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Laurent COHEN Geodesic Methods

Paths of minimal energy Paths of minimal energy

Looking for a path along Looking for a path along
p which a feature Potential which a feature Potential
f' P(x,y) is minimal P(x,y) is minimal

example: cardiac ventricle
contour
P =gradient based

Input : Start poinp0=(x0,y0)

o example: a vessel
4 dark structure
P =gray level

il Input : Start poinp0=(x0,y0)

End point p1 =(x,y) End point p1 =(x,y)

/ Image Image
Output: Minimal Path Output: Minimal Path
07/05/2012 21:35 Cours Laurent COHEN, MVA 2012 12 07/05/2012 21:35 Cours Laurent COHEN, MVA 2012 13
Minimal Paths: Eikonal Equation Minimal paths - ZDsghtiibétieaaamftes

simplified formulation for active contour model egge

EQ)= [ {fwPOO) = [ Fo@)s

Potential P>0 takes lower values near intereséatyres :
on contours, dark structures, ...
wis a regularization parameter
STEP 1 sseacbhfdothieessuidaesodhmmimimaabatbaf pO as the minimal energy
integrated along a path between start po@rand any poinp in the image Examples of shortest paths on univalued or bivalued potential

Startpoint C(0) = pQ

Fermat Principle in Geometric Optics :

. . L ~ . Ce . .
U= inf EO= inf IO P(C(9))ds Path followed by light minimizes time
C(0)=p0,C(L)=p C(0)=p0,C(L)=p T — l fp]. nds where n>1 is refraction
c Jpo index v=c/n
STEP 2: Back-propagation from the end ppihto the start poinpO:
Simple Gradient Descent alor U Snell-Descartes 'law
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Chemins Minimaux et propagation de fronts

Cours Laurent COHEN, MVA 2012
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Geodesic Methods

FIG. 11: minimal action U from the starting point on bottom left. On the left lower values of L' correspond to black. On the
ienti .

right, a random LUT is used for better visnalization of level curves of surface U

20
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Minimal Paths and Front Propagation
Minimal Action U ,,(p)= inf |, P(C(s))ds

C(0)=p0iC(L)=p
FrontPropagatio £(t)={ pOR?/U ,,(p) =t}
Evolution of t level set of U from p0
oLl _ 1

n(o,t)
ot P(L(o,N)

n normal vector to a level set of U is in the direction of t
Gradient of U, implie€€ikonal Equation

|0U ,o(x)] = P(x) andU ,,(p0) =0

07/05/2012 21:35 Cours Laurent COHEN, MVA 2012
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Minimal Paths: Eikonal Equation Minimal Paths: back propagation

L
STEP I nmminimahbatitiod of pO as the minimal energy integrated along a path E(C) =J; P(C(S))d%
between start poim0 and any poinp in the image

STEP 2: Back-propagation from the end pito the start poinpl:

Startpoint C(0) = pG, si , -
. . L imple Gradient Descent alo] U p1
UoM= inf EO= inf [ PCOXs _
CO=pO,C(L)=p C(0)=poC(L)=p ac', . T g iebretes. v
Solution of Ekae Eqution: e 5) = —VU,, (C(s)) with C(0) = pa.
HDU pO(X)H = P(X) andu pO( pO) =0 Theorem 1: (Euler Lagrange of E) Any curve C which is a localimium of energy

E is a solution of

VP(C) -ii=P(w

Definition 2 (Critical curves) We say that C'is a critical curve of the energy E if|
C'is a solution of the Euler-Lagrange equation (3.

Example P=1UlEHditidaanidistaoeedp

07/05/2012 21:35 Cours Laurent COHEN, MVA 2012 25 07/05/2012 21:35 Cours Laurent COHEN, MVA 2012 26

Minimal Paths: back propagation

DefineC, by backpropagatio andC(s)by reverse Equation EikonaleApprrcioasBqaeriigie
. Ou,
C,(0) = pLC,(L) = p0,C,'(s) = - ,C(s) =C,(L-5)
”DU Po” Ulpy) =0
U,(P)=  min |, P(y(s)ds Dilinsac. _
C(0)=p0:C(L)=p1"° "}i”f =PV,
U o (pL) =U ;4 (p1) -U ,o(p0) =U ,,(C(L)) —U ,,(C(0)) U = Uoo satinfies 7 )
L L [vU| =P,
U pO(pl) = _[o [U po(c(s))]I ds = J.o ou po(C (S))-C'(S) ds Iterative Sequential Scheme : U, ; given by
L ou (max{u — Vi1, u — Uis1,5,01)* + (max{w = Uy j_1,u— Uy jn, 0} = P,
U 1)=| 0OU _,(C(s). —=-d ’
po(PD) = [ 'OU ,(C(s)) B

L L
U o(p1) = [0V ,o(C(s))jds = [ P(C(s))ds
Thus C reaches the minimum of the energy,

o;it is a minimal path. 28 07/05/201221:35 Cours_Laurent COHEN, MVA 2012 36
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FAST MARCHING in 2D

very efficient algorithm O(NlogN) foE ikixasiel Eagiddion
Introduced bySgdiraanTsss#ikEs
Numerical approximation of U(xij) as the solutianthe discretized problem with
_ upwind finite difference scheme
jpul=r

ma)(u -U ()g—l.j )l u-u ()§+1,j)’0)2
+ma><(u—U(xi,,-_1),U—U(Xi,,-ﬂ):o)2 =h?P(x,)?

This 2nd order equation induces that :
action U at {i,j} depends only of the neighborstthave lower actions.
Fast marching introduces order in the selectiothefgrid points for solving this
numerical scheme.

Starting from the initial point p0 with U = 0,
the action computed at each point visited can grdyv.

Level sets of U can be seen as a Front propagetitwards.

07/05/2012 21:35 Cours Laurent COHEN, MVA 2012

Implementation: 2 Stepsfor building Ymin Uija
» Step1: Solve the eikonal equation y
[0U ()] = POy andu ,(p0) =0 h{
Upwind scheme Upja
maX(U"J _U'_l'l ,U"J _UH“ ,OJZ + max[u"' _U"l_l ,U"] _U"“l ,0]2 =p?
h h h h L

Fast algorithm to compute tlaetion map
on the discretization grid :

¢ Sethian Fast Marching: N.log(N)
complexity, first order.

¢ KimGroup Marching: N complexity,
first order .

*  Sweeping (iterative) methods

07/05/2012 21:35

7 _ Next alive

point

alive points  far points

Cours Laurent COHEN, MVA 2012
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Geodesic Methods

Fast Marching

07/05/2012 21:35 Cours Laurent COHEN, MVA 2012
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Algorithme du Fast Marching

(max{u — Ui_1;,u — U1 j,0})* + (max{u — Ui j_1,u — Ui j41,0})* = I_j,ffj

Alive Paihts

o

et

i
RS
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Laurent COHEN Geodesic Methods

Algorithm for 2D Fast Marching Fast Marchi ng A|gor|th m
Dsiuikions Initialization
— Alive set : all grid points at which the action value U{ has been reached and will not be changed ;
— Trial set : next grid points (4-connexity neighbors) to be examined. An estimate U of & has
been computed using Equation (4) from alve points only (i.e. from If) :
(max{u — Uiy, u — Uis1 4, 01) + (max{u — U1, u — Uij1, 01" = B (4)
Far set @ all other grid points, there is not yet an estimate for U
— Tnitialization : 1 ; o o
~ Alive set is confined to the starting point py, with 24 (p,) = 0; . s “!:: :
— Trial is confined to the four neighbors p of pg with initial value U(p) = P(p) (U(p) = ¢); i ea 4
— Far is the set of all other grid points with I = U/ = 00; oo C i 3
— Loop : o1 “i ."I i !
Let p = (imin, Jman) be the Trial pont with the smallest action U; et
— Move it from the Trial to the Alive set (i.e. U(p) = Ui, i imia 15 fTOzen); > N ? 1:‘;-‘1 !
For each neighbor (4, 1) (4-connexity in 2D) of (imin, Jmin) L. ] - T I o
= 1If (i. j) is Far, add it to the Trial set and compute U;; using Table 2; potential P tFar  @Trial W Alive minimal action U4
=1 (i, j) is Trial, update the action U, ; using Eqn. (4) and Table 2.
07/05/2012 21:35 Cours Laurent COHEN, MVA 2012 43 48

. . 49 . .
Fast Marching Algorithm Fast Marching Algorithm
Itération #1 Itération #2
e Find point X, (Trial point with smallest value of ). e Find point X in (Trial point with smallest value of {f).
® X, becomes Alive. ® X, becomes Alive.
e For each of 4 neighbors x of point Xy, : e For each of 4 neighbors x of point Xy,
If x is not Alive, If x is not Alive,
Estimate U4(x) with upwind scheme. Estimate U(x) with upwind scheme.
x becomes Trial. x becomes Trial.
! b | M 1 = -
s 5 - os - -
! il . N [ il 1 A *
o NI 3 R o NI o A
o4 LR i 2 o+ LI i >
i P 7] o L Pl ] I e
Tt L N Lt Tt i o
potential P +Far WTrial # Alive  minimal action U potential P +Far W Trial # Alive  minimal action 2
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Fast Marching Algorithm

Itération #k
e Find point X in
® X, becomes Alive.
e For each of 4 neighbors x of point Xy,
If x is not Alive,
Estimate  {f(x) with upwind scheme.
x becomes Trial.

(Trial point with smallest value of {{).

-+Far WTrial # Alive  minimal action

potential 7-:’

Chemin Minimal pour un contour 2D
» Minimisation d’energie:
E() = [, P(n)dt
PXDQ“IEH%}Y%
07/05/2012 21:35 Cours Laurent COHEN, MVA 2012
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Algorithm for 2D Up-Wind Scheme
Notice that for solving Equation (4), only alive points ({4) are considered. Considering the
neighbors of grid peint (i, j) in 4-connexity. We note { A1, Az} and { By, Bs} the two couples
of opposite neighbors such that we get the ordering (A1) < U(As), U(B1) < U(By), and
U(A1) < U(By). Considering that we have v > U(By) > U[Ay), the cquation derived s
(u—U(A)) + (u — U(By)) = B, (5)
1. Computing the diseriminant A of Equation (3) we have two possibilities
- If A 2 0, 1 should he the largest sohition of Equation (5)
— If the hypothesis u > U(B,) is wrong, go to 2;
— If this value is larger than L4/ (/3;), this is the solution;
-If A < 0, B; has an action too large to influence the solution. It means that w >
U(B) is false. Goto 2,
Simple caleulus can replace case 1 by the test :

Ibis. If B > U(B)) —U(AL),
U B A 2P —(U(B)-U(A))? . A %
U= Byt (A2 5 HE)-UA)) is the largest solution of Equation (5),

else go to 2;
2, Considering that we have u < 2(3;) and u > U(A,), we finally have v = L(4,)+ B;;.

Tak. 2: Solving locally the upwind scheme

07/05/2012 21:35 Cours Laurent COHEN, MVA 2012

1) Chemins minimaux, segmentation 2D
Construction du chemin minimal

» Carte d’Action

[p]

-p

Uy, (p) = min . [ P((s))ds

» Equation Eikonale

lou,|=P. U, (p)=0

» Apres avoir calculé UpO par Fast
Marching, le chemin minimal entre pO et
un point p est obtenu en résolvant:

% (t) = ~0U ,, (Vo (D)
ymin (O) = p

07/05/2012 21:35
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07/05/2012 21:35

Chemin Minimal pour un contour 2D

Cours Laurent COHEN, MVA 2012

Minimal Path between pl and p2

4 pl y [ks]
: A

04

02

potentiel P

55

Geodesic Methods

Minimal Path between pdndnup

© C. Bouzigues

04

02

potentiel P : 0 —

07/05/2012 21:35 Cours Laurent COHEN MVA 2012
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Minimal Path between pl and p2

192409 = Plx) pourx € 0
Uhp)=0

minimal action

Minimal action 14 : § — R™ solution of Eikonal equation :

Fields Institute, May 2012



Laurent COHEN

Minimal Path between pl and p2

minimal action U

Geodesic Methods

Minimal Path between pl and p2

minimal path

Cp,,p. = min f’ﬁ'(”y(s))ds
v

’YE-APL PY

Is obtained by solving ODE:

ac 1.P2 \

CD‘!;D')(U) = Pz

= simple gradient descent on
U, from p, to p,

minimal action U

Step #1

Minimal Path between pl and p2

IV (x)]| = P(x) pourx €
Uipi)=0

07/05/2012 21:35

potential P cours Laurent COHEN, MvA 2012 61

Fields Institute, May 2012

Minimal Path between pl and p2

Step #1

[V (x)]| = P(x) pourx € Q
U(p1) =10

07/05/2012 21:33MiNiMal action 4} Cours Laurent COHEN, MVA 2012 62




Laurent COHEN

Minimal Path between pl and p2
Step #1 -
[|Vif (x)|| = P(x) pourx €
hip)=10
Step #2 \
gradient descenton  Uifor = — V4 (Cp, p.(9))
extraction of minimal path Cp, p.

Minimal Pathbettwessapilaacidp@2

Step #1 )
IV (x)]| = P(x) pourx €
Ui(pi)=10
Step #2 Ao, 5, (5) ‘
gradient descent on Uy for Pla'% = —Vih (Cp1,pz(5.')
extraction of minimal pathCp, p. Coy pa(0) = Do

-C%

Ca

L4

07/05201221:35  potential P cours Laurent COHEN, MvA 2012
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Minimal Path between pl and p2

Step #1 .
[|Vih (x)|| = P(x) pourx € {2
h(p) =0
Step #2 ICpy po (5)
gradient descent on U, for —PE = Vi (CPIaPz (3))
extraction of minimal pathCp, p.

07/05/201221:35 Chemin minimal dapsu#eaimagediEn graaisseaux du cerveau

64
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Retro{mapegtom dispuis gl
Retro {maypegpttom dispwis il

Le seul minimum local de U est p0.
Descente de Gradient sur U depuis/ps\@s p

| — o = —vu,
c(0) =

F1G. Z Finding a minimal path beiween two points. Ou the left, the potential is wininal on the ellipse. In the middle, the
minimal action or weighted distance to the marked point [reverse video]. On the right, minimal path using backpropagation
from the second point.

07/05/2012 21:35 Cours Laurent COHEN, MVA 2012 68 07/05/2012 21:35 Cours Laurent COHEN, MVA 2012 69

Chemins de méme origine

Fic. 12: Comparison of classicel suakes and the propused approsch. Top, classical suakes wed a very close inivialization
in the bottom, only 2 end points needed with the geodesic approach

FI6. 14; Mauy paths are obtaived simaltancously conuesting the start point on the upper left to 4 other points. Second example
for finding vessels in medical angiographic
07/05/2012 21:35 Cours Laurent COHEN, MVA 2012 70 07/05/2012 21:35 Cours Laurent COHEN, MVA 2012 71
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Graph Search algorithms
Dynamic Programming

Minimization of [, P(C)ds (19) - Mctrication error -
— A algorithm - Dijkstra 1959

- distance image initialized with valie o, |

~ expands to aneighbor pixel a previously obtained minimal path ending at the vertex
with smallest current cost value.
=~
- 1 iteration per pixel and a search for the best pixel to update : O(NlogN).

~ Similar to Fast marching ‘
but not consistent.
£

- F* algorithm : Fischler, Tenenbaum, Wolf 1981.

n L' norm cause the shortest path to suffer from errors of up to 41%. In this case both Py and P, are optimal, and
optimal no matter how much we refine the (4-ueighboriog) grid.

- same but sequential ;
— image scanned iteratively top to bottom, row by row, left to right followed by right
to left, and then bottom to top.

— similar in spirit to shape from shading but not consistent.
07/05/2012 21:35 Cours Laurent COHEN, MVA 2012 73 07/05/2012 21:35
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Partial front propagation

Aminimal path in a DSA . . .
image of brain vessels Complete front propagation Partial front propagation

During front propagation, the action computed @hgaoint visited can only grow
due to the resolution of Eikonal equation.

Fig. 23: Dlustration of metrication errar for computation of the distance map to a single point, skowing level sets of the There is no need to propagate further when thepehd is reached
distanca. On the lef : 5 graph search-like discrete distance computation givas squares ; On the right : the distance is abtained )
by our approach, giving circles.

The number of points visited during the partialpgagation is reduced, thus
saving computing time.

Cours Laurent COHEN, MVA 2012 76
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Chemin minimal & = E ? _

On cherche un chemin reliant les deux
points jaunes et suivant les zones les plus
foncées.
Reference: Reference:
L. D. Cohen and R. Kimmel L. D. Cohen and R. Kimmel
Global minimum for active contour models : a minimal path approach. Global minimum for active contour models : a minimal path approach.
Internatfonal Journal on Computer Vision, 24:57-78, 1997. International Journal on Computer Vision, 24:57-78, 1997.
07/05/2012 21:35 Cours Laurent COHEN, MVA 2012 77 07/05/2012 21:35 Cours Laurent COHEN, MVA 2012 78
Propagation par Fast Marching du point de-dépaptint d’arrivée & .= Minimal pathsfthD segrmmnﬂﬂhm

» P(x) =1 = droite (plus court chemin euclidien)

Reference:

L. D. Cohen and R. Kimmel

Global minimum for active contour models : a minimal path approach. . d

Internatfonal Journal on Computer Vision, 24:57-78, 1997. T "
Chemin Carte de distance

Cours Laurent COHEN, MVA 2012 80
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Minimal pathsféorZDseggresticdioom propagation simultanée de fronts

» P(x) =w + (I(x) — I{x0))? == chemin d'intensité homoggne

Chemin minimal image DSA propagation partielle du front propagation simultanée

Propagation simultanée depuis les deux extrémités.

Point de Collision des 2 fronts: point selle dedtreuvant sur le chemin minimal
a mi chemin en énergie.

Réduction du nombre de points visités importante:
par exemple pour P=1, temps divisé par 2 en 2B eh 3D

Chemin Carte de distance
07/05/2012 21:35 Cours Laurent COHEN, MVA 2012 81 07/05/2012 21:35 Cours Laurent COHEN, MVA 2012 82

oy - €hemin minimal & .= - x 2

Propagation de fronts simultanée jusqu’a leur rencontre

Reference: Reference:
T. Deschamps and L. D. Cohen T. Deschamps and L. D. Cohen
Minimal paths in 3D images and application to virtual endoscopy. Minimal paths in 3D images and application to virtual endoscopy.
Proceedings ECCV'00, Dublin, Ireland, 2000. Proceedings ECCV'00, Dublin, Ireland, 2000.
07/05/2012 21:35 Cours Laurent COHEN, MVA 2012 83 07/05/2012 21:35 Cours Laurent COHEN, MVA 2012 84
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Action Minimale a un ensemble Segmentation de Voronoi
Voronoi Tessellation
STEP 1 nmmimimadbatibod of Sas the minimal energy integrated along a path
between start poim0 in Sand any poinp in the image
Startpoint C(0) = pOOS
U(p= inf EO= |nfU (P)
COOSC(L)=p
Solution of EHK@Ye Equeticm:
|0U(x)| = P(x) andU 4(p0) = Ofor all p0O S
Zp, ={ x/0q0S,U (x) =U, ()} \
OxUZp,,  Us(x)=U, (X) [(y,S) = {Z(x;, v \E‘,UIM(\U S)}
[Dirichlet, 1850], [Voronoi, 1909]

Propagation avec une seule extrémité

Action minimale Longueur du chemin minimal

Chemin minimal image DSA

Parfais il est difficile de donner une secondeénité (3D))

Calcul simultané de la longueur du chemin mininmatkaque point
Coldt en calcul faible : inclus dans le fast margtamec P = 1.

Seconde extrémité : le premier point du front gttent une longueur donnée.

07/05/2012 21:35 Cours Laurent COHEN, MVA 2012 87
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