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Jointwork with Yuying Li andLei Zhu, Univ of Waterloo:

L. Zhu, T. F. ColemanandyY. Li, Minmax robust and CVaR robust mean
variance portfolios, Journal of Risk, Vol 11, pp55-85,2009.
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Mean-Variance Optimization: Harry Mark owitz, 1950

Assumeasseteturnsarejointly normal:

1w € R  expectedrateof returns
Q : n-by-ncovariancematrix
xr € R" : percentagdoldings

A>0: therisk aversionparameter

min —plz + M- 2! Qx
reRn

S.t. el =1

x>0
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Measure Tall Risk: CVaR; (3: a confidencelevel)

If thereturndistributionis notnormal,tail risk become<srucial.

.._Probability
1-p

Loss Distribution




Presenteat FieldsInstitute October4, 2011

OUTLINE

Sensitvity to estimationerrorin MV portfolio optimization

Min-max robustMV portfolio optimization

Performanc®f min-maxrobustoptimal portfolios

— sensitvity to initial data

— assetdiversification
CVaRrobustMV portfolio optimization

Efficient CVaR optimal portfolio computation
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Assumethat . and() areknown.

Theoptimalportfolio z* is efficient it hasthe minimumrisk for the given
expectedrateof return.

Let z*(\) denotethe optimalMV portfolio for .

Thecurve (\/z*(\) T Qx*(\), uTx*(N)), A > 0, formsanefficient

frontier.
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e In practice only estimategi, Q from afinite setof returnsamplesare
available.

e TheMV optimizationproblembasedn estimategi, Q is calleda
nominalproblem

e Sensitvity of theoptimalportfolio to meanreturns:y = 7%

fia = prg + 2.5%; fiz = puz — 2.5%; jig = pig — 2.5%

il 1 IH

H

I Equal Expected Return
[ shifted Expected Return
T T
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e Optimalportfolio Z(\) from estimatesi, Q may notperformwell in
reality.

e Actual frontier(Broadie 1993):thecurwe
(v/ZNTQZ(N), uTz(N)), A > 0, describeghe actualperformance
of optimal portfoI|05x(>\) from nominalestimates.
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nce and Mean Estimated from 100 Returns x 3 Using Exact Q But Mean Estimated from 100 Returns
T T T T T

A ten-asseexample:

e (blue) trueefficientfrontier: computedusingu and@

e (red) actualfrontier: computedbasedestimateg: andQ using100
returnsamples
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e Actual performancef the MV optimalportfolio from estimatesan
bevery poor.

e Smallervariationfor theminimumrisk portfolio (left end).

e Largervariationfor the maximumreturnportfolio (right end),which
alwaysconcentratesnasingleasset

10
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e TheoptimalMV solutionis particularlysensitve to estimationerror
In meanreturn.

e Meanreturnis notoriouslydifficult to estimateaccurately

e For asmallnumberof assetsestimationerrorin covariancematrixis
relatively small.

In this talk, we focuson uncertaintyin meanreturns

11
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Examplesf researcraddressingstimationerrorin MV optimization:

e Incorporatingadditionalviews: Black-Litterman,1992

e Robustoptimization Goldfarbandlyengar(2003),Tutindl and
Koenig(2003),Garlappi,UppalandWang(2007)

12
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Robust Optimization

Thenotionof minmaxrobusthasexistedfor alongtime.

Robustoptimization ofersa solutionwhich hasthe bestperformance
for all possiblerealizationan someuncertaintysetsof the uncertain
parameters.

Minmax robust problemsaretypically semi-infiniteprogramming
problems.

Recentadvancemenin efficient computatiorof solutionsto robust
(convex) optimizationproblems(semidefinitgprogrammingand
conicprogramming hasattractedattentionto robustportfolio
selections.

13
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What about Min-Max Robust Solutions?

max —plz+ ! Qx
HGSH 7Q€SQ

elr =1

S,, Sg: uncertaintysetsfor p and()

Typical uncertaintysets:

e ellipsoidaluncertaintyset: (i — p)? A(jfi — pn) < x

e Interval uncertaintyset: u;, < u < ug

Specificatiorof uncertaintysetsplayscrucialrole in robustsolutions

14
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A statisticalresult

Assumethatassetreturnshave ajoint normaldistribution andmean

estimater is computedrom T' samplef n assetslf thecovariance
matrix () is known, thenthe quantity

?T<T_ 1)73 (h— )" Q' (1 — p)

hasa x2 distribution with n degreesof freedom.

15
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Garlappi,Uppal, Wang(2007)derve anexplicit formulafor the min-max
robustsolutionusingthe ellipsoidaluncertaintysetfor u, assuming?) is
known andshortsellingis allowed i.e.,they consider

: T T
min max —pu r+ Az Qx
7

X

S.t.

16
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With theno shortsellingconstrainttherobustportfolio problem
becomes:

min max —pl x4+ X -zl Qu
x 1

s.t. (h—pw)' Q@ m—p) <x

17
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We shaw that? this min-maxrobustportfolio problemis equvalentto: is
a solutionto the nominalproblem

min —alz + A et Qux

subjectto  elz =1, = >0,

with A > ).

4. Zhu, T. F. ColemanandY. Li, Minmax robust and CVaR robust mean variance port-
folios, Journal of Risk, Vol 11, pp 55-85,2009.
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Min-max Robust Frontier vs Mean Variance Frontier

Expected return
o
Expected return
o
Expected return
o

| Actual Frontier Norminal Actual Frontier orminal Actual Frontier
portfolios (ellipsoidal) [ ] Min-max portfolios (ellipsoidal) in-max portfolios (ellipsoidal)

orminal
[ ] in-max

Standard deviation Standard deviation Standard deviation

(@x =0 (b)x =5 (¢) x =50

Minmax robustfrontier: a squeezedagmentof thefrontier of the
nominalproblem.

19
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Intenval uncertaintyset: ur, < u < ug

min max —p'z+ Az Qu
T pLSp<pR

S.L érxzzl, x>0.

Therobustsolutionsolves

min —urtr+ 22T Qx

X

S.L eTx::I, x>0.

October4, 2011

—> Minmax robustportfoliosarenow sensitve to specificatiornof p;,!
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Uncertaintyin parametej: is anestimationrisk.

Thestatisticalresultfor the meanestimationthat

T(T —n)
(T —1)n

(B—p)'Q ' (a—p)

hasa? distribution with n degreesof freedomcanbe usedto yield a
measurdor the estimationrisk.
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CVaR-Robhust Mean Variance Portf olio

CVaR;( —ulz)+ X 21 Qx

Assumption:

hasay? distribution with n degreesof freedom.
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CVaR RobustActual Frontiers thecurve
(v/ZNTQZ(N), uTz(N)), A > 0, describeghe actualperformanceof
the CVaR optimalportfoliosz(A) from CVaR robustformulation(2).

(

Standard deviation

(d) 90% confidence (e) 60% confidence (f) 30% confidence

it Is estimatedrom 100returnsamples
10,000Monte Carlosampledor u

23
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Surface of Efficient Frontier

Standard Deviation

Beta
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Notethatthe CVaR rohustactualfrontiersaredifferentfrom actual
frontiersfrom nominalestimates.

October4, 2011
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True efficient frontier

True efficient frontier
Norminal actual frontier
— — — - CVaR-based actual frontier

True efficient frontier
Norminal actual frontier

Norminal actual frontier
— — — - CVaR-based actual frontier

— — — = CVaR-based actual frontier

1 1 1 1
0.06 0.08 0.1 0.12

0.14

L L L L L
0.14 . . 0.06 0.08 0.1 0.12
Standard deviation

L L L L
0.06 0.08 0.1 0.12
Standard deviation

Standard deviation

(9) 8 =90% (h) 8 = 60% (i) B =30%
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Theconfidencdevel canbeinterpretedasanestimatiorrisk aversion
parameter

e Asf — 1, extremelossdueto uncertaintyin p Is emphasizedT his
corresponds$o increasinglystrongaversionto estimationrisk.

e As  — 0, averagelossdueto uncertaintyin y is consideredThis
corresponds$o increasingoleranceo estimationrisk.

25
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Composition Comparison: Min-max Robust and CVaR Robust

li Assetl [lAsset2 [l Asset3 Assetd Assets [l Assete [l Asset7 [l Asset8 ‘ E Assetl [ Asset2 [l Asset3 Assetd Assets M Asset6 M Asset7 [l Asset8 |
1 = 1

0.9
0.8

c 07

2

S 06

S

S 05

o

L 04

o
Q03

0.2

0.1

0 0
0.002 0.0022  0.0024 0.0026 0.0028 0.003 0.0032 0.0034 0.0036 0.0038 0.004 0.0042 0.002 0.0022 0.0024 0.0026 0.0028 0.003 0.0032 0.0034 0.0036 0.0038 0.004 0.0042 0.0044 0.0046
Portfolio expected return Portfolio expected return

() Min-max robust portfolio (uy, < (k) CVaRrobust(90%) portfolios
p < UR)

For CVaR robustformulation, The maximumreturnportfolio areoften
diversified.
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Computing CVaR Robust Portfolios

By definition,

CVaR;(—u"z) =min (a+ (1 8)"'E*([-u"z — o] "))

[—plz —a]t ! max(—u’ z — a,0)

CVaRrobustportfolios: stochasti@ptimization
min (a+ (1 =0) "B ([—p 'z —a]t) + X2 Qu

s.t. elr=1 >0

Min-max robustportfolios canbe computecefficiently by solvinga
convex programmingoroblemwith n variables.

27
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Computing CVaR Robust Portfolio by Solvinga QP

Let{u;, i =1,--- ,m} beindependenmMonte Carlosampledrom the
specifieddistributionfor L.

CVaR robustportfolio canbe computedoy solving

m

1 .
a+m<1_6>;zi—l—)\-x Qx

Zi>O,
zi—l—,LL;-F:c—I—CVZO,z':l,...,m.

e O(m + n) variablesandO(m + n) constraintse.g.,n = 100,
m = 10, 000

e Computationatostcanbecomeprohibitive asm andn becomdarge.

28
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Computing CVaR Robust Portfolio Can Be Expenswve

CPUsec

# samples

8 assets

50 assets

148 assets

5000
10,000
25,000

0.39
0.77
2.56

1.75
4.25
10.83

7.06
10.38
34.97

October4, 2011

CPUtime for the QP approachwhen) = 0: 5 = 0.90

To generatanefficient frontier, we needto solve QP for A > 0.

Matlab 7.3 for Windows XP. Pentium4 CPU3.00GHzmachinewith 1GB RAM

29
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A Simple Smoothing Technique

Let p.(z) bedefinedas:

(2 If 2z > ¢

2> 1 1 :
—toztge f—e<z<e

L0 otherwise.

For a given resolutionparametee > 0,

e p.(z) is continuoudifferentiable andapproximates thpiecavise
linearfunction[z]™ = max(z, 0)

30



Presenteat FieldsInstitute

SmoothApproximation:g(«)

Approximation to g(o)

- piecewise linear

-— - smooth approx.e =1 ||

Approximation to g(o)

—— piecewise linear
— - smooth approx.e = 0.01

October4, 2011
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Computing CVaR Robust Portfolios Via Smoothing

e O(n) variableswith O(n) constraints

32
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CPU Comparisons

October4, 2011

MOSEK (CPUsec)

Smoothing(CPUsec)

# samples

8 assets

50 assets

148 assets

8 assets

50 assets

148 assets

5000
10,000
25,000

0.39
0.77
2.56

1.75
4.25
10.83

7.06
10.38
34.97

0.42
0.75
1.77

0.34
0.50
1.36

1.98
4.13
10.25

=0, 8 =90%
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# samples

50 assets

148 assets

200 assets

10000
25000
50000

-0.2974
-0.0934
-0.0504

-0.2236
-0.0882
-0.0454

-0.2234
-0.0880
-0.0466

October4, 2011

Accuracy Comparisons(error in %): A =0, 8 = 90%
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For convergencepropertienf the smoothingmethodfor a classof
stochastioptimization,see

Xu, H., D. Zhang.2008. Smoothsampleaverageapproximatiorof
stationarypointsin nonsmoothstochastioptimizationandapplications.

Math. Programming., Ser. A. .
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Concluding Remarks

Whenmeanreturnis uncertainfor meanvarianceportfolio selection,

e minmaxrobustwith ellipsoidaluncertaintyset squeezedrontiers
from MV basedon nominalestimates

e minmaxrobustwith intenal uncertaintyset the maximumreturn
portfolio is never diversified

e CVaRrohust
— differentfrontiersfrom thosebasedn nominalestimates

— maximumreturnportfoliosaretypically diversifiedinto multiple
assets
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