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Agenda

Fundamental quadrangle  working paper of Rockafellar and Uryasev
www.ise.ufl.edu/uryasev/quadrangle_WP_101111.pdf 
CVaR optimization 
Percentile regression
Examples of quadrangles 

Library of test problems
link: http://www.ise.ufl.edu/uryasev/testproblems/

Hedging strategies for equities
link: www.aorda.com/aod/static/documents/Protecting_Equity_Investments.pdf
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Fundamental Risk Quadrangle
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General Relationships
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Mean-Based (St.Dev. Version) Quadrangle
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General Relationships



Mean-Based (Variance Version) Quadrangle
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General Relationships



VaR and CVaR
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Quantile-Based Quadrangle
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General Relationships
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VaR vs CVaR in optimization

VaR is difficult to optimize numerically when losses are not 
normally distributed
PSG package allows VaR optimization
In optimization modeling,  CVaR is superior to VaR:

For elliptical distribution minimizing VaR, CVaR or Variance is 
equivalent
CVaR can be expressed as a minimization formula (Rockafellar

and Uryasev, 2000)
CVaR preserve convexity



CVaR OPTIMIZATION: MATHEMATICAL BACKGROUND

We want to minimize  CVaRα(f (x,Y )) 
Definition

F (x,ζ) = ζ + (1- α )-1 E( f (x,Y )- ζ)+

= ζ + ν Σj=1,J ( f (x,y j )- ζ)+, in case of equally probable scenarios

ν = (( 1- α)J )-1 = const 

Proposition 1.
CVaRα(x) = min ζ∈R F (x,ζ)   and VaR denoted by ζα(x) is a smallest minimizer

Proposition 2.
min x∈X CVaRα(f (x,Y )) =  min ζ∈R, x∈X F (x,ζ)              (1)

• Minimizing of F (x,ζ) simultaneously calculates VaR= ζα(x), optimal decision x, 
and optimal CVaR of f (x,Y )

• Problem (1) can be reduces to LP using additional variables



CVaR OPTIMIZATION (Cont’d)
• CVaR minimization

min{ x ∈X } CVaR

can be reduced to the following linear programming (LP) problem

min{ x ∈X , ζ ∈ R , z ∈ R 
J 
}    ζ + ν ∑{ j =1,...,J } zj

subject to 

zj ≥ f (x,y j ) - ζ ,    zj ≥ 0 ,   j = 1,...J       (ν = (( 1- α)J )-1 = const )

• By solving LP we find an optimal x* , corresponding VaR, which equals 
to the lowest optimal ζ *, and minimal CVaR, which equals to the 
optimal value of the linear performance function



Stochastic Optimization
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Deterministic setting

Random values depending on decisions variables

Stochastic Optimization Problem



Using Quadrangle in Optimization
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Factor Models: Percentile Regression

1 , ..., qX X
Y

factors                      from various sources of information
failure load

0 1 1 , ..., ,q qY c c X c X ε= + + + + εwhere       is an error term

=  direct estimator of percentile with           
confidence

0 1 1 , ..., q qc c X c X+ + +
α

10% points below line:

= 10%

X

Y

α

Percentile regression (Koenker and Basset (1978))
CVaR regression (Rockafellar, Uryasev, Zabarankin (2003))



Percentile Error Function and CVaR Deviation

Statistical approach based on asymmetric percentile error
functions:                                        is called Percentile Regression[(1 )( ) ]E α ε αε− +− − +

ε +

ε −

= positive part of error
=  negative part of error

CVaRFailure

Success

Percentile

Mean

CVaR deviation



Error, Deviation, Statistic
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For the error Koenker and Basset  error measure �:

the corresponding deviation measure � is CVaR deviation

the corresponding statistic � is percentile or VaR

Percentile regression estimates percentile or VaR which is 
the statistic for the Quantile-based Quadrangle  
Similar results are valid for other quadrangles



Separation Principle

General regression problem

is equivalent to
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General Regression Theorem
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Regression problem



Median-Based Quadrangle
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General Relationships



Range-Based Quadrangle
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General Relationships



Worst-Case-Based Quadrangle
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General Relationships



Distributed-Worst-Case-Based Quadrangle
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General Relationships



Truncated-Mean-Based Quadrangle
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General Relationships



Log-Exponential-Based Quadrangle
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General Relationships



Rate-Based Quadrangle
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General Relationships



Mix-Quantile-Based Quadrangle
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Quantile-Radius-Based Quadrangle
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Quadrangle Theorem
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Mixing and Scaling Theorems
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Envelope Theorem
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Examples of Risk Envelopes
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Library of Test Problems

Google: URYASEV

Go to the first link:  University of Florida home page of URYASEV:

http://www.ise.ufl.edu/uryasev/

Go to  “Test problems with data and calculation results:”

http://www.ise.ufl.edu/uryasev/testproblems/
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Hedging Strategies for Equities

This part of the presentation is based on paper 

Serraino, G. and S. Uryasev. Protecting Equity Investments: Options, Inverse 
ETFs, Hedge Funds, and AORDA Portfolios. American Optimal Decisions, 
Gainesville, FL. March 17, 2011.

link: www.aorda.com/aod/static/documents/Protecting_Equity_Investments.pdf

References on cited further papers can be found in  Serraino and Uryasev
paper
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S&P500  01/1950 - 09/2011 (Yahoo Finance)

12 years of market stagnation:  LARGE LOSSES for investors. 

Assumptions:  2% management fees per year (combined fees of the advisor and mutual funds) + 3% 
inflation = total loss 5% per year in constant (uninflated) dollars.  

Total cumulative loss 46% of purchasing power in constant dollars over the recent 12 years, 

1-0.95^12= 0.46
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Hedging with Put Options and Portfolio Insurance

CBOE PutWrite Index sells at-the-money put options on S&P500 
on monthly basis

(Profits PutWrite) > (Profits S&P500), i.e.  S&P500 protection 
costs more than profits from S&P500.  Similar statement is valid 
for portfolios insurance approaches.

CBOE S&P500 PutWrite Index vs. S&P500.  Source: www.cboe.com 35



Hedging with Inverse ETFs

Exchange Traded Fund SH provides negative returns of S&P500
SH is not a good long-term hedge against S&P500 drawdowns

S&P500 vs SH, Jul 2006 –Oct 2011.  Yahoo Finance.
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Hedge Funds: Positive and Negative Volatility Exposure

Bondarenko (2004) shows that for most categories of hedge funds a significant 
fraction of returns can be explained by a negative loading on a volatility factor. 
i.e., the majority of hedge funds short volatility. 

Lo (2001, 2010) describes  a hypothetical hedge fund, "Capital Decimation 
Partners",  shorting out-of-the-money S&P500 put options on monthly basis 
with strikes approximately 7% out of the money. 

Agarwal and Naik (2004): many hedge fund categories exhibit returns similar to 
those from selling put options, and have a negative exposure to volatility risk.
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S&P500 vs VIX

VIX is implied volatility from prices of options on S&P500 (Jan 2006 – Jan 2011 graph)

Hedge funds with long volatility exposure provide good hedging protection for 
investors because they have high returns when the market goes down and 
when volatility is high.

Volatility is very volatile (as measured by VIX)
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Negative Correlation of VIX and S&P500

When VIX rises the stock prices fall, and as VIX falls, stock prices rise
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Volatility is Very Volatile

VIX volatility was higher than volatility of VX Near-Term futures, S&P500 (SPX), 
Nasdaq100 (NDX), Russell 2000 (RUT), stocks, including Google and Apple.
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Good Hedge Funds

Hedge funds with long volatility exposure provide good hedging protection for 
investors because they have high returns when the market goes down and 
when volatility is high.

Dedicated short bias (DSB) hedge funds, for which short selling is the main 
source of return have positive performance when the markets fall, exhibited 
extremely strong results during market downturn.

Connolly and Hutchinson (2010) show that DSB hedge funds are a significant 
source of diversification for investors and produce statistically significant levels 
of alpha
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AORDA Portfolios at RYDEX 

American Optimal Advisors website  http://www.aorda.com/aoa/

AORDA_Portfolios.pdf  can be downloaded from
http://www.aorda.com/aoa/static/documents/investments/AORDA_Portfolios.pdf

AORDA Portfolios invest to S&P500 index and NASDAQ100 
index using the index tracking funds at RYDEX Family of Funds

“Buy low sell high” strategy on daily basis; no positions overnight 
in the indices.
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AORDA Portfolios at RYDEX 
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CVaR optimal portfolio



AORDA Portfolios at RYDEX (Show  aorda_portfolios.pdf)

Portfolio 2 “mirrors” S&P500, and it is negatively correlated with S&P500. On 
the other hand, Portfolio 2 has a quite high positive return (doubling the value 
every 3 years). Portfolio 2 has properties of long volatility strategy: it achieves 
high positive return (exceeding market loss) in bear markets and still attains a 
positive return (on average) in bull markets. Portfolio 3, which is a mixture of 
the S&P500 and Portfolio 2, performs quite well both in up and down markets. 

AORDA  Portfolios vs. S&P500
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AORDA Portfolios at RYDEX (Show  www.AORDA.com)

Left Fig.: negative quarterly returns of S&P500 vs AORDA Portfolio 2 for Jan 
2005 - Dec 2010.  In all quarters when market return was negative Portfolio 2 
had a positive return.

Right Fig.: positive quarterly returns of S&P500 vs AORDA Portfolio 2 for Jan 
2005 - Sep 2011.  When the market is up, portfolio 2 had slightly positive return 
on average. However, Portfolio 2 has tendency to lose when the market has 
especially high returns.
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Trading Track Record of AORDA Portfolios
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Performance Summary of AORDA Portfolios (Cont’d)
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Balanced Portfolios
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