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Geodesic Minimal PathsGeodesic Minimal Paths
� Minimal paths, Eikonal Equation , Fast Marching and 

Front Propagation
� 3D Fast Marching, some examples 
� Fast Marching on a surface and adaptive Remeshing
� Anisotropic Fast Marching
� Closed Contour as a set of minimal paths. Perceptual 

Grouping. Key points method
� Geodesic Voting and tree structure segmentation
� Adding iteratively Key points for geodesic meshing
� Surface between two curves as a network of paths
� Path Network and Transport Equation
� Application to Virtual Endoscopy
� Segmentation by Fast Marching : Freezing, Dual fronts
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Active Contours limitationActive Contours limitation
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Paths of minimal energyPaths of minimal energy

Looking for a path along 
which   a feature Potential 
P(x,y) is minimal 

example: a vessel
dark structure
P =gray level

Input : Start point p0=(x0,y0)

End point  p1 =(x,y)

Image

Output: Minimal Path
p0

p1
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Paths of minimal energyPaths of minimal energy

Looking for a path along 
which   a feature Potential 
P(x,y) is minimal 

example: cardiac ventricle
contour
P =gradient based

Input : Start point p0=(x0,y0)

End point  p1 =(x,y)

Image

Output: Minimal Path

p0

p1

07/05/2012 21:35 Cours  Laurent COHEN, MVA 2012 15

Minimal Paths: Eikonal EquationMinimal Paths: Eikonal Equation

STEP STEP 1 1 : search for the surface of minimal action : search for the surface of minimal action UU of of pp00 as the minimal energy as the minimal energy 
integrated along a path between  start point integrated along a path between  start point pp00 and any point and any point pp in the imagein the image

simplified formulation for active contour model energysimplified formulation for active contour model energy

STEP 2: Back-propagation from the end point p1 to the start point p0: 

Simple Gradient Descent along 

Potential P>0  takes lower values near interesting features : Potential P>0  takes lower values near interesting features : 
on contours, dark structures, ...on contours, dark structures, ...
ww is  a regularization parameteris  a regularization parameter
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P1

slower

P2 < P1

fasterP=c

Fermat Principle in Geometric Optics :                   
Path followed by light minimizes time

where n>1 is refraction 
index v=c/n

Snell-Descartes ’law

Minimal paths Minimal paths -- 22D synthetic examplesD synthetic examples

Examples of shortest paths on univalued or bivalued potentialExamples of shortest paths on univalued or bivalued potential
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Recherche d’un chemin minimal avec des obstacles.
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Chemins Minimaux et   propagation de fronts Chemins Minimaux et   propagation de fronts 

p0
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Minimal Paths and Front PropagationMinimal Paths and Front Propagation

Evolution of t level set of U from pEvolution of t level set of U from p00

n n normal vector to a level set of U is in the direction of the normal vector to a level set of U is in the direction of the 

Gradient of U, implies Gradient of U, implies Eikonal Equation Eikonal Equation ::
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Minimal Paths: Eikonal EquationMinimal Paths: Eikonal Equation

STEP STEP 1 1 : minimal action : minimal action UU of of pp00 as the minimal energy integrated along a path as the minimal energy integrated along a path 
between  start point between  start point pp00 and any point and any point pp in the imagein the image

Solution of Solution of EikonalEikonal equation: equation: 

Example P=Example P=11, U Euclidean distance to p, U Euclidean distance to p00

∫
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Minimal Paths: back propagationMinimal Paths: back propagation

STEP 2: Back-propagation from the end point p2 to the start point p1: 

Simple Gradient Descent along

Theorem 1: (Euler Lagrange of E) Any curve C which is a local minimum of energy
E is a solution of

1 pU
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Minimal Paths: back propagationMinimal Paths: back propagation

STEP 2: Back-propagation from the end point p2 to the start point p1: 

Simple Gradient Descent along 1 pU
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Equation EikonaleEquation Eikonale-- Approche Séquentielle Approche Séquentielle 
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FAST MARCHING in FAST MARCHING in 22DD: : 
very efficient algorithm O(NlogN) for very efficient algorithm O(NlogN) for Eikonal EquationEikonal Equation

Level sets of U can be seen as a Front propagation outwards. Level sets of U can be seen as a Front propagation outwards. 

Numerical approximation of U(xij) as the solution to the discretized problem with Numerical approximation of U(xij) as the solution to the discretized problem with 
uupwind finite difference schemepwind finite difference scheme

This 2nd order equation induces that :This 2nd order equation induces that :
action U at {i,j} depends only of the neighbors that have lower actions.action U at {i,j} depends only of the neighbors that have lower actions.

Fast marching introduces order in the selection of the grid points for solving this Fast marching introduces order in the selection of the grid points for solving this 
numerical scheme.numerical scheme.

Starting from the initial point p0 with U = 0,Starting from the initial point p0 with U = 0,
the action computed at each point visited can only grow. the action computed at each point visited can only grow. 

Introduced by Introduced by SethianSethian / / TsistsiklisTsistsiklis
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Fast MarchingFast Marching
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� Step 1: Solve the eikonal equation

  22

0
PUp =∇

Fast algorithm to compute the action map
on the discretization grid :

• Sethian Fast Marching:  N.log(N) 
complexity, first order.

• Kim Group Marching: N complexity,
first order .

• Sweeping (iterative) methods

Implementation: 2 Steps for building γγγγmin
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Algorithme du Fast MarchingAlgorithme du Fast Marching
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J. A. Sethian

A fast marching level set method for monotonically advancing fronts. 
P.N.A.S., 93:1591-1595, 1996.

minimal actionpotential Far        Trial       Alive

Initialization

Fast Marching Algorithm Fast Marching Algorithm 
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minimal actionpotential Far        Trial       Alive

49

J. A. Sethian

A fast marching level set method for monotonically advancing fronts. 
P.N.A.S., 93:1591-1595, 1996.

Itération #1
● Find point xmin (Trial point with smallest value of     ).
● xmin becomes Alive.
● For each of 4 neighbors x of point xmin :

If x is not Alive,
Estimate                 with upwind scheme.

x becomes Trial.

Fast Marching Algorithm Fast Marching Algorithm 
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J. A. Sethian

A fast marching level set method for monotonically advancing fronts. 
P.N.A.S., 93:1591-1595, 1996.

minimal actionpotential Far        Trial       Alive

Itération #2
● Find point xmin (Trial point with smallest value of     ).
● xmin becomes Alive.
● For each of 4 neighbors x of point xmin :

If x is not Alive,
Estimate                 with upwind scheme.

x becomes Trial.

Fast Marching Algorithm Fast Marching Algorithm 
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J. A. Sethian

A fast marching level set method for monotonically advancing fronts. 
P.N.A.S., 93:1591-1595, 1996.

minimal actionpotential Far        Trial       Alive

Itération #k
● Find point xmin (Trial point with smallest value of     ).
● xmin becomes Alive.
● For each of 4 neighbors x of point xmin :

If x is not Alive,
Estimate                 with upwind scheme.

x becomes Trial.

Fast Marching Algorithm Fast Marching Algorithm 

07/05/2012 21:35 Cours  Laurent COHEN, MVA 2012 52

07/05/2012 21:35 Cours  Laurent COHEN, MVA 2012 53

� Minimisation d’energie:

Chemin Minimal pour un contour Chemin Minimal pour un contour 22D D 
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� Carte d’Action
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� Après avoir calculé Up0 par Fast 
Marching, le chemin minimal entre  p0 et 
un point p est obtenu en résolvant:

Construction du chemin minimal

I) Chemins minimaux, segmentation I) Chemins minimaux, segmentation 22DD

� Equation Eikonale
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Chemin Minimal pour un contour  2DChemin Minimal pour un contour  2D
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Minimal Path between pMinimal Path between p1 1 and pand p22
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L. D. Cohen, R. Kimmel

Global minimum for active contour models : a minimal path approach.
International Journal of Computer Vision, 25:57-78, 1997.

potentiel

Minimal Path between p1 and p2Minimal Path between p1 and p2
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L. D. Cohen, R. Kimmel

Global minimum for active contour models : a minimal path approach.
International Journal of Computer Vision, 25:57-78, 1997.

Minimal  action                               solution of Eikonal equation :

minimal action

Minimal Path between p1 and p2Minimal Path between p1 and p2
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L. D. Cohen, R. Kimmel

Global minimum for active contour models : a minimal path approach.
International Journal of Computer Vision, 25:57-78, 1997.

minimal action

Minimal Path between p1 and p2Minimal Path between p1 and p2
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L. D. Cohen, R. Kimmel

Global minimum for active contour models : a minimal path approach.
International Journal of Computer Vision, 25:57-78, 1997.

minimal path

Is obtained by solving ODE:

simple gradient descent on

from p2 to p1

�

minimal action

Minimal Path between p1 and p2Minimal Path between p1 and p2
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Step #1

Etape #2
Descente de gradient sur       pour 
extraire le chemin minimal 

Minimal Path between p1 and p2Minimal Path between p1 and p2
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Step #1

Etape #2
Descente de gradient sur       pour 
extraire le chemin minimal 

minimal action

Minimal Path between p1 and p2Minimal Path between p1 and p2
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Step #1

Step #2
gradient descent on            for 
extraction of minimal path

Minimal Path between p1 and p2Minimal Path between p1 and p2

minimal action 07/05/2012 21:35 Cours  Laurent COHEN, MVA 2012 64

Step #1

Step #2
gradient descent on               for 
extraction of minimal path

Minimal Path between p1 and p2Minimal Path between p1 and p2

minimal action
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Step #1

Step #2
gradient descent on                 for 
extraction of minimal path

Minimal Minimal PathPath betweenbetween p1 and p2p1 and p2
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p0

p

Chemins Minimaux et   propagation de fronts Chemins Minimaux et   propagation de fronts 
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RetroRetro--propagation depuis p1propagation depuis p1
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RetroRetro--propagation depuis ppropagation depuis p11

Le seul minimum local de U est pLe seul minimum local de U est p00..
Descente de Gradient sur U depuis pDescente de Gradient sur U depuis p1 1 vers pvers p00::
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Chemins de même origineChemins de même origine
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Partial front propagationPartial front propagation

A minimal path in a DSA A minimal path in a DSA 
image of brain vesselsimage of brain vessels

Complete front propagationComplete front propagation Partial front propagationPartial front propagation

During front propagation, the action computed at each point visited can only grow During front propagation, the action computed at each point visited can only grow 
due to the resolution of Eikonal equation.due to the resolution of Eikonal equation.

There is no need to propagate further when the end point is reached.There is no need to propagate further when the end point is reached.

The number of points visited during the partial propagation is reduced, thus The number of points visited during the partial propagation is reduced, thus 
saving computing time.saving computing time.
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Chemin minimalChemin minimal

On cherche un chemin reliant les deux 
points jaunes et suivant les zones les plus 
foncées.

Reference: 
L. D. Cohen and R. Kimmel
Global minimum for active contour models : a minimal path approach.
International Journal on Computer Vision, 24:57-78, 1997.
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Propagation par Fast Marching du point de départ au point d’arrivéePropagation par Fast Marching du point de départ au point d’arrivée

Reference: 
L. D. Cohen and R. Kimmel
Global minimum for active contour models : a minimal path approach.
International Journal on Computer Vision, 24:57-78, 1997.
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Propagation par Fast Marching du point de départ au point d’arrivéePropagation par Fast Marching du point de départ au point d’arrivée

Reference: 
L. D. Cohen and R. Kimmel
Global minimum for active contour models : a minimal path approach.
International Journal on Computer Vision, 24:57-78, 1997.
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Minimal Minimal pathspaths for for 22D segmentationD segmentation
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Minimal Minimal pathspaths for 2D segmentationfor 2D segmentation propagation simultanée de fronts propagation simultanée de fronts 

Chemin minimal image DSAChemin minimal image DSA

Propagation simultanée depuis les deux extrémités.Propagation simultanée depuis les deux extrémités.

Point de Collision des 2 fronts: point selle de U se trouvant sur le chemin minimalPoint de Collision des 2 fronts: point selle de U se trouvant sur le chemin minimal
a mi chemin en énergie.a mi chemin en énergie.

Réduction du nombre de points visités importante:Réduction du nombre de points visités importante:
par exemple pour P=1, temps divisé par  2 en  2D et  4 en 3Dpar exemple pour P=1, temps divisé par  2 en  2D et  4 en 3D

propagation partielle du frontpropagation partielle du front propagation simultanée propagation simultanée 
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Propagation de fronts simultanée des deux extrémitésPropagation de fronts simultanée des deux extrémités

Reference: 
T. Deschamps and L. D. Cohen
Minimal paths in 3D images and application to virtual endoscopy.
Proceedings ECCV’00, Dublin, Ireland, 2000.
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Chemin minimalChemin minimal

Reference: 
T. Deschamps and L. D. Cohen
Minimal paths in 3D images and application to virtual endoscopy.
Proceedings ECCV’00, Dublin, Ireland, 2000.

Propagation de fronts simultanée jusqu’à leur rencontrePropagation de fronts simultanée jusqu’à leur rencontre

Point de rencontre
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Action Minimale à un ensembleAction Minimale à un ensemble

STEP STEP 1 1 : minimal action : minimal action UU of of SS as the minimal energy integrated along a path as the minimal energy integrated along a path 
between  start point between  start point pp0 0 in Sin S and any point and any point pp in the imagein the image

Solution of Solution of EikonalEikonal equation: equation: 
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Segmentation de VoronoiSegmentation de Voronoi

Propagation avec une seule extrémitéPropagation avec une seule extrémité

Chemin minimal image DSAChemin minimal image DSA

Parfois il est difficile de donner une seconde extrémité (Parfois il est difficile de donner une seconde extrémité (33D) D) 

Calcul simultané de la longueur du chemin minimal en chaque pointCalcul simultané de la longueur du chemin minimal en chaque point
Coût en calcul faible : inclus dans le fast marching avec P = Coût en calcul faible : inclus dans le fast marching avec P = 11. . 

Seconde extrémité : le premier point du front atteignant une longueur donnée.Seconde extrémité : le premier point du front atteignant une longueur donnée.

Action minimaleAction minimale Longueur du chemin minimalLongueur du chemin minimal
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