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What is frequency? Why is it interesting?



I Varicella incidence among the children aged from 0 to 10
years old.

I Data extracted from the National Health Insurance Research
Database (NHIRD), ranging from Jan. 2000 to Dec 2009
(1, 000, 000 cohort database).

I Most cases occur during the winter and spring. School
contact.

I General appliance of varicella vaccine in 2003 (80%) or 2004
(90%) ⇒ Dynamics?



Electrocardiographic signal (ECG)

1. electrophysiological dynamics

2. loop

3. ECG signal = observations of the
loop from different projections

4. different oscillatory pattern, variable
frequency and amplitude

5. different between patients

6. morphology of an oscillatory pattern,
HRV, respiratory signal



Respiratory signal

The respiratory signals recorded by measuring the abdominal wall
movement, the chest wall movement, and the nasal thermistor.



Pulse signal

The pulse signal.
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Model oscillatory signals by functions of the form:

f (t) =
k∑

i=1

Ai (t) cos(2πφi (t)), where Ai (t) > 0 and φ′i (t) > 0

{φi}ki=1 phase function
{φ′i}ki=1 Instantaneous frequency (IF)
{Ai}ki=1 amplitude modulation (AM)

Some conditions are needed for these quantities.



Adaptive Harmonic Analysis

Goal: Recover φi (t), φ′i (t) and Ai (t) from f (t).

Modern methods:

1. Empirical mode decomposition by Huang, et al. (1998)
I ad hoc without any mathematical rigor.

2. Synchrosqueezing transform.
I A special case of the reassignment technique in time-frequency

analysis.
I Mathematically rigorously proved.
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Consider the one component model:

X (t) = s1(t) + T (t) + σY (t),

where

s1(t) = A(t) cos(2πφ(t)) ⇐ seasonality

A(t) = (|t − 5| − 1)+(1.5 +
1

2
arctan(

7t

2
− 15))(1 + 0.1 cos(t)) ⇐ AM

φ(t) = t + 0.2 sin(t) ⇐ phase

T (t) = 20(cos(πt/24) + exp(−t)/2 + 1) ⇐ trend

Y (t) = (1 + 0.1 cos(πt))CARMA(2, 4) ⇐ noise

σ ≥ 0 ⇐ “noise strength”

Instantaneous frequency is φ′(t) = 1 + 0.2 cos(t).



The Clean Signal



small CARMA noise: σ = 3



small CARMA noise: σ = 3



Different views of the time-frequency representation...



large CARMA noise: σ = 6



large CARMA noise: σ = 6



Two components + large CARMA noise

X = s1(t) + 3.5 cos(2π(3.7t − 0.02t2.2)) + T (t) + 6Y



Two components + large CARMA noise



Crossover freqencies (Simulated signal)

f1(t) = [1 + 0.3 cos(t + 0.1 cos(t))] cos[2π(2t + 0.2 cos(2t) + t1.3)]

f2(t) = cos[2π(8t − 0.3t2)]



Strong AM decay (Simulated signal)

f1(t) = e−0.36t cos[2π(2t + 0.7t1.3)]

f2(t) = e−0.33t cos[2π(6t + 0.8 cos(t))]

f3(t) = e−0.3t cos[2π(10t − t1.2)]



Dynamics detection (Simulated signal)

f1(t) = [1 + 0.3 cos(t + 0.1 cos(t))] cos[2π(2t + 0.7t1.3)]|[0,10]

f2(t) = [
√

1 + t0.2] cos[2π(10t − t1.2)]|[0,10]

f3(t) = [
√

1 + 0.1(t − 5)1.2] cos[2π(6t + 0.1(t − 6) cos(t))]|[7.5,20]
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Definition (Intrinsic Mode Type Function class Aε)
Fix ε� 1
Aε consists of functions f ∈ C 1(R) ∩ L∞ having the form

f (t) = A(t) cos(2πφ(t)),

where

A ∈ C 1(R) ∩ L∞(R), φ ∈ C 2(R),

inf
t∈R

A(t) > 0, inf
t∈R

φ′(t) > 0, sup
t∈R

φ′(t) <∞

|A′(t)|, |φ′′(t)| ≤ ε |φ′(t)| , ∀t ∈ R
M ′′ := sup

t∈R
|φ′′(t)| <∞



Definition (Superpositions of IMTs Aε,d)

The space Aε,d of superpositions of IMTs consists of functions f
having the form

f (t) =
K∑

k=1

fk(t)

for some K > 0 and fk = Ak cos(2πφk) ∈ Aε such that φk satisfy

φ′k(t)− φ′k−1(t) ≥ d [φ′k(t) + φ′k−1(t)] for all t ∈ R.

Not a vector space.



Theorem

Fix ε > 0. Suppose

f =
K∑

k=1

Ak(t) cos(2πφk(t)) ∈ Aε,d ,

Pick a mother wavelet ψ ∈ S s.t. suppψ̂ ⊂ [1−∆, 1 + ∆], with
∆ < d/(1 + d). Fix k ∈ {1, . . . ,K}. Define

Zk :=

{
(a, b);

1−∆

φ′(b)
< a <

1 + ∆

φ′(b)

}
and Rψ =

√
2π
∫
ψ̂(ζ)ζ−1 dζ.



Then, if ε is small enough, we have:

I |Wf (a, b)| > ε1/3 only when (a, b) ∈ Zk for some
k ∈ {1, . . . ,K}.

I (IF) ∀ (a, b) ∈ Zk s.t. |Wf (a, b)| > ε1/3, we have

|ωf (a, b)− φ′k(b)| ≤ ε1/3.

I (phase/AM/comp.) ∀ k ∈ {1, . . . ,K} and b ∈ R,∣∣∣∣∣∣∣R−1
ψ lim

α→0

∫
|ξ−φ′k (b)|<ε1/3

Sα,ε
1/3

f (b, ξ)dξ − Ak(b)e i2πφk (b)

∣∣∣∣∣∣∣ ≤ Cε1/3,

where C = 4

[(
φ′k (b)
1−∆

)1/2
−
(
φ′k (b)
1+∆

)1/2
]

.



CARMA(p, q) generalized random processes [Brockwell and Hannig 2010]

a(D)Yt = b(D)DWt , where a(z) = zp + a1z
p−1 + . . .+ zp which

is nonzero on the imaginary axis, b(z) = b0 + b1z + . . .+ bqz
q,

Wt is the standard Brownian motion and D is the differentiation in
the general sense.

Define Y :=

{ ∑q
j=0 bjX

(j) if p > 0∑q
j=0 bjW

(j+1) if p = 0
,

where X (j) = eT1 AjX +
∑j−1

k=p−1 W
(j−k)eT1 Akep,

ei is the unit p-vector with the i-th entry 1,
X = W (1) ? g,
g = `(t)χ[0,∞)(t)− r(t)χ(−∞,0](t) and `(t) and r(t) are the sums

of the residues of the column vector ezt [1 z . . . zp−1]T/a(z) at
the zeroes of a(·) with strictly negative and strictly positive real
parts, respectively.



Stability Theorem

When g = f + Y , where f ∈ Aε,d and Y is a CARMA(p, q)
generalized random process defined above.

Assume the mother wavelet ψ ∈ S and

varY (ψ) ≤ C

max(‖ψ‖L1 , ‖ψ′‖L1)
ε,

where C depends on a(z) and b(z).

For each k ∈ {1, . . . ,K}, let
Mk ≥ max{(1−∆)−1‖φ′k‖L∞ , (1 + ∆)‖(φ′k)−1‖L∞}.



Then, if ε is small enough, we have:

I If (a, b) 6∈ Zk for any k , then there are constants E1 such that
with probability 1− E1ε

1/3, |Wg (a, b)| ≤ ε1/3 + 1
2ε.

I Assume a ∈ [M−1
k ,Mk ]. For each pair (a, b) ∈ Zk with

|Wf (a, b)| > ε1/3, there are constants E2 and C2 such that
with probability 1− E2ε

1/3,

|ωg (a, b)− φ′k(b)| ≤ C2ε
1/3.

I Reconstruction For each b ∈ R, there are constants E3 and
C3 such that with probability 1− E3ε

1/3, we have∣∣∣∣∣∣∣R−1
ψ lim

α→0

∫
|ξ−φ′k (b)|≤C2ε1/3

Sα,
√
Mkε+ε

1/3

g (b, ξ)dξ − Ak(b)e i2πφk (b)

∣∣∣∣∣∣∣ ≤ C3ε
1/3.



Summary of the Theorem

I Robust to the several different kinds of noise

⇒ Accurate estimation of AM, phase, IF, trend and each
component.

I Since the estimation of IF is pointwise, components that do
not exist all the time can be detected.

⇒ Detect the dynamics of the system, which may exists for a
subinterval.

⇒ Reproducible due to the locality property.

I The time-frequency representation is visually informative.

⇒ Visualization of the existence of components (seasonality).

I SST is “adaptive” in the sense that it does not depend on the
choice of the mother wavelet.

⇒ Model bias is “reduced”.
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Further comment

I The nonuniform sampling data can be handled. (with G.
Thakur)

I If the noise is small enough, it can be dependent on the signal.

I We can define Synchrosqueezing based on Short time Fourier
transform, which provides different benefits for analyzing
signals. For example, the dyadic separation limitation can be
alleviated.



Comparison with other methods

SST SST reassignment EMD EEMD
(CWT) (STFT)

IF est.
√ √ √

Maybe Maybe
AM est.

√ √
× Maybe Maybe

phase est.
√ √

× Maybe Maybe
Comp. recon.

√ √
× Maybe Maybe

Trend est.
√ √

× Maybe Maybe
Dynamics

√ √ √
× ×

Robustness
√ √

Maybe‡ × Maybe
Adaptivity†

√ √ √ √ √

Dyadic
√

×
√

/×∗
√ √

†: It depends on the definition of “adaptivity”
‡: Multitapper approach helps to improve the resolution

∗: It depends on which one is used: spectrogram or scalogram



Adaptivity of SST



Variational approach

In fact, the time-frequency representation obtained using
synchrosqueezing approximate the minimization:

inf∫
F=f

∫ ∣∣∣∣Re

[∫
F (t, ω)dω

]
− s(t)

∣∣∣∣2 dt + µ

∫∫
|∂tF (t, ω)− iωF (t, ω)|2 dt dω

Therefore,

I The proposed algorithm is a way to approximate the solution;

I The minimizer is independent of the wavelet choice



Direct minimization

More generally, we can further consider minimizing the functional.

∫ ∣∣∣∣∫ S(ξ, t)dξ − f (t)

∣∣∣∣2 dt+µ

∫∫ ∣∣(ξ2 + ∂2
t )S(ξ, t)

∣∣2 dξ dt+λ

∫ ∣∣∣∣∫ |S(ξ, t)| dξ
∣∣∣∣2 dt.

However: High dimension; slow convergence of existing L1

minimization algorithms.





Goal: Recover si , φ
′
i (t) and Ai (t) from f (t).

The above reconstruction and stability theorems hold.



Multiple Components with Shapes

Under some conditions on the shapes, we can achieve the goal
directly by SST (IF, AM, components). For the more general
cases, beyond this talk.
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Varicella Incidence time series with Y.-C. Cheng and M.-Y. Cheng



Herpes Zoster Incidence time series

50-70 years old population from NHIRD



We model the respiratory signal by

Resp(t) = AR(t)sR(2πφR(t)) + WR(t),

and the “intuitive instantaneous respiratory rate”:

IRRi (t) =
1

tk − tk−1
when tk ≤ t < tk+1.

Breathing rate variability is important in clinics.



However, IRRi is not always easy to define...



With SST, this problem can be resolved...



Sleep Depth Estimation with Y.-H. Chan and Y.-L. Lo

AHI=5%. CFlow signal.



Thoracic signal. (independent of the shape function)



Ventilator Weaning Prediction with M.-Y. Bien, I. Daubechies and Y. R. Kou

Q: Can you decide which one will succeed the weaning?



1. Record 3 minutes consecutive “good” respiratory signal
(under T-piece spontaneous breathing trial) in the sense that
no mechanical calibration, no disconnection, or so on.

2. Estimate AM and IRR from the recorded signal.

3. Define the WIN index by

WIN = var

{
ÂM

ÎRR

}
.

4. The ROC curve has the area under curve 0.76 with 95%
confidence interval [0.65, 0.87].

5. Only 3 minutes respiratory signal is needed, much shorter
than the 30 minutes signal required for analyzing breathing
pattern variability.



ECG Derived Respiratory signal with Y.-H. Chan and S.-S. Hseu

1. Amplitudes of R peaks stores the information of our
respiration. (HRV is also possible, but it fails for the elders
and Af patients).

2. View the amplitudes of R peaks as a non-uniform sampling of
the respiratory signal.

3. Traditional ECG derived respiratory signal (EDRT ) comes
from cubic spline interpolating the amplitudes of R peaks.

4. Error of the traditional EDR signal can be estimated by

‖Resp(t)− EDRT‖L∞ ≤
5

384
D4‖Resp(4)‖L∞

For normal sinus rhythm subjects, the traditional EDR works,
but for the Af patients, the algorithm fails due to large D.
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