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Probabilistic or Stochastic

Predicting future events: Fighting the curse

Many applications are affected by a relatively large amount of uncertainty in the
input data such as model coefficients, forcing terms, boundary conditions,
geometry, etc.

@ A simple example includes financial markets where this may depend on the
number of economic factors, number of underlying assets or the number of
time points/time steps

@ More complicated examples include environmental predictions, e.g.
subsurface, combustion and turbulent flows, earthquake engineering,
biomedical applications, etc.

@ The model itself may contain an incomplete description of parameters,
processes or fields (not possible or too costly to measure).

@ There may be small, unresolved scales in the model that act as a kind of
background noise (i.e. macro behavior from micro structure).

All these and many others introduce uncertainty in the model.
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Stokes-Darcy problem

The fluid velocity and porous media piezometric head (Darcy pressure) satisfy
uy — vAu+ Vp = f5(z,t),V-u=0, in Qy,
Sope =V - (KV¢) = fp, in Qp,

initial conditions + coupling conditions across I.

K (m/s): i 0¥ H0F% 402 A0 i0w® (165 1077 10;% 107% 107 Htw 1002
Permeability Pervious | Semipervious | Tmpervious
Clean Clean sand or Very fine sand, silt,
Soils gravel sand and gravel loam
Peat [ Stratified clay Unweathered clay

Good Breccia,

Rocks 01l rocks Sandstone limestone, granite

dolomite

Typical values of hydraulic conductivity K. Source: Bear (1979).
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Inverse problems in random media

Thermal, acoustic waves & reaction-diffusion problems

@ 1. Stochastic Optimal Control:

The advantage of our novel approach over classical methods is that,
considering random input data, we control statistical moments (mean
value, variance, covariance, etc.) or even the whole probability distribution
of physical quantities of interest
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Inverse problems in random m

Thermal, acoustic waves & reaction-diffusion prob

@ 1. Stochastic Optimal Control:

The advantage of our novel approach over classical methods is that,
considering random input data, we control statistical moments (mean
value, variance, covariance, etc.) or even the whole probability distribution
of physical quantities of interest

@ 2. Parameter Identification for SPDEs: Climate Modeling

Given a set of measurements {n(w, z,t)} corresponding to some quantity of
interest Q(u) (e.g. average temperature) that depends on the solution u of
the SPDE, minimize the functional

E [ @(uw. ) - n(w.)|]

s.t. the stochastic solution u and the optimal stochastic coefficients
satisfying the state system
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The Computational Stochastic PDE

Forward Problem: From Real World to Predictions to Decisions

-coefficients,

lllput ~forcing terms
-geometry
-boundary conditions

7/
System

complex system of
Partial Differential Equations (PDEs)

v/ v/
| Output  +— j QOI

Quantities of Interest

Verification

GOAL: Decision




Stochastic Inverse Problems > Problem Setting

The Computational Stochastic PDE

Forward Problem: From Real World to Predictions to Decisions

A4 .
-coefficients,
m ~forcing terms
-geometry

-boundary conditions

System > Stochastic FEM
-Collocation
-Galerkin,

complex system of B
Partial Differential Equations (PDEs) Monte Carl, etc

| Output

Quantities of Interest
-statistical information HIGH - DIMENSIONAL
-functional of the solution -interpolation / integration

Prediction

- Verification

GOAL: vDecision

C. Trenchea
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Stochastic formulation of uncertaint

A simplified general setting

Consider an operator £, linear or nonlinear, on a domain D C R, which
depends on some coefficients a(w, z) with z € D, w € Q and (Q,F, P) a
complete probability space. The forcing f = f(w,x) and the solution

u = u(w, x) are random fields s.t.

L(a)(u)=f ae.inD (1)

equipped with suitable boundary conditions.
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Stochastic formulation of uncerta
A simplified general setting

Consider an operator £, linear or nonlinear, on a domain D C R, which
depends on some coefficients a(w, z) with z € D, w € Q and (Q,F, P) a
complete probability space. The forcing f = f(w,x) and the solution

u = u(w, x) are random fields s.t.

L(a)(u) =f ae.inD (1)
equipped with suitable boundary conditions.

Aj1. the solution to (1) has realizations in the Banach space W (D), i.e.
u(-,w) € W(D) almost surely

lu( w)llwip) < CIFCw)llw=(p)

As. the forcing term f € LH(Q; W*(D)) is such that the solution u is unique
and bounded in L%(Q; W (D)).
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Examples
Linear and Nonlinear Elliptic SPDEs

Example: The linear elliptic problem

V- (aw, WVulw,)) = f(w,) inQxD,
u(w,) =0 on 2 x 9D,
with a(w, -) uniformly bounded and coercive and f(w, -) square integrable with
respect to P, satisfies assumptions A; and Ao with 1/ (D) = Hj (D).

| A\

Example: The nonlinear elliptic problem

Similarly, for i € NT,

{—V . (a(wv ')Vu(w> )) + u(w: ')lu(wa )|l‘ f(w7 ) in 2 x Da
u(w,) =0 on Q x 9D,

satisfies assumptions A; and As with 1W(D) = H} (D) N L' 2(D)

C. Trenchea
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Goal of the computations

Stochastic Qol and Inverse problems

Forward Problem: to approximate u or some statistical Qol depending on u:

B, = (B(w)) == E[®(u)] = /Q /D ®(u(w, ), w, )dz P(dw) J

e.g. U = E[ul(z), OR Var, = E[(@)*](x), where & = u — 7,

OR ]P){U > UO} = IF’[{w € : ’LL(UJ) > uO}] =E [X{uZuo}] )

OR even statistics of functionals of u, i.e. ¢(u) = / u(-, x)dx
Bla)
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Goal of the computations

Stochastic Qol and Inverse problems

Forward Problem: to approximate u or some statistical Qol depending on u:

B, = (B(w)) == E[®(u)] = /Q /D ®(u(w, ), w, )dz P(dw) J

e.g. U = E[ul(z), OR Var, = E[(@)*](x), where & = u — 7,

ORP{u>u}=P{w e N : ulw) >u}]=E [X{uzuo}] )

OR even statistics of functionals of u, i.e. ¢(u) = / u(-, z)dz
scD

Inverse Problem: Given a set of measurements {n(w, z,t)} corresponding to
some statistical Qol Q(u) (e.g. expectation, inverse CDF, etc) depending on the

solution u to the SPDE, minimize the functional
[ [0 ) - )]
D

s.t. the random u and the optimal stochastic coefficients satisfy the state (1)
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Stochastic optimal control
Part 1. Theory applications to linear SPDEs

@ Let amin, @max > 0 and denote U,4 the set of admissible coefficients s.t.
Uagqg = {a € L= (; L=(D)) : P(amin < a(w,z) < amax, a.e. x € D) =1}

o Let u(w,z) and a(w, z) be given target and coefficient random fields
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Stochastic optimal control
Part 1. Theory applications to linear SPDE:

@ Let amin, @max > 0 and denote U,4 the set of admissible coefficients s.t.
Uagqg = {a € L= (; L=(D)) : P(amin < a(w,z) < amax, a.e. x € D) =1}

o Let u(w,z) and a(w, z) be given target and coefficient random fields

The stochastic optimal control problems: minimize the functionals

B(f,0) = E |2 lu,2) ~ 1w, 2) ey + 1@ DMy (R)
B(fw) = 3 B0 @) ~ BE@)5e o) + SIEA@ 22y ()
over all u € L% (Q; Hy (D) N H?(D)) and f € LE(Q, L*(D)), subject to

-V (a(w,z)Vu(w,z)) = f(w,z) nQxD

v,

Remark: Can replace E[-] with higher order statistics or even ®![], the inverse
CDF
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Stochastic optimal control
Part 2. Theory applications to linear SPDEs

Theorem [GTW11]

(ii, f) is the unique optimal pair in problem (P1) or (Ps) if and only if there
exists an adjoint or co-state stochastic process & € L% (Q; Hg (D)) such that

flwz) =-21¢&w,x) a.e. in Q x D,

«

{—V- (a(w,2)VE(w,z)) = F(u(w,z) — u(w,z)) inQx D,
{w,z) =0 on Q x 9D,

where F[-] = Zy[-] for problem (P1) and F[-] = E[:] for problem (P2)
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Stochastic optimal cont

Part 2. Theory applications to linear SP

Theorem [GTW11]

(u, f) is the unique optimal pair in problem (Py) or (P) if and only if there
exists an adjoint or co-state stochastic process & € L% (Q; Hg (D)) such that

—V - (a(w,z)VE(w,z)) = F(u(w,z) — u(w,z)) inQx D,
flw,z) = —é (w,x) a.e.in Q x D,

é(w,z) =0 on Q x 0D,

where F[-] = Zy[-] for problem (P1) and F[-] = E[:] for problem (P2)

@ The optimal control f the optimal state u and the optimal adjoint state
&(w, z) can be determined from solving the minimization problems (P:) or
(P2) directly or by solving the system of couple stochastic PDEs:

-V (a(w,2)Vi(w,z)) =-L¢w,2)

=V (a(w,2)VE(w,z)) =TF(u(w,z) —u(w,z))
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Stochastic parameter identificatio
Part 1. Theory for applications to linear SPDEs

@ Given a perturbed stochastic observation u of the state, determine the
coefficient « such that u(a) = u (or even Efu(a)] = E[u] if it exists)

@ The diffusion coeff. can not be a Gaussian field (finite probability becomes
negative). Use nonlinear transformations, e.g.
(1(&)7 :1“) = Qmin + arctan('y(w, IL')), 0 N(,u(), Q('7 ))
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Stochastic parameter ide

Part 1. Theory for applications to linear

@ Given a perturbed stochastic observation u of the state, determine the
coefficient @ such that u(a) =@ (or even E[u(a)] = E[u] if it exists)

@ The diffusion coeff. can not be a Gaussian field (finite probability becomes
negative). Use nonlinear transformations, e.g.
alw, ) = amin + arCtan(’Y("W 'T))7 0 N(/‘()? Q('7 ))

The stochastic identification problems: minimize the functionals

1 _ B
J3(0,u) =E 5”“(%%) - u(w»$)||2L2(D) + 5”’1(4«'- «"7)”%2@) (Ps)

Ju(o,w) = 3 [BRl(z) ~ BI@)|2a ) + SIBA@ 22y (P2
over all u € L%(Q; Hy (D) N H?(D)) and ¢ € Uyq = L°°(Q; L=(D)), s.t.

-V (alw. 2)Vu(w,z)) = f(w,z) inQxD

Remark: Given [ € L% (Q; L?(D)) then (u, a) from above is said to be an
admissible element if (Ps) or (Ps) is bounded.
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Stochastic parameter iden
Part 2. Theory for applications to linear SP

Theorem [GTW11]

Let (@, ) be an optimal pair for problem (P3) or (Ps). Then

a(w,z) = max{(z,mm,min{—%Vﬂ(w,x)V&(w,x),(z,umx}} a.e. in QxD
where the adjoint &€ € L% (Q; Hg (D)) is the solution of the nonlinear SPDE
=V . (a(w, 2)VE(w,z)) =F (U(w, z) — u(w,z)) in Q x D.

with F[-] = Z4[] for problem (Ps3) and F[-] = E|[-] for problem (Px)
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Stochastic parameter ic
Part 2. Theory for applications to linea

Theorem [GTW11]

Let (@, ) be an optimal pair for problem (P3) or (Ps). Then

a(w,z) = max{n“m,min{—%Vﬂ(w,x)V&(w,m),(1,,mx}} a.e. in QxD

where the adjoint £ € L%(Q; H (D)) is the solution of the nonlinear SPDE

=V . (a(w, 2)VE(w,z)) =F (U(w, z) — u(w,z)) in Q x D.

with F[-] = Z4[] for problem (Ps3) and F[-] = E|[-] for problem (Px)

o

@ The optimal coefficient @, the optimal state © and the optimal adjoint state
&(w, x) can be determined from solving the minimization problems (Ps) or
(P1) directly or by solving the system of couple stochastic PDEs:

{ =V (a(w, 2)Vi(w,z)) = flw,z)
=V (i(w. ) VE(w,z)) =F(i(w,z)—u(w,z))
) Departmentof Mathematics
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Finite dimensional noise assumption

Transform SBVP to parameterized deterministic BVP

We assume that the random fields a(w, z) and f(w,z) depend on a finite
number of random variables Y (w) = [V1(w),..., Yn(w)] : @ — RY, namely

an(w,z) = a(Y (w),z), fv(w,z) = f(Y(w),z) = unv = u(Y(w),x)
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Finite dimensional noise assumptio

Transform SBVP to parameterized deterministic BVP

We assume that the random fields a(w, z) and f(w x) depend on a finite
number of random variables Y (w) = [V1(w),..., Yn(w)] : @ — RY, namely

G“N(w7 33) = a(Y(w)7 ZII), fN(UJ, ZE) = f(Y(w)v .’17) = UN = u(Y(w), ZII)
Finite-D noise: N terms of log-truncated Karhunen-Loéve expansion
+ 0@+ R VA bn (@)Y (@)

a(w,z) = an(w, ) = amin

@ (An,bn(x)) eigenpairs of Teoyiog(a)] and the random variables Y;, satisfy
E[Y,] =0, Cov[Ya, Y] = 6nm.-

Remark: u (and/or &) is in general analytic wrt Y
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Finite dimensional noise assump

Transform SBVP to parameterized deterministic BVP

We assume that the random fields a(w, z) and f(w x) depend on a finite
number of random variables Y (w) = [V1(w),..., Yn(w)] : @ — RY, namely

an(w,z) = a(Y (w),z), fv(w,z) = f(Y(w),z) = unv = u(Y(w),x)

Finite-D noise: N terms of log-truncated Karhunen-Loéve expansion
0w, 2) % ax (@,2) = Qi + 0O FER= VAT b @Y @)
@ (An,bn(x)) eigenpairs of Teoyiog(a)] and the random variables Y;, satisfy
E[Y,] =0, Cov[Ya, Y] = 6nm.-
Remark: u (and/or &) is in general analytic wrt Y
0 I, =V,(Q) CRand IV =[]'_, T\, € RY where N is large.
@ [Y1,Ys,...,Yy] have a joint probability density function p: TV — R,
with p € L°(T'Y), i.e. for y € TV (transform the measure P to RY)

P(zevcr) = [smay = Eu@= [ u.atiy

5
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Applications to stochastic pa

Parametrized equivalent (deterministic) formulat

0 d(w,x) = max{anm],min{—%VE(w,w)V{(w,m),a,,mx}} a.e. in QxD

Strong formulation: find u(y, ), € H, = L;‘))(FN; H}(D)) s.t.

{ =V (ily. 0)Vuly,z)) = f(y,) for a.e. z € D,
-V (ily. 1) V&(y,z)) = E(u(y,z) —u(y,z)) forae ze€D,

wherey e TN ¢ RN and z € D
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Applications to stochasti

Parametrized equivalent (deterministic) f

0 d(w,x) = max{a,,,i.l,min{—%Vﬂ(w,x)V{(w,m),r1,,m\,}} a.e. in QxD

Strong formulation: find u(y, ), € H, = Lﬁ(l"N; H}(D)) s.t.

{ =V (ily. 0)Vuly,z)) = f(y,) fora.e. z € D,
-V (ily. 1) V&(y,z)) = E(u(y,z) —u(y,z)) forae ze€D,

wherey e TN ¢ RN and z € D

Weak formulation: find w, € H, s.t., Vv € H,

(0 Vu, Vv)2pyp(y) dy

(f,v)2pyp(y) dy
N TN

/FN (1VE V) p2pypy) dy = /FN ((u =), v)p2(pyp(y) dy
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Stochastic polynomial approxim

Approximating spaces: Let 7, be a triangulation of D and p = (p1,...,pN)
@ W"(D) c W(D) contains cont. piecewise polynomials defined in 7;,
e J(p) C N¥ is an index set and define the multivariate polynomial space

IPJ(,,)(FN) = span {Hi:]:l yhr,  with p € J(p)} C L%(FN)

E.g. Tensor products: max,, anp, < p (Intractable for large N),
Total degree: Zf:le anpn < p, Hyperbolic cross: Hfj:l(pn + 1) <p+1,

Smolyak space: >y f(pn) < f(p) where s = { oy

[log2(p)], p > 2

TD: 35, pn < p HC T, (pn + 1) < (p+ 1)
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Stochastic polynomial approxime

Approximating spaces: Let 7, be a triangulation of D and p = (p1,...,pN)
e W"(D) c W(D) contains cont. piecewise polynomials defined in 75,
e J(p) C N is an index set and define the multivariate polynomial space

P (FN) = span {H,]Ll ybr, with p € j(P)} C L,2,(I‘N)

E.g. Tensor products: max,, anp, < p (Intractable for large N),
Total degree: Zﬁ;l anpn < p, Hyperbolic cross: Hfj:l(pn + 1) <p+1,

0, p=0

Smolyak space: Zgil anf(pn) < f(p) where ;) = { Lp=1

[loga(p)], p > 2

ATD: 32, anpn < p AHC: [T, (pr + DM < p 1

0 \ HC
B Th-anis B HC-an
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Stochastic polynomial approximation

Fully discrete approximations

Fully discrete approximations up, € Py (TNV) @ WH(D):

up(y,x) = Zuk o)Yr(y) with u, € WH(D)

o M =dim [P, (I'"")] and {4 }2L, form a basis for P, (T"Y),
e.g. multivariate Legendre, Hermite, etc.
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Stochastic polynomial approximati

Fully discrete approximations

Fully discrete approximations up, € Py (TNV) @ WH(D):

up(y,x) = Zuk (z)p(y) with uy € WH(D)

o M =dim [P, (I'"")] and {4 }2L, form a basis for P, (T"Y),
e.g. multivariate Legendre, Hermite, etc.

Stochastic collocation FEM: <= u"(y;,) := n"u(y) € W"(D), yr € TV

However, we also want to recover u : I'Y' — R approximated by the fully
discrete SCFEM u,, € P, (") ® Wh(D):

() = Sy (=10 1))

=
= Moments become simple interpolatory quadrature approx.:

Bl 2 Elu) 2 3wt ) po) / P(y)dy
| S ——

keK




Stochastic Inverse Problems > gSCFEM

The generalized SC (gSC) FEM

Sparse approximation for high-dimensional problems

@ Given a (mixed) sequence of 1d polynomial interpolant operators
2 T, — Pon(i)—1(I'n) with increasing number of points

-The 4-th interpolant uses m(i) abscissas 1/, = {yn Loyl mi} cl'yn
-Typical choice is m(i) &~ 2i (double the points on each level)




Stochastic Inverse Problems > gSCFEM

The generalized SC (gSC) FEM

Sparse approximation for high-dimensional problems

@ Given a (mixed) sequence of 1d polynomial interpolant operators
2 T, — Pouiy—1(I'n) with increasing number of points
-The 4-th interpolant uses m(i) abscissas 1/, = {yn Loyl mi} cl'yn
-Typical choice is m(i) &~ 2i (double the points on each level)

@ Take differences of consecutive hierarchical operators:

i %nm(z) _ %nm(i—l)’ %m(O) -0
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The generalized SC (gSC) FEM

Sparse approximation for high-dimensional problems

@ Given a (mixed) sequence of 1d polynomial interpolant operators
2 T, — Pouiy—1(I'n) with increasing number of points
-The i-th interpolant uses m(i) abscissas 1/, = {yn Loyl mi} cl'yn
-Typical choice is m(i) & 2i (double the points on each level)

@ Take differences of consecutive hierarchical operators:
i %nm(z) _ %nm(i—1)7 %m(O) -0
© For integers p € N the gSC sparse approximation is given by:
w =N = > (AT e 0 AR ()
ieNN:g())<p

where i = (i1,...,inx) € NY is a multi-index and g : NV — N a strictly
increasing function

Can build sparse approximations (grids) corresponding to any polynomial
space Pj(p)(FN), e.g. total degree, hyperbolic cross, Smolyak, etc.
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The gSCFEM sparse approximation

Equivalent formulation

=N ) = > ) (W e e uT ) W) (2)

iENN g (1) <p

with c(i) = Zje{o,l}N(_l)ljll
g(i+j)<p

@ linear combination of tensor product grids, with a relatively low number of
points (but maintain the asymptotic accuracy)
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The gSCFEM sparse approximatio

Equivalent formulation

=N ) = > ) (W e e uT ) W) (2)

ieNN:g(i)<p

with C(i) = Zje{o,l}N(_l)ljll
g(i+j)<p

@ linear combination of tensor product grids, with a relatively low number of
points (but maintain the asymptotic accuracy)

Example: Anisotropic Smolyak sparse grids [NTWO08ab]. Let m(i) = 2'™' — 1,
g(i) = 3N | @ (in — 1) and define the set

Ya(p,N) := {i eNYi>1:g(3) Spamin}

Then from (2) for integers p € N we get that

A (p,N) = Z c(i) (%lm(il) ® - ® %K,n(i’v))

i€Ya(p,N)
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The gSCFEM sparse approximatio

Equivalent formulation

=N ) = > ) (W e e uT ) W) (2)

ieNN:g(i)<p

with C(i) = Zje{o,l}N(_l)ljll
g(i+j)<p

@ linear combination of tensor product grids, with a relatively low number of
points (but maintain the asymptotic accuracy)

Example: Anisotropic Smolyak sparse grids [NTWO08ab]. Let m(i) = 2 — 1,
g(i) = 22;1 an(in — 1) and define the set

Ya(p,N) := {i S Nﬁ,i >1:g931) < pamin}

To compute the approximation u, we interpolate on the “sparse grid”

Ao, N) = | (00 xxoy)

i€Ya(p,N)
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Generated C-C anisotrop

Correspondng indices (i1,i2) € Yo (7,2)

@ active points @ D! point
e ) cony - oo
[ a0 T :
S o f <od .
.
.
.

T

| .
AEEN
AHEEEE
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Convergence of gSC approximation

Recall: convergence of sparse isotropic SC: esa(M) ~ O (M_”/(IOQ(QN)))
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Convergence of gSC app

Recall: convergence of sparse isotropic SC: esa(M) ~ O (]V[_"/(l"g(ZN)))

Theorem [NTWO08b]

For functions u € C°(I'V; W (D)), the anisotropic sparse approximation
approach satisfies:

e(M) = lu— w2 < Cle, N)M~7/FM),
ps

where 4 (o, N) = 22;1 o /0n

@ An analogous result holds for the Gaussian abscissas
o o =7 when u € WY (bdd mixed derivatives of order )
@ For highly isotropic problems ¢ (o, N) = log(2N)

@ For highly anisotropic problems, i.e. the larger the ratio @maxz/Qmin
becomes, the smaller the constant C3(cr, N) and ¢ (o, N) << log(2N)

0 limy—oo C(a, N) =C* < o0 NO curse of dimensionality!
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Convergence

in E[u] for nonlinear SPDE

,...,121, ... 00 random variables

logm(L2 error)

o
-9 : g 4
SN
Ay _
ol . . TN=41
.
nf v N=31
11
N =21
_,2 ‘ L L L L
0 0.5 1 15 2 25 3 35 4 45 5

logo(# points)
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Error estimates for (Fy)

Fully discrete stochastic identification approximation

If in the state equation we use conductivity coefficients of the following form

%(’imin + Kmaz) + l(Iimm — Kmaz) arctan(k(w, x)), (3)
s

then the set U,q of admissible conductivity coefficients becomes
Uaa = L= (4 L>(D))

and the optimality condition corresponding to the cost functional (J41) subject to

-V <{%(Hmm + Kmaz) + %(fﬁ:min — Kmae) arctan(k(w, z)) }Vu(w, x)): f(w, )

writes now
1

WVﬁ(w,x)Vﬁ(w,w) + Bi(w,z) =0 ae. inQxD, (4)

where 17 € L%(Q; Hg (D)) is the solution of

-V ({%(Hmm-i-l-imaz)—}-%(mmm—nmaz)arctan(k(w, 2))}Vn(w, z))=E(a(-, z)—a(-,z))
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The nonlinear problems to be considered are of the type

F(B,0) =p+TG(B,9) =0, (5)

where T' € L(Y, X), G is a C? mapping from A x X into Y, and X,Y are
Banach spaces, and A is a compact interval of R.

Definition

We say that (A, ¢(\)) : A € A is a branch of solutions of (5) if A — ¢()) is a
continuous function from A into X such that F'(\, (X)) = 0. The branch is

called a nonsingular branch if we also have that D,F (), ¢) is an isomorphism
from X into X for all A € A.

Approximations are defined by introducing an approximating operator
TNM ¢y, XVRMY with XVPM c X Then we seek VM ¢ xNmM
such that

SDN,h,M + TN,h,MG()\’ SON,h,M) —0. (6)
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Suppose that (5) has a branch of nonsingular solutions {(X, p(A)) : A € A}. We
make the following assumptions. First, there is another Banach space Z
contained in Y, with continuous imbedding, such that

D,G(\,p) € L(X,Z), VAXeEAVpeX. ()

»h, M

Concerning the operator TV , we assume that

lim (V"M —T)g|lx =0, Vgev, (8)

h—0,N,M —oco
and

lim (TN "M — || z,x) = 0. (9)

h—0,N,M—oco

Note that if Z C Y is compact embedding, then D, F (X, ¢) € L(X, X) is
compact.
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Theorem

Let X,Y be Banach spaces and A a compact set of R. Assume that G is a C*
mapping from A x X into Y, DG is bounded on all bounded subsets of A x X .
Assume that (7)-(9) hold and that {(\, (X)) : X\ € A} is a branch of
nonsingular solutions of (5). Then there exists a neighborhood O of the origin
in X and (for h < ho small enough and N, M large enough ) a unique C*
function X — ™M ¢ X such that

{(\, @M (X))} is a branch of nonsingular solutions of (6), (10)
™M) = () € 0. (11)

Moreover, there exists a constant C' independent of h,p and X\ such that

™M) —eMWllx < CNTV™M = T)GA eW)llx, VA€ A. (12)

We shall recast the optimality system corresponding to (Ps) and its
discretization (16) into a form that fits the above framework. We note that the
theorem holds without major modification.
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Let
W (D) :=WrSD),  W'(D):=W “5(D),

and define the spaces
X = (LH@W (D)), Y=Ly W' (D))", Z=(Lp(Q:L* D))"
We also introduce the following approximating spaces

2
XM { e C°(rN; Wi (D) va Y), {vm m=1 € Wi(D )} -
Let the operator T' € L(Y, X) be defined as follows: T'(0,0, f,7) = (v, () iff
// %(Hmm—i—ﬁmax)VU(w)-Vzda:dP://—%(mmm—fimw)e(w)~Vz+f(w)zdach,
/b /b
/ / L (ki + Frmae) V(@) V2 dodP = / / L (kmin— Foman)O(w) -Vt 7(w)z dedP,
/b /D

for all z € W(D).
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We denote now by R(¢) the unique real root of
R(1+R?) = ¢,

_3l¢ P2 1 3/ @ @? 1
R(¢>\/2+v4+27+\/2—v4+27

and remark that the optimality condition writes as

namely

1
K(w,x) = R(—BVu(w,x)Vn(w,x)) a.e in QxD. (13)
Next we define the nonlinear mapping G : A x X — Y as follows:

G (v,0)) = (— arctan(R(f%VvVC))V'v, - arctan(R(f%V'vVC))VC, £ E(v — ),

where f € L3 (Q; L*(D)) is the given data.
Clearly the solution to the optimality system is equivalent to

(u,m) + TG(A, (u,n)) = 0.
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The discrete operator TV ¢ £(Y, XV"M) is defined a similar manner, by
TNhMg Q f 1) = (vN’h’M,CN’h’M), where (v™:"M (N:hMy satisfies (16).
First let denote by (vN, CN) € X¥ the Karhunen-Logve truncation solution,
corresponding to (8~,0%, ¥ V), the K-L truncation of the (6,0, f,7):

//%(nmimL/imaz)VvN(w)»Vzdmsz//f%(nmmf/ﬂmm)élv(w)-VerfN(w)z
oJD

//l nmm—i—nmaz)vgl\’(w)Vzdach:/Q/D—%(nmm—f@mm)@l\](w)~Vz+TN(w)z
(19)

l\J

and equivalently

/ /% nmm—ﬁ—ﬂmaz)VvN('y}Vzdxdp
ryJp

/ /*% (Kmin—Kmaz)0™ (7) -Vz+ 7 (7)z dedp,
TN

o

for all z € W(D).
/ /% KmintKmaz )V (7)-Vz dzdp
rNJD

/ / % mmin—nmaz)@N(v) -Vz—l—TN('y)zdmdp,
TN,

D
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Secondly, let denote by (v™'", ¢™'") € X™" the solution to the following
problem

/FN/D% (K'min _’_’{maw)va,h (7) Vzp dxdp
- N/_%(Kmm_:‘@max)elv (’Y) “Vzn + fN(rY)Zh dxdp,
r~Jp (15)
[N/;% (K/min +K;ma:c)ch,h (’7) ) th dxdp

= _%(Rmin_f‘@mam)GN (v)-Vz + ™ (7)zn dxdp,
rNJD

for all z;, € Wi (D).
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Thirdly, we use Lagrange interpolation to approximate the solution to (15) in ry

M M
UN,h,M('y’ x) ~ Z UN,h(’)/m’ x)ém (7)’ CN,h,M(,Y’ IE) ~ Z CN’h('Ym7 ;p)fm(’y),
me—1 m=1

for any interpolating nodes, and multi-index m.
Finally, the discrete operator 7% (6,0, f,7) = (v™V'"M (V"M is defined as

f_ ( / ta(dp) /D 4 (min ) V0 (47, 2). V2, i

- i (/rN Zm('y)dp) (/D*%(”min*”maw)elvﬁm,x) Van+ N, )z daﬂ)7

M
= Z ( Zm(v)dp) (/ L (Kmin — Fimaz)ON (Y™, 2) Ve + 7V (", )20 dw)
N D
(16)
The discrete optimality system is of the form
(,UN,h,M7 CN,h,M) + TN,h,MG()\’ (,UN,h,M7 CN,h,M)) —0. (17)
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We now proceed with the verification of (8), (9). For clarity of exposition, we
split the error into the errors due to Karhunen-Loéve truncation, finite-element
approximation and the Lagrange interpolation error:

(= o™, ¢ = ¢ x < (0 = 0™, ¢ = ¢Y)llx + 1N = o™ T = ¢MIx

4[N = MM N Ny
From (14) we have

I =™, =Mllx <O =076 -6 F = f¥,r=7V)|v,  (18)
(where C'is a constant independent of N) and by Mercer's result it follows that

(o= 0™, = ¢M)llx — 0 as N — o, (19)

Similarly, the error due to the finite element approximation is controlled by the
approximation properties of the finite element space

N Nk N _ Nk N N
(W™ = o™, 7 = ¢ )lx < CR[I(0™, ¢l e w2y

< Ch||(9N7®N7fN77—N)”L?D(Q,LG(D))7 (20)

for all o, 0N, fN N € LE(Q, LS(D)).
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. 1.8
To extend (20) to the whole space Y, i.e., 8V, 0~ N 7V ¢ LE(Q, W15 (D))
we use a density argument.

For (0%,0N, fN V) € L$(2, W13 (D))

@Y —o™P N — NVMIx =0, as h — 0. (21)

Proof For any 6, @~ N N c L8 (Q,w! g(D)) there exist sequences of
functions {8}, {@N} {7y € LS (Q, L5(D)) such that

o) —o™,0F —e™ N — N 2N -y -0 asi— occ. (22)

Denoting by (vi¥, (YY) the solution to (14) corresponding to (67, 0N, N )
and by (v; Nk CN h) the solution to (15) corresponding to (6,0, £ V), we
have that
N N,h N _ .N,h
[(v™ = o™ 7 =T )Ix (23)
< @Y =i, ¢V =)+ @ =0, G =M I+ (0] =™ =N | x
< Ol(0" =6, 0% =y ;N =N, 7N =)y +CR|(67, 01, £, 7 g .10 (0))-

For the first and last terms we used the same argument as in (18), for the
=cond term (20). Putting together (22) and (23) completes the argument. W
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The quadrature error, collocation, Smolyak, etc.

(™" = ™A g M e < Fw, M) — 0as M — oo (24)
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The following approximations hold

v(0,0,f,T) €Y (T —TN"*)@0,0,f,7)|x — 0, (25)
and moreover,
1T — TN M| z,x) = 0 (26)

ash — 0, and N, M — oo.

Proof. For any (0,0, f,7) € Y, using (19), (20) and (24), we have

(T =TV (0,0, f.r)x = (v —o™" M, ¢ = ¢V x
< o=, ¢=¢M)llx + (W™ =™, ¢V ¢ x

+ H(,UN,h_UN,h,M7CN,h_CN,h,M)HX N 07

as N — 00, h — 0, M — oco. This proves (25), while (26) follows from the
continuous embedding of Z C Y. |
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The Fréchet derivative of G(A, (u,n)) is
D,y G(A, (u,m)) - (u,n)

1 R’(—%VU~V7])(—%(V@-V?]—i—Vu-Vn))
= | —arct = - =
arctan[R( BVan)]Vy o RZ(—%VUVU) u,
1 R'(—%VUVU)(— %(VQ'V’/]-FVU'V’I])) ’
— arctan[R(—— - —Vn, 0, E(u
arctan[R( BVan)]VQ T RQ(—%Van) Ui (w)

for all (u,n) € X.

DG, (u,m)) € L(X, Z) for all (u,n) € X. Moreover, G is C* mapping,
and DG is bounded on all bounded sets of X .

Proof. For any (u,n), (u,n) € X, because arctan, R’ are bounded with bounded
derivatives, we have

1 D¢u,my GA u,m) - (%ﬂ)”z < ||VH||L,2,(F;L2(D)) + ||Vﬁ||Lg(r;L2(D))
1
+ B(HEHXHEHXHU”X + i Il x + Nl x n % + el xnllxlnllx) < Clltw,n)lx-

The proof of the second part is a consequence of the boundedness of arctan, R’
w1d R ]
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Theorem

Let {(A = B,p(A\) = (u(N),&(X)); A € A} be a nonsingular branch of solutions.
Then there exists a neighborhood O of the origin in X and, for h < ho small
enough and N, M sufficiently large, a unique C* branch of solutions of (17)
such that

PN () € p(A) + 0.

Moreover, if
ASSUMPTIONS IN K-L EXPANSION, SMOLYAK

we have the estimate

N,h,M
flu —u ||L?3(Q;W01’6(D)) +n—n

< C(h+ ERRORS IN N, M )E(u,n, f,u),

N,h,M” 16
LG (W, ° (D))

where
8(11,7 7, f?ﬂ) = (||vu||LGP(Q7W_1‘g(D)) + ||vn||L?3(Q,W_1’g(D))
= ||f||L‘}3,(Q;W71’%(D)) + ”E(U - U)HL%(Q;WA»%(D)))-
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From the form of x in (13), we have (using Taylor expansion and boundedness of
R', Cauchy-Schwarz)

Ik — &
Shy Jh,

< C(H(VU - vu' M)VW||L€;(Q;L3<D)) + [[Vu(Vn - VUN M)HL?,(Q;LS(D)))

< C([[Vu - VUN’h’MHLg(Q;LG(D)) + [V — VUN’h’M||L§;(Q;L6(D)))~

N,h,MH 3 3
Lp (L3(D))

We remark here that this x gives the sought coefficient through formula (3).
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Numerical Example

Stochastic parameter identification

Couple an adjoint-based gradient algorithm with gSCFEM to compute the

optimal pair (4, a) s.t. Jsa(a,u) = inf  Jz4(a,u)
(a,u)€Aqq

1 _ B
Js(a,u) =E [§Ilu(w, z) — u(w,z)||22(p) + §||G(W7 )72 (Ps)

Jilau) = L|[Blu(@) ~ BE@| |2y + DBl @)2e ) (P
Stochastic target: T =a(l—2%) + N sin (212) v, (w)
Exact random coeff.: G=1+2*+30 cos (™12) Ya(w)
Deterministic initial guess: a=1+=
Exact given RHS: f=V-(a(w, 2)Vu(w,z))

o E[Y;] = 0 and E[Y;Y}] = §;; for 4,5 € N4, are taken uniform in the interval
[0,1], and 2 € R!

GOAL: given the random f, identify the expectation of both the paramter E[a]
and the state [E[u] and compare with the exact statistical quantities.
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1 example: inf J3(a, w)

Tracking the expectation of the parameter E[a] and the state Efu|

M =

il expected alue o g Expested Parsmeter (] o il fention

dae w+
Trarsaaaapft

i) guess Efu]against Efunat] Tergelfunction uhat against Efu a il erstion
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N =1 example: inf Jy(a, )

Tracking the expectation of the parameter E[a] and the state Efu|

M =

il expected alue o g Expested Parsmeter (] o il fention

" + 1
1 . 1
ot
[ . w 1)
e saa g At -

i 1
I 1
12 12
" "
' '
U7 5z 63 94 65 05 07 05 08 L ¥ B R R TR F R}
i) guess Efu]against Efunat] Tergelfunction uhat against Efu a il erstion
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N = 11 example: inf J5(a, u)

Tracking the expectation of the parameter E[a] and the state Efu|
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AR S, [L R s VI
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25 25
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N = 11 example: inf Jy(a, u)

Tracking the expectation of the parameter E[a] and the state Efu|

Expested PaaneterElq)at i tersion
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e aeaeet e

s 5

25 25
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B B T R 7 R S T R R B R A
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N = 11 example: inf Jy(a, u
MC vs. gSC

Expested Parsmeter ] o il fention

i epected e o 3
. 4
aster s
Frreea,,,
e, o+
Faereaert

s

25

B 2

s 15

'
R B R T R R @z o5 o+ 95 o5 o7 @5 0%

i) guess Efu]against Efuhal] Tergetfuncion utat agaiet E{u ! sl Rersion
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N = 5,10 and 20 examples: MC

Tracking the expectation of the state E[u] and control E|

| N || ¢SC | MC |
11 360 7e+09
51 1581 | 9e+10
121 4801 | 8e+12
251 || 11561 | le+15

Table: For I'N, with N = 11, 51,121 and 251, we compare the number of
deterministic solutions required by the generalized Stochastic Collocation (gSC)
using Chebyshev abscissas and the Monte Carlo (MC) method using random
abscissas, to reduce the original error in both ||E[u] — E[d]||.2(p) and

IE[a] — B[]l L2(py by a factor of 10°.
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Concluding remarks

@ High-dimensional problems are a characteristic of modern forward and
inverse UQ. Accurate Monte Carlo-type results take too long and tensor
product methods suffer from the curse of dimensionality
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Concluding remarks

@ High-dimensional problems are a characteristic of modern forward and
inverse UQ. Accurate Monte Carlo-type results take too long and tensor
product methods suffer from the curse of dimensionality

@ Extensions to fully adaptive gSC: Notice that the coefficient are defined by
the following hierarchical description:
c(i) =u, — ™ (p—1,N)(u) = up — up—1
and thus local adaptivity is achieved by replacing the basis with hierarchical
piecewise interpolants (unstable multiscale splitting).

Optimal L“ splitting and two sided MM
estimates for the coefficient using E ‘:I qz‘ EI
semi-orthogonal hierarchical basis . .
functions, e.g. prewavelets \AFJ\J\/

7

A
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Concluding remarks

@ High-dimensional problems are a characteristic of modern forward and
inverse UQ. Accurate Monte Carlo-type results take too long and tensor
product methods suffer from the curse of dimensionality

@ Extensions to fully adaptive gSC: Notice that the coefficient are defined by
the following hierarchical description:
c(i) =u, — ™ (p—1,N)(u) = up — up—1
and thus local adaptivity is achieved by replacing the basis with hierarchical
piecewise interpolants (unstable multiscale L? splitting).

e WO CIIEE 0
cimates fo the coefeient wing [ T ]l (] [
semi-orthogonal hierarchical basis . . .- Hl‘l

functions, e.g. prewavelets \/VJ\J\/ ==

@ TASMANIAN: Toolkit for Adaptive Stochastic Modeling And
Non-Intrusive ApproximatioN. ORNL multilevel parallel object-oriented
framework for adaptive UQ in high-dimensional spaces supporting terascale
laptop to petascale cluster to exascale supercomputer
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