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Blind signal source separation

Study the human listening ability to focus one's listening
attention on a single talker among a mixture of 
conversations and background noise.

The cocktail party problem:



Make a machine to solve the cocktail party problem
 

in a satisfactory manner.

Blind source separation problem

In the signal processing community, this problem is called

Inverse problem



Independent Component Analysis (ICA) is a statistical and 
computational technique for revealing hidden factors that underlie 
sets of random variables, measurements, or signals.

To separate observed signals, we need to assume some properties 
which the sources should have.

ICA assumes statistical independency of sources.

We assume independency of time-frequency information of 
sources.

Independent Component Analysis
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Blind source separation

Estimate

+ Mixing model (assumption)

Unknown:
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t ∈ R1 : sound signal, t ∈ R2 : image

　
s(t) = (s1(t), . . . , sN(t))T : N source signals

　
x(t) = (x1(t), . . . , xM(t))T : M observed signals

　
Mixing model

xj(t) =
N∑

k=1

aj,k sk(t), j = 1, . . . , M

x(t) = As(t)

　
A = (aj,k) ∈ RM×N : mixing matrix

　
Assume that M ≥ N and A is of full-rank.

　
N : the number of source signals

A : mixing matrix

s(t) = (s1(t), . . . , sN(t))T : N source signals

　
Find tk such that

sk(tk) #= 0

s!(tk) = 0, ! #= k

　
Only kth source signal is active at t = tk.

x(tk) = (a1,k, . . . .aM,k)
Tsk(tk)

　
Wavelet transform of signal f(t) with respect to wavelet ψ(t)

　

1
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t ∈ R1 : sound signal, t ∈ R2 : image

　
s(t) = (s1(t), . . . , sN(t))T : N source signals

　
x(t) = (x1(t), . . . , xM(t))T : M observed signals

　
Mixing model

xj(t) =
N∑

k=1

aj,k sk(t), j = 1, . . . , M

x(t) = As(t)

　
A = (aj,k) ∈ RM×N : mixing matrix

{xj(t)}M
j=1

{sk(t)}N
k=1

　
Assume that M ≥ N and A is of full-rank.

　
N : the number of source signals

A : mixing matrix

s(t) = (s1(t), . . . , sN(t))T : N source signals

　
Find tk such that

sk(tk) #= 0

s!(tk) = 0, ! #= k

　
Only kth source signal is active at t = tk.

1
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Ambiguities:

Impossible to determine the energies of the column vectors of A.
(We will normalize the column vectors of A with length one.)

Impossible to determine the order of the sources.



The space-time mixture model (one dimensional case)
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t ∈ R1 : sound signal, t ∈ R2 : image

j = 1, . . . ,M

　
s(t) = (s1(t), . . . , sN(t))T : N source signals

　
x(t) = (x1(t), . . . , xM(t))T : M observed signals

　
Mixing model

xj(t) =
N∑

k=1

aj,k sk(t), j = 1, . . . , M

x(t) = As(t)

　
A = (aj,k) ∈ RM×N : mixing matrix

Mixing model

xj(t) =
N∑

k=1

aj,k sk(t − cj,k), j = 1, . . . , M

A = (aj,k) ∈ RM×N : mixing matrix

C = (cj,k), ∈ RM×N : delay matrix

cj,k > 0

x̂j(ξ) =
N∑

k=1

aj,k ŝk(ξ), j = 1, . . . , M

xj(tk) = aj,k sk(tk)

{xj(t)}M
j=1

1
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Define translation: Tyf(t) = f(t − y), modulation: Mξf(t) = eitξ f(t) and dilation:
Dρf(t) = |ρ|−1/2f(ρ−1t), where y, ξ ∈ R and ρ ∈ R\{0}. These three operators,
Ty, Mξ, Dρ, are unitary on L2(R). A function ψ #= 0 is called a window function if it
satisfies ψ(t), tψ(t), ωψ̂(ω) ∈ L2(R). The continuous wavelet transform Wψf(b, a)
of f ∈ L2(R) with respect to ψ called a wavelet function is defined by

Wψf(b, a) = |a|−1/2

∫

R
f(t)ψ

( t − b

a

)
dt = 〈f, TbDaψ〉.

The function Wψf(b, a) or its value at a point (b, a) is called a wavelet coefficient.
A window function ψ #= 0 is said to be admissible if ψ satisfies

∫ +∞

0

|ψ̂(s)|2

|s| ds =
∫ +∞

0

|ψ̂(−s)|2

|s| ds < +∞. (2.1)

Denote by Cψ, the value of the integral (2.1). If the wavelet function ψ is admissible,
then we have the inversion formula:

f = Cψ
−1

∫ +∞

0

(∫

R
Wψf(b, a)TbDaψ db

)
da

a2
. (2.2)

Hereafter, we fix a complex-valued wavelet function ψ, and denote

Sk(t, ω) := Wψsk(t,ω), Xj(t,ω) := Wψxj(t,ω).

Note that the continuous wavelet transforms of (1.1) and (1.2) are

Xj(t,ω) =
n∑

k=1

aj,kSk(t,ω), Xj(t,ω) =
n∑

k=1

aj,kSk(t − cj,k,ω),

respectively.

2.1 Primitive idea to estimate the number of sources. To estimate the
number of sources, we need only two observed signals

xj(t) =
n∑

k=1

aj,ksk(t), j = 1, 2.

Consider X2(t,ω)/X1(t,ω), the quotient of the continuous wavelet transforms of
x1(t) and x2(t). Note that the quotient X2/X1 takes a constant value X2/X1 =
a2,k/a1,k on the set

E◦
k := {(t,ω) : Sk(t, ω) #= 0, Sl(t,ω) = 0 (l #= k)}.

The set
{(t,ω) : Sk(t,ω) #= 0}

is called the active region of sk(t). If a2,k/a1,k #= a2,l/a1,l for k #= l and further each
E◦

k occupies a sufficiently large region in the time-frequency space, the quotient
X2/X1 takes n different constant values a2,k/a1,k on these large regions and hence
we can estimate the number of sources by counting the number of different values
of X2/X1.

The key observation is the following:

Observation 2.1
(1) The values of X1 and X2 are dispersed and seldom take real values.
(2) The quotient X2/X1 takes real values considerably often by its structure.

Space-time mixture problem:

The wavelet transform of the model:

The windowed Fourier transform of the model:

Wavelet is much simpler.
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Key idea

.



We can estimate k-th column of the mixing matrix A 
up to constant multiple.

Mixing model:
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t ∈ R1 : sound signal, t ∈ R2 : image

j = 1, . . . ,M

　
s(t) = (s1(t), . . . , sN(t))T : N source signals

　
x(t) = (x1(t), . . . , xM(t))T : M observed signals

　
Mixing model

xj(t) =
N∑

k=1

aj,k sk(t), j = 1, . . . , M

x(t) = As(t)

　
A = (aj,k) ∈ RM×N : mixing matrix

xj(tk) = aj,k sk(tk)

{xj(t)}M
j=1

{sk(t)}N
k=1

　
Assume that M ≥ N and A is of full-rank.

　
N : the number of source signals

A : mixing matrix

s(t) = (s1(t), . . . , sN(t))T : N source signals

　
Find tk such that

sk(tk) #= 0

s!(tk) = 0, ! #= k

1



The Fourier transform of the mixing model:
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t ∈ R1 : sound signal, t ∈ R2 : image

j = 1, . . . ,M

　
s(t) = (s1(t), . . . , sN(t))T : N source signals

　
x(t) = (x1(t), . . . , xM(t))T : M observed signals

　
Mixing model

xj(t) =
N∑

k=1

aj,k sk(t), j = 1, . . . , M

x(t) = As(t)

　
A = (aj,k) ∈ RM×N : mixing matrix

x̂j(ξ) =
N∑

k=1

aj,k ŝk(ξ), j = 1, . . . , M

x̂(ξ) = Aŝ(ξ)

xj(tk) = aj,k sk(tk)

{xj(t)}M
j=1

{sk(t)}N
k=1

　
Assume that M ≥ N and A is of full-rank.

　
N : the number of source signals

A : mixing matrix

1

s(t) = (s1(t), . . . , sN(t))T : N source signals

　
Find tk such that

sk(tk) != 0

s!(tk) = 0, ! != k

　
Only kth source signal is active at t = tk.

x(tk) = (a1,k, . . . .aM,k)
Tsk(tk)

Find ξk such that

ŝk(ξk) != 0

ŝ!(ξk) = 0, ! != k

　
Only kth Fourier transform of source signal is active at ξ = ξk.

x̂(ξk) = (a1,k, . . . .aM,k)
Tŝk(ξk)

　
Wavelet transform of signal f(t) with respect to wavelet ψ(t)

　
　

(Wψf)(b,α) =

∫

Rn

f(t)α−n/2ψ
(t − b

α

)
dt, α ∈ R+, b ∈ Rn

　
α ∈ R+, b ∈ Rn

　
ψ1(t), . . . ,ψP (t) : real-valued wavelets

The same centers of time-domain and frequency-domain

　
Xp

j (t,α) = Wψpxj(t,α) : time-scale information

　

X(t,α) =




X1

1 (t,α) . . . X1
M(t,α)

...
. . .

...

XP
1 (t,α) . . . XP

M(t,α)



 ∈ RP×M

2

Find       such that

s(t) = (s1(t), . . . , sN(t))T : N source signals

　
Find tk such that

sk(tk) != 0

s!(tk) = 0, ! != k

　
Only kth source signal is active at t = tk.

x(tk) = (a1,k, . . . .aM,k)
Tsk(tk)

Find ξk such that

ŝk(ξk) != 0

ŝ!(ξk) = 0, ! != k

　
Only kth Fourier transform of source signal is active at ξ = ξk.

x̂(ξk) = (a1,k, . . . .aM,k)
Tŝk(ξk)

　
Wavelet transform of signal f(t) with respect to wavelet ψ(t)

　
　

(Wψf)(b,α) =

∫

Rn

f(t)α−n/2ψ
(t − b

α

)
dt, α ∈ R+, b ∈ Rn

　
α ∈ R+, b ∈ Rn

　
ψ1(t), . . . ,ψP (t) : real-valued wavelets

The same centers of time-domain and frequency-domain

　
Xp

j (t,α) = Wψpxj(t,α) : time-scale information

　

X(t,α) =




X1

1 (t,α) . . . X1
M(t,α)

...
. . .

...

XP
1 (t,α) . . . XP

M(t,α)



 ∈ RP×M

2



Any integral transform can be applied to the mixing model.

Estimation of the mixing matrix  A can be reduced to find 
points where only one transformed source signal is active.

Observation:

Since the number N of sources is unknown,
how many points do we need to find?

How to find points where only one transformed source 
signal is active?

Problem:



Human can focus on a single talker 
if only one talker is speaking in a certain interval 
or talkers’ voices are different.

Integral transforms used in time-frequency analysis, 
such as the wavelet transform, could be fine.

For image analysis,
the wavelet transform performs well. 

Different wavelets give different time-scale information.
By using several proper wavelets (multiwavelet), 
we can have better performance.

Choice of the integral transform



Red,  Green,  Blue,  Black:  only one signal is active.
White: several signals are active.

Yellow: no signal is active.

図 1: 信号源と信号源のアクティブ領域
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 Real Sources M1 = 0.01, M3 = 0.05, M2 = 0.0005
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3.2 ブライド信号源分離
混合行列を

A =





1 1 1 1

0.8 0.9 1.0 1.1

1.2 1.0 0.95 0.8

0.8 1.3 1.0 0.7





とする．条件数は cond A = 274である．前節の信号源 s(t) = (s1(t), s2(t), s3(t), s4(t))T

とこの混合行列 A から観測信号を

x(t) = As(t)

で構成する．これを，周波数方向 50 Hz から 1000 Hz まで 1 Hz ごとに，時間方
向は 1/2000 sce ごとのサンプリングで離散化する．
観測信号 x1(t) と x2(t) を次のガボールウェーブレットで

ψ(x) = exp(2πix) exp(−(x/4)2/2)

ウェーブレット変換して，時間周波数情報の商を計算し，それが実数に近いとい
う条件でピックアップして，分布図を描く．
商が実数に近い時間周波数の位置は図 2 になる．赤茶色（値 3）が商が実数に
近い位置で，肌色（値 2）が赤茶色以外で観測信号 x1(t) と x2(t) の両方が活動し
ている位置で，水色（値 1）が観測信号の一方のみ活動している位置で，濃青色
（値 0）が両方の観測信号が活動していない位置である．
実数に近い商の実部の累積図と分布図は図 3 にある．

3

E1
E2

E3
E4

Time-scale independency





Continuous wavelet transform

We use several wavelet functions.



Continuous multiwavelet transform
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The continuous multiwavelet transform of f ∈ L2(Rn) with respect to a mul-

tiwavelet function Ψ = (ψp)P
p=1 ∈ L2(Rn)P , which is considered to be a column

vector, is defined by

(WΨf)(b, a) :=
(
(Wψpf)(b, a)

)P

p=1
, a ∈ R+, b ∈ Rn.

　
t ∈ R1 : sound signal, t ∈ R2 : image

j = 1, . . . ,M

　
s(t) = (s1(t), . . . , sN(t))T : N source signals

　
x(t) = (x1(t), . . . , xM(t))T : M observed signals

　
Mixing model

xj(t) =
N∑

k=1

aj,k sk(t), j = 1, . . . , M
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The continuous multiwavelet transform of f ∈ L2(Rn) with respect to a mul-

tiwavelet function Ψ = (ψp)P
p=1 ∈ L2(Rn)P , which is considered to be a column

vector, is defined by

(WΨf)(b,α) :=
(
(Wψpf)(b,α)

)P

p=1
, α ∈ R+, b ∈ Rn

　
t ∈ R1 : sound signal, t ∈ R2 : image

j = 1, . . . ,M

　
s(t) = (s1(t), . . . , sN(t))T : N source signals

　
x(t) = (x1(t), . . . , xM(t))T : M observed signals
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xj(t) =
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We omit the inversion formula, because it is not used here. 



Multiwavelet design

Annual sectors 
in Fourier space

We use          and          .



Previous method



Most edges are curve segments.
Intersections of curve segments are points generally.

Points on edges are candidates for the points 
where only one image is active. 



Original RGB images

Separation of RGB images can be reduced to the separation of 
grey scale images.

Color image separation



Mixed images



Convert RGB images to grey scale images
and apply the proposed method



Edges analysis (We omit the detail.)



Separated images

Once we know the number of source images and the mixing matrix A, 
we can apply the inverse of A to the observed RGB images.



Previous Strategies:

Define the time-scale information matrix X.

Find a candidate of a column vector of the mixing matrix A
by applying SVD to X and using Kohonen’s self-organizing map.



Time-scale information matrix

Mixing model Time-scale versionLinearity of CWT





Our previous method 



Criterion:



Kohonen’s self-organizing maps

Representatives of 1st, 2nd, 3rd clusters



The number of clusters coincides with the number of sources.

The representative of a cluster coincides with a column vector 
of the mixing matrix A up to constant multiple.

Observation:



Demerit : 1. If the number of observed signals             ,
                     we cannot see          .
                 2. Some clusters are very crowded than the others.
                 3. For 512x512 image separation, 
                       we can separate up to                       .  



We cannot select five clusters (peaks).



Our previous method can have at least the most crowded cluster,
that is, a candidate of a column vector of the mixing matrix A. 

Then, Gaussian elimination can remove the the most crowded cluster 
and its corresponding source.

This will give another image separation problem with new source 
images (unknown mixture of original source images which are not 
removed) whose number is reduced by one.

Continue the reduction procedure until we have only one source 
image, which coincides with one of the original images up to constant 
multiple.   The number of reduction steps coincides with the number 
of sources minus one.

Observation and new strategies:

Reduction procedure:



Source reduction method (new method)

Using Gaussian elimination,
we can

1. remove one source signal,

2. make a new set of observed
    signals which do not contain
    the source signal.



Backward substitution and solving new image separation problem at 
each step will solve the original separation problem.  

Separation procedure:



Reduction procedure



Source reduction

Pivot image





Pivot image
Source reduction



Separation procedure

Pivot image



Pivot image



Error estimation



Results of numerical experiments



Conclusion

Our previous estimation methods had a difficulty when several 
peaks are quite large comparing to others.

We overcame this difficulty by a new source reduction method, 
which removes the largest peak step by step by applying 
Gaussian elimination.

The computation cost of our new method is expensive.

Various numerical experiments demonstrate that our new 
method performs well for both speech and image separations.



Future work

Find real applications whose mixing model is discussed here.

ICA is widely used in real applications especially in medical images.
Compare our method to ICA in some of them.

 



Thank you for your attention.




