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Jointwork with Yuying Li andLei Zhu,Univ of Waterloo:

L. Zhu,T. F. Coleman,andY. Li, Minmax robust and CVaR robust mean

variance portfolios, Journal of Risk, Vol 11, pp55-85,2009.
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Mean-VarianceOptimization: Harry Mark owitz, 1950

Assumeassetreturnsarejointly normal:

� � �� � expectedrateof returns

� � �-by-ncovariancematrix

� � �� � percentageholdings

� � � � therisk aversionparameter

���

����
����� � � ����

s.t. ��� � �

� � �

where�� � ��� �� � � � � �℄
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Measure Tail Risk: CVaR� (�: a confidencelevel)

If thereturndistribution is notnormal,tail risk becomescrucial.

VaR 

Probability
1−β    

CVaR 

Loss Distribution 
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OUTLINE

� Sensitivity to estimationerrorin MV portfolio optimization

� Min-max robustMV portfolio optimization

� Performanceof min-maxrobustoptimalportfolios

– sensitivity to initial data

– assetdiversification

� CVaRrobustMV portfolio optimization

� EfficientCVaRoptimalportfolio computation
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Assumethat� and� areknown.

Theoptimalportfolio �� is efficient: it hastheminimumrisk for thegiven

expectedrateof return.

Let ��
�� denotetheoptimalMV portfolio for �.

Thecurve 

�
��
������
��� ����
���� � � �� formsanefficient

frontier.
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� In practice,only estimates��� �� from a finite setof returnsamplesare

available.

� TheMV optimizationproblembasedon estimates��� �� is calleda

nominalproblem.

� Sensitivity of theoptimalportfolio to meanreturns:� � 
�

��� � �� � ����� ��� � �� � ����� ��� � �� � ����
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� Optimalportfolio ��
�� from estimates��� �� maynotperformwell in

reality.

� Actual frontier (Broadie,1993):thecurve



�
��
������
��� �� ��
���, � � �, describestheactualperformance

of optimalportfolios��
�� from nominalestimates.
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A ten-assetexample:

� (blue) trueefficient frontier: computedusing� and�

� (red) actualfrontier: computedbasedestimates�� and �� using100

returnsamples
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� Actual performanceof theMV optimalportfolio from estimatescan

beverypoor.

� Smallervariationfor theminimumrisk portfolio (left end).

� Largervariationfor themaximumreturnportfolio (right end),which

alwaysconcentratesona singleasset
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� TheoptimalMV solutionis particularlysensitive to estimationerror

in meanreturn.

� Meanreturnis notoriouslydifficult to estimateaccurately.

� For a smallnumberof assets,estimationerrorin covariancematrix is

relatively small.

In this talk, we focuson uncertaintyin meanreturns.
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Examplesof researchaddressingestimationerrorin MV optimization:

� Incorporatingadditionalviews: Black-Litterman,1992

� Robustoptimization: GoldfarbandIyengar(2003),Tütünc̈u and

Koenig(2003),Garlappi,UppalandWang(2007)
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Robust Optimization

� Thenotionof minmaxrobusthasexistedfor a long time.

� Robustoptimization offersasolutionwhich hasthebestperformance

for all possiblerealizationsin someuncertaintysetsof theuncertain

parameters.

� Minmaxrobustproblemsaretypically semi-infiniteprogramming

problems.

� Recentadvancementin efficientcomputationof solutionsto robust

(convex) optimizationproblems(semidefiniteprogrammingand

conicprogramming) hasattractedattentionto robustportfolio

selections.
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What about Min-Max Robust Solutions?

���
�

���

���������
����� �����

s.t. ��� � �

�����: uncertaintysetsfor � and�

Typical uncertaintysets:

� ellipsoidaluncertaintyset:
��� ����
��� �� � 	

� interval uncertaintyset:�� � � � ��

Specificationof uncertaintysetsplayscrucialrole in robustsolutions.
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A statisticalresult:

Assumethatassetreturnshave ajoint normaldistribution andmean

estimate�� is computedfrom 
 samplesof � assets.If thecovariance

matrix� is known, thenthequantity


 

 � ��



 � ���

��� ������
��� ��

hasa	�� distribution with � degreesof freedom.
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Garlappi,Uppal,Wang(2007)deriveanexplicit formulafor themin-max

robustsolutionusingtheellipsoidaluncertaintysetfor �, assuming� is

known andshortsellingis allowed, i.e., they consider

���
�

���
�

��
�
�� � � �
�
��

s.t. 	
�� ������	
�� �� � �

�
�
� � 
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With theno shortsellingconstraint,therobustportfolio problem

becomes:

���
�

���
�

����� � � ����

s.t. 
��� ������
��� �� � 	

��� � �� � � �
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We show thata this min-maxrobustportfolio problemis equivalentto: is

a solutionto thenominalproblem:

���
�

������ �� � ����
subjectto ��� � �� � � ��

with �� � �.

aL. Zhu,T. F. Coleman,andY. Li, Minmax robust and CVaR robust mean variance port-

folios, Journal of Risk, Vol 11,pp 55-85,2009.
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Min-max Robust Frontier vs Mean VarianceFrontier
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(c)� � ��

Minmaxrobustfrontier: a squeezedsegmentof thefrontierof the

nominalproblem.
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Interval uncertaintyset:�� � � � ��

���
�

���

�������
����� � � ����

s.t. ��� � �� � � � �
Therobustsolutionsolves

���
�

� ��
��� � � ����

s.t. ��� � �� � � � �

�� Minmaxrobustportfoliosarenow sensitive to specificationof ��!
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Uncertaintyin parameter� is anestimationrisk.

Thestatisticalresultfor themeanestimationthat


 

 � ��



 � ���

��� ������
��� ��

hasa	�� distribution with � degreesof freedomcanbeusedto yield a

measurefor theestimationrisk.
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CVaR-Robust Mean VariancePortf olio

���
�

CVaR�	
��
��� � � � ����

s.t. ��� � �� � � �

(1)

Assumption:


 

 � ��



 � ���

��� ������
��� ��

hasa	�� distribution with � degreesof freedom.
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CVaRRobustActual Frontiers: thecurve



�
��
������
��� �� ��
���, � � �, describestheactualperformanceof

theCVaRoptimalportfolios��
�� from CVaRrobustformulation(1).
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�� is estimatedfrom 100returnsamples

10,000MonteCarlosamplesfor �
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NotethattheCVaRrobustactualfrontiersaredifferentfrom actual

frontiersfrom nominalestimates.
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Theconfidencelevel canbeinterpretedasanestimationrisk aversion

parameter:

� As � �� �, extremelossdueto uncertaintyin � is emphasized.This

correspondsto increasinglystrongaversionto estimationrisk.

� As � �� �, averagelossdueto uncertaintyin � is considered.This

correspondsto increasingtoleranceto estimationrisk.
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CompositionComparison: Min-max Robust and CVaR Robust

Portfolio expected return
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(k) CVaRrobust(90%)portfolios

For CVaR robustformulation,Themaximumreturnportfolio areoften

diversified.
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Computing CVaR Robust Portf olios

By definition,

CVaR�	
��
��� � ���




�

� 
�� ������
������ 
℄��
�

������ 
℄�
��	
� ���
����� 
� ��

CVaRrobustportfolios: stochasticoptimization

���
��




� 
�� ������
������ 
℄��� � � � �� ���

s.t. ��� � �� � � �

Min-max robustportfolioscanbecomputedefficiently by solvinga

convex programmingproblemwith � variables.
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Computing CVaR Robust Portf olio by Solvinga QP

Let ���� � � �� � � � ��	 beindependentMonteCarlosamplesfrom the
specifieddistribution for �.

CVaRrobustportfolio canbecomputedby solving

���
����



�

�

�
�� ��

�

�
�
�� � � � �� ���

s.t. ��� � �� � � �� �

�� � � �

�� � ��� �� 
 � �� � � �� � � � �� �

� �
�� �� variablesand�
�� �� constraints,e.g.,� � ���,

� � ��� ���

� Computationalcostcanbecomeprohibitiveas� and� becomelarge.
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Computing CVaR Robust Portf olio Can BeExpensive

CPUsec

# samples 8 assets 50 assets 148assets

5000 0.39 1.75 7.06

10,000 0.77 4.25 10.38

25,000 2.56 10.83 34.97

CPUtime for theQPapproachwhen� � �: � � ����

To generateanefficient frontier, we needto solve QP for � � �.

Matlab7.3for WindowsXP. Pentium4 CPU3.00GHzmachinewith 1GBRAM
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A Simple SmoothingTechnique

Let ��
�� bedefinedas:

����
���

� if � � �

��
��
� �
�
� � �
�
� if � � � � � �

� otherwise.

For a given resolutionparameter� � �,

� ��
�� is continuousdifferentiable,andapproximates thepiecewise

linearfunction��℄� � ���
�� ��

��
�� 
 ��℄�
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SmoothApproximation:���� � E� ��� � ����
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Computing CVaR Robust Portf oliosVia Smoothing

���
��



�

�

�
�� ��

�

�
�
��
��
�
� �� 
� � � � �� ���

s.t. ��� � �� � � � �

� �
�� variableswith �
�� constraints
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CPU Comparisons

MOSEK(CPUsec) Smoothing(CPUsec)

# samples 8 assets 50 assets 148assets 8 assets 50 assets 148assets

5000 0.39 1.75 7.06 0.42 0.34 1.98

10,000 0.77 4.25 10.38 0.75 0.50 4.13

25,000 2.56 10.83 34.97 1.77 1.36 10.25

� � �� � � ���
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Accuracy Comparisons(error in %): � � �� � � ���

# samples 50 assets 148assets 200assets

10000 -0.2974 -0.2236 -0.2234

25000 -0.0934 -0.0882 -0.0880

50000 -0.0504 -0.0454 -0.0466

� � �����
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For convergencepropertiesof thesmoothingmethodfor aclassof

stochasticoptimization,see

Xu, H., D. Zhang.2008. Smoothsampleaverageapproximationof

stationarypointsin nonsmoothstochasticoptimizationandapplications.

Math. Programming., Ser. A. .
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Concluding Remarks

Whenmeanreturnis uncertainfor meanvarianceportfolio selection,

� minmaxrobustwith ellipsoidaluncertaintyset: squeezedfrontiers

from MV basedonnominalestimates

� minmaxrobustwith interval uncertaintyset: themaximumreturn

portfolio is never diversified

� CVaRrobust:

– differentfrontiersfrom thosebasedon nominalestimates

– maximumreturnportfoliosaretypically diversifiedinto multiple

assets
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