. Vessel segmentation for an angiogram 2D projection image based on the proposed method

g%

X

Figure 1. A tbular surface is presented as the envelope of a family

of spheres with continuously changing center points and radii.
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Geodesic Minimal Paths Fast Marching sur une surface
= Minimal paths, Eikonal Equation , Fast Marching and et lignes géodésiques
Front Propagation
m 3D Fast Marching, some examples
m Fast Marching on a surface and adaptive Remeshing
m Anisotropic Fast Marching

m Closed Contour as a set of minimal paths. Perceptual
Grouping. Key points method

m Geodesic Voting and tree structure segmentation

m Adding iteratively Key points for geodesic meshing

m Surface between two curves as a network of paths

m Path Network and Transport Equation

m Application to Virtual Endoscopy

m Segmentation by Fast Marching : Freezing, Dual front
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Fast Marching sur une surface Fast Marching sur une surface

m maillage.ppt
m presfr
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Fast Marching on a surface and Remeshing

Front Propagation on a surface from one pajnt.

GW  Test of geodesic computations
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Fast Marching on a surface and Remeshing Fast Marching on a surface

From orthogonal grid to triangulation

Z: ! A
0 R 4 R

o R

m Consider each triangle in the 1-ring.
m Choose fotJ(x) the minimunwvalid solution.

m Stability issues for obtuse angles:
— Subdivision of these angles.
— Local support via unfolding.
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Geodesic lines on a surface : : :
Uniform and Adaptive Remeshing

MOVIE DEMO

SKIP SLIDES for VIDEO
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Example of Voronoi Sampling with uniform distribution

$ Choose first update the
point anywhere geodesic distance

Va

choose the k The two new

furthest point furthest points
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07/05/2012 21:38

Fields Institute, May 2012 5



Laurent COHEN Geodesic Methods

Sampling with uniform distribution

Point Sampling Algorithm

m Initialization: chooseS « {x}
computelU, distance to; .
m Looponn: choose X = argmaxx( U, (X))
Update s - sO{x,.} aiU,,, =min(u,.U, )
m Stop: if U.(X..)sd .
Propagation for update is limited to
{x/U,()=2U, (Xf

Fast algorithm, orde®(N log(N)?) operations.
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How to Triangulate ?

m Keep track of Voronoi neighborhood
information.

m Construction geodesic Delaunay
triangulation.

m We can draw the corresponding geodesic
triangles on the surface.
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Geodesic Delaunay Triangulation Uniform Remeshing
- L\ W74 5 A
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Examples of Parameterization Flattening and texture

m Perform local
propagations.

m Compute 3
distances for each
vertex.

m Use Heron formula.
m EX: interpolate

color along Original Textt;‘re Texture
coordinates. model ] on the on the 3D
lattened model model
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Adaptive Sampling

Non constant speed function

m P constant:
uniform
triangulation.

m Plarge
dense
triangulation.

High Low A little
Speed speed later ...

07/05/2012 21:38 Cours Laurent COHEN, MVA 2012 29 . { COHEN, MVA 2012 130

Density Given by a Texture

= A texture: T:SO? - [01 ‘M- IR
m Adaptive speed: F =1/P(v) =1/ s+|gﬁé(l)(¢(v))|)
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Examples of Remeshing Geodesic Minimal Paths

‘ B m Minimal paths, Eikonal Equation , Fast Marching and

Front Propagation
m 3D Fast Marching, some examples
m Fast Marching on a surface and adaptive Remeshing
Lo A7

m Anisotropic Fast Marching

m Closed Contour as a set of minimal paths. Perceptual
Grouping. Key points method

m Geodesic Voting and tree structure segmentation
m Adding iteratively Key points for geodesic meshing
m Surface between two curves as a network of paths
m Path Network and Transport Equation
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Original Uniform Curvature m Application to Virtual Endoscopy
mesh adapted m Segmentation by Fast Marching : Freezing, Dual fronts
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Radius dependent Energy Radius dependent Energy
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Riemannian Manifolds, Anisotropy and
Geodesic Distances

« 2D Riemannian manifolds defined over a compact planar domain QcR2

» Length of a curve [0,1]-0

() 2 / VA ()T H (5 () ().

with H:2—IR?*2 a metric tensor field of anisotropy «:(2—[0,1]
« Geodesic distance
dix,yl= min L(y), ¥(x,y)eR?
yEP(X,¥)
« Distance map Us:(2—IR of a point set 5=|x,/,
Us(x)=min, .. d(x,x,], VXEQ

Geodesic Methods for Shape and Surface Proce<3atgiel Peyre and Laurent D. Cohen in Advance:

in Computational Vision and Medical Image Processing: Methods anctAfiphis, Springer, 2009.
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Geodesic Methods

Anisotropy andaikkkoasEmquitiomm

Theorem: Uy,
the Hamilton-Jacobi equation
||v L“.‘TO ”H(J‘)_l = ]_ \\—ith

v]a = volAuv.

is the unique viscosity solution of

Lro\“J)_

where |

Geodesic curve v between rq and xg solves

i HE() VU,
/' (t) = |H(»\)) lV[‘J'u"

Erample: isotropic metric H(x) = W{x)Id,,
IV Usol = W(zx) and ¥ (t) = — V Uqy

IV Uzl

To
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with ~(0) = xq.
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Anisotropy and Geodesics
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Anisotropy and Geodesics

[Tensor eigen-decomposition:

Hz) = )\1(-I‘)El('\.l‘)f‘llll')T + A ()es(x)e g(ﬂT with 0< A < Ao

e {n\nmH(z)n < 1}

Fo®P (2':-1)

o=\ Ao(z)" 2 e1(x)
MmN\ / VAR
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Anisotropy and Geodesics

[Tensor eigeu-decompmition

H(z) = Ai(z)er(z)er(x) +)\z{:) (1]63( )T with 0< Ay € Ag
{n\ n"H(z)n <1}

ea(x)

1

Ao(x)”2 e (x)

\ ‘A“ -3

Geodesics —  tend to follow e (x).

/
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Geodesic Methods

Anisotropy and Geodesics

Metric M wy = wy wy = Juy wy = 4wy wy = 8wy wy = 16wy

FiG. 2.14: Given an elliptic melric M = wfr,-,cT + ulﬁc“e{ with standard polar notations,
influence of anisotropy ratio {2 is shown.
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Anisotropy and Geodesics

Tensor eigen-decomposition:
H(z) = M(x)er(x)es ()T + da(x)ea(z)ea(z)” with 0 < Ay € Ao,

Loecal anisotropy of the metric:

J(a b)

/A m'\’@ L u\g(sc)\ ’@I
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Anisotropic Voronoi Segmentatior

Voronoi segmentation:

Q=0 U C; where Ci={reQ\Vj#i d(z;z)<d(zy,2)}
T,ES

Outer cell: Co = Clasure(£27).
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A —g

3D Mimimal Pathséortubularshepesin 20
Motivation

3D Minimal Pattihd dortubular Shegpesir? PO

2D in space , 1D for radius of vessel

2 8 ¥ & 2 2 2 2 8
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Orientation dependent Energy 3D Miimimal Pathftortubularshepesin 2D

Minimal paths method : looking for a path minimizing the energy T

=

E(©) = Jy ()i po flata) glshriel

7
AW Waran
Since the tubular structures have directions, we should consider the orientation: -‘ } i r&@ (\ >

|B©) = I P(C(s),¢'(s))ds |

7 sphere Ce(s), r(s))
center point c{x(s), y(s)) pd
e

]
where | P(C,C') = \erme)e,

way C, relative to a metric M. §

#x

X

Figure 1. A tubular surface is presented as the envelope of a family

of spheres with continuously changing center points and radii.
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Orientation dependent Energy

y

U/IUDILULL 21:38 Cours_Laurent COHEN, MVA 2012 162

Geodesic Methods

Orientation dependent Energy

L
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Examples of BIMitimmabPRtits
for tubular shapes in 2D

Anisotropic Fast Marching algorithm to solve
| 1V2 @)l = v/ VUM l(n:)VZJ(Q:) 1 and Up (o) = 0
and back-propagation | C' oc M~ lVU

Tubular anisotropy for 3D vessels segmentation. Fethallah Benmansolaarent D. Cohen. Preprint,
2009.

07/05/2012 21:38 Cours_Laurent COHEN, MVA 2012 164
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Examples of BOMitimmabPReiths
for tubular shapes in 2D
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Examplesob 3BDMitimmahPaitns
for tubular<eagpesir2PD

2D in space , 1D for radius of vessel

Geodesic Methods
Examples of BIMifimrabPRtihs
for tubular shapes in 2D
2D iim space , RDdioradidsisiofesssel

07/05/2012 21:38 Cours Laurent COHEN, MVA 2012 170
Examples of BIMitimmabPRtits
for tubular shapes in 2D
2D in space , 1D for radius of vessel
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Examples of 4D Minimal Paths
for tubular shapes in 3D

P il

i

i
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Examples of BDVifimrabPRtihS Examples of BDVifimrabPRtih s
for tubular shapes in 3D for tubular shapes in 3D

3D in space , 1D for radius of vessel
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Geodesic Minimal Paths
m Minimal paths, Eikonal Equation , Fast Marching and
Front Propagation
m 3D Fast MarChing’ some examples Closed Boundary Extraction
m Fast Marching on a surface and adaptive Remeshing from a Singlo Point
m Anisotropic Fast Marching

m Closed Contour as a set of minimal paths. Perceptual

Grouping. Key points method Minimal Action from py
- Search for Saddle point of U

m Geodesic Voting and tree structure segmentation  Number of level crossings
m Adding iteratively Key points for geodesic meshing ~ Gaussian Curvature test
m Surface between two curves as a network of paths =G Ry

— Two minimal paths from the selected point

m Path Network and Transport Equation
m Application to Virtual Endoscopy
m Segmentation by Fast Marching : Freezing, Dual front

07/05/2012 21:38 Cours Laurent COHEN, MVA 2012 179 07/05/2012 21:38 Cours Laurent COHEN, MVA 2012 80
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FIG. 21: level set curves of . The start point is the lower point [U7 = 0) located on the bottom left of the ventricle at pixel
(48,14). To find the second end point, saddle point classification (white) is used on the loft, After fikering, the szlacted saddle
point s used to find the two half contours on the right.

FIG. 20: MRI heart image : Original image or. the top left, distance map the tep right. Minimal action [/ representation as a
graph surface.
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Trouver un Ensemble de Chemins minimaux pour
Chemins Minimaux compléter des contours?
m Chemin Minimal entre 2 extrémités p1l et p2. e
N z £ . | |
m Probleme 1:Etant donné un ensemble de points 7N p= 5
trouver un ensemble de chemins minimaux les \ J e T T
reliant: basé sur les points selle de U. T - :H .fl
m Probléme 2:Etant donné un ensemble de régions, i
trouver un ensemble de chemins minimaux les FiG. 1: Examples of incomplete contours
reliant, basé sur la méme technique
m Application a des images meédicales
07/05/2012 21:38 Cours Laurent COHEN, MVA 2012 85 07/05/2012 21:38 Cours Laurent COHEN, MVA 2012 86
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Chemins a partir de Sources multiples pk

Chemins & partir de Sources multiples pk

Figure 4: Zoom on saddle peints between two key points.

Figure 3: Ellipse example with four points. On the left the incomplete ellipse as
potential and four given points; on the right the minimal action map (random LUT
to show the level sets) from these points.

07/05/2012 21:38 Cours Laurent COHEN, MVA 2012 87 07/05/2012 21:38 Cours Laurent COHEN, MVA 2012 88

Groupement perceptuel a partir d’'un ensemble de chemins minimai

Il faut compléter les contours noirs pour former

automatiquement I'ellipse entiere
T, ’_‘0'/

.._D—l_7-—

ure 5: Ellipse example with four points. On the left the saddle points are foun LReger g”ﬁe"
d backpropagation is made from them to each of the two points from where th - D- Lonen

. - e ot . Multiple Contour Finding and Perceptual Grouping using Minimal Paths.
nt comes; on the right, the minimal paths and the Voronoi diagram obtained. Journal of Mathematical Imaging and Vision, 14:225-236, 2001.
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07/05/2012 21:38

Cours Laurent COHEN, MVA 2012

Comment trouver les pk’s automatiguement?

07/05/2012 21:38

Figure 6: Ellipse example: successive partial map computatian for five points. From
left to right, line 1: potential, admissible points, found key points, saddle poeints,
final paths and voronoi diagram; line 2: successive partial maps for the 5 key points
and final map; line 3: the same with random color map to visualize level sets.

Cours Laurent COHEN, MVA 2012

95
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Geodesic Methods

Reference:
L. D. Cohen
Multiple Contour Finding and Perceptual Grouping using Minimal Paths.

Journal of Mathematical Imaging and Visfon, 14:225-236, 2001.

07/05/2012 21:38 Cours Laurent COHEN, MVA 2012
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i 3 >
k J) \ / P
~. _ // Y . e e //
ra
. pz .
p3 e . .
P o

Fi6. 4: Ellipse example - successive partial map computation for five points. From top to bottom, line 1 : potential, admissible

points and final paths, bne 2 : found representative points, saddle points and voroaoi diagram.

96
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Perceptual Grouping using Minimal Paths #

Chemins a partir de Sources multiples :
Détermination automatique des points source pk

IH..JI . T D je o : ‘.r_r'l- ‘ J.r : {I' I'

Figure 8: Two circles; From left to right: potential, key points and final paths

07/05/2012 21:38 Cours Laurent COHEN, MVA 2012 00 07/05/2012 21:38 Cours Laurent COHEN, MVA 2012 221

Perceptual Grouping using Minimal Paths #

Using the orientation with anisotropic geodesic$

Dense metric T’J(m) leotropic grouping Anigotropic grouping

Anisotropic Geodesics for Perceptual Grouping and Domain MesBéimastien Bougleux and Gabriel
Peyr\'e and Laurent D. Cohen. Proc. tenth European Conference on Coviglate(ECCV'08)}, Marseille,
France, October 12-18, 2008.
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