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Abstract

Credit risk models share several common characteristics with
actuarial risk theory models. Even if the problems studied are
different, their solutions are similar in some respects.

Rating agencies, like Moody‘s or Standard and Poor‘s use
econometrics models with several variables, some quite
subjective, to produce their credit ratings. We propose to
revisit the problem with a more classical actuarial approach.

Classical arbitrage–free, consistent market assumptions rule
out price differences that allow risk–free profits at zero cost.
Yet, over– or under–estimation of the underlying risks generate
such arbitrage opportunities, as with current credit ratings on
European bonds. We introduce an alternate ranking based on
risk measures.
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Overview:

1. Credit risk models, a review
1.1 Introduction
1.2 Classical credit risk models
1.3 Information based models

2. Credit risk under under jump processes
2.1 Introduction
2.2 Preliminaries and definitions
2.3 Locally risk minimization hedging

3. Credit risk models with risk measures
3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures
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1. Credit risk models, a review

1.1 Introduction

Classical credit risk models can be grouped into 2 broad
categories:

I Structural models

I Reduced form models

More recent research has concentrated on information based
credit risk models.
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José Garrido – Concordia University Credit risk: an actuarial perspective



1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

1.1 Introduction
1.2 Classical credit risk models
1.3 Information based models

1. Credit risk models, a review

1.1 Introduction

Classical credit risk models can be grouped into 2 broad
categories:

I Structural models

I Reduced form models

More recent research has concentrated on information based
credit risk models.
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1.2 Classical credit risk models

1.2.1 Structural models

Date back to Merton (1974, JoF), Black and Cox (1976, JoF).
The default time of a loan is given by the first passage time of
the firm’s assets below a barrier.

Structural models assume that the market value of the firm is
observable. Leads to predictable default times, especially for
continuous firm value processes.

The drawback is that this is inconsistent with market
observations; investors are aware of the probable default time
in advance, leading to zero short–credit spreads.
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1.1 Introduction
1.2 Classical credit risk models
1.3 Information based models

Example (Merton, 1974, JoF)

Consider the simple example of a firm with asset X that is
financed by a zero–coupon bond with maturity T .

At maturity the bond pays D, if XT > D, otherwise investors
get XT .

The bond payoff decomposes as

min(XT , D) = D −max(0, D − XT ),

and can be considered a credit derivative, where
max(0, XT − D) represents the firm’s value at time T .
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Extension of Black and Cox (1976, JoF)

The payoff D −max(0, D − XT ) is that of a risk–free account
and a vanilla option. Under the absence of arbitrage, if Xt is
based on Brownian motion returns (GMB), then Black–Scholes
formula can be used to price this credit derivative.

In Merton’s model, the firm can default only at time T . Black
and Cox let the firm default at any time before T and the
default time is then τ = inf{t < T ; Xt < 0}.

The yield yt at t < T (if t < τ) is given as the solution of

e−
R T
t rsdsP[τ > T |Ft ] = e−yt(T−t),

(for D = 1) and the credit spread is yt −
R T
t rsds

T−t
= − ln P[τ>T |Ft ]

T−t
.
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1.1 Introduction
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1.2.2 Reduced form models

Artzner and Delbaen (1995, MF), Jarrow and Turnbull (1995,
JoF), Duffie and Singleton (1999, RoFS) proposed a different
approach to model credit risk.

In reduced form models the probability of default is given
exogenously, by a relation in terms of the intensity process or
hazard process (based on market prices).

Here the default time is totally inaccessible (not predictable).
Jarrow and Turnbull model the default time as the first jump
time of a Poisson process. Investors cannot be aware of the
default time, which yields to non–zero credit spreads and
useful formulas for pricing credit derivatives.
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1.1 Introduction
1.2 Classical credit risk models
1.3 Information based models

Intensity process

The main focus is on the default indicator process;
N = (Nt)t≥0, where

Nt = 1{τ≤t}

and the default time τ is a stopping time under a given
filtration F = (Ft)t≥0, that could be considered as the
information available to investors on the market.

Difficult to use, except for simple stopped processes X , such
as (non–homogeneous) Poisson.
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1.1 Introduction
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Hazard process

Hazard process models are based on the conditional default
probability:

P(τ ≤ t|Ft),

where the filtration F = (Ft)t≥0 is usually the same as for
intensity based models, that is the information available to
investors.

For a review of both, intensity and hazard based models, see
Jeanblanc and LeCam (2007, preprint).
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1.3 Information based models

Reduced form models are tractable, but do not explain (in
Economics terms) why default happens.

Structural models give an Economics interpretation of the
default time, but they do not explain the non–zero credit
spreads observed on markets.

Information based credit risk models are an attempt to link the
structural and reduced form approaches. The key element here
is the information flow available to investors.
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1.1 Introduction
1.2 Classical credit risk models
1.3 Information based models

Asymmetric information

Structural and reduced form models use a single filtration
F = (Ft)t≥0 to represent the flow of information available to
both, the firm and its investors.

Information based models allow for asymmetric levels of
information for the 2 parties (Duffie and Lando, 2001, Econ):

The reference filtration G = (Gt)t≥0 represents the market
information available to investors, excluding the default time τ .

This investor’s filtration F = (Ft)t≥0 is an expansion of G that
makes τ a stopping time.
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José Garrido – Concordia University Credit risk: an actuarial perspective



1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

1.1 Introduction
1.2 Classical credit risk models
1.3 Information based models

Asymmetric information

Structural and reduced form models use a single filtration
F = (Ft)t≥0 to represent the flow of information available to
both, the firm and its investors.

Information based models allow for asymmetric levels of
information for the 2 parties (Duffie and Lando, 2001, Econ):

The reference filtration G = (Gt)t≥0 represents the market
information available to investors,

excluding the default time τ .

This investor’s filtration F = (Ft)t≥0 is an expansion of G that
makes τ a stopping time.
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José Garrido – Concordia University Credit risk: an actuarial perspective



1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

1.1 Introduction
1.2 Classical credit risk models
1.3 Information based models

Filtration expansions

Three 3 main methods of expanding G in credit risk models:
I Progressive filtration expansion, Gieseke (2006, JoEDC):

Ft = {B ∈ F∞; for some Bt ∈ Gt , B∩{t < τ} = Bt∩{t < τ}}.

I Minimal filtration expansion, Guo, Jarrow and Zeng
(2009, MoOR):

Ft = Gt ∨ σ({τ ≤ s; s ≤ t}).

I Guo and Zeng (2008, AAP), any filtration F that satisfies:

Gt ∩ {t < τ} = Ft ∩ {t < τ}, for all t ≥ 0.

José Garrido – Concordia University Credit risk: an actuarial perspective



1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

1.1 Introduction
1.2 Classical credit risk models
1.3 Information based models

Filtration expansions

Three 3 main methods of expanding G in credit risk models:
I Progressive filtration expansion, Gieseke (2006, JoEDC):

Ft = {B ∈ F∞; for some Bt ∈ Gt , B∩{t < τ} = Bt∩{t < τ}}.

I Minimal filtration expansion, Guo, Jarrow and Zeng
(2009, MoOR):

Ft = Gt ∨ σ({τ ≤ s; s ≤ t}).

I Guo and Zeng (2008, AAP), any filtration F that satisfies:

Gt ∩ {t < τ} = Ft ∩ {t < τ}, for all t ≥ 0.
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1.1 Introduction
1.2 Classical credit risk models
1.3 Information based models

Further topics

I Interpretation of the intensity process,

I Existence and calculation of the intensity process for more
general processes, such as:

I Brownian motion,

I (homogeneous) compound Poisson,

I perturbed compound Poisson,

I some Lévy processes.
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I some Lévy processes.
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2. Credit risk under under jumps processes

2.1 Introduction

Hedging methods: Some common ways to hedge against the
risk of securities are

I Super hedging,

I Utility maximization,

I Quadratic hedging:

I Mean-variance hedging,
I Local risk–minimization hedging.

We use local risk–minimization approach to analyze the risk of
defaultable claims.
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2.1 Introduction
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2.3 Locally risk minimization hedging

Previous work

Normally, risk management models work under at least one of
the following conditions:

I The underlying process is a (local) martingale,

I The underlying process has continuous sample paths,

I The contingent claim is not path dependent,

I The Girsanov’s theorem is applicable (MELMM Method).

We relax all these assumptions.
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2.1 Introduction
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Defaultable security

I Suppose that uncertainty is modeled by a probability
space (Ω, F, P, Ft).

I The market is composed of

I the risky asset X = (Xt)0≤t<∞,
I and a risk-free one.

I We study financial products with payoffs in the form of

F (XT )1{τ>T},

where τ = inf{t : Xt < 0}, F : R → R a convex function,
and T > 0 is the maturity or expiration of the security.
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I Assume that the process X is a finite variation Lévy
process with non-negative drift

Xt = u + µt +

∫ t

0

∫
R−{0}

xJX (ds × dx), t ≥ 0.

I There are no restrictions on the probability measure.

I The usual convenient assumptions are made:

I We suppose that all prices are discounted, and therefore
the price of the risk–free asset is 1 at all times.

I Finally, the market is frictionless, and there is no
arbitrage.
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2.1 Introduction
2.2 Preliminaries and definitions
2.3 Locally risk minimization hedging

Objectives

The questions of interest are:

I Given a payoff F (XT ) as above, how can one manage the
riskiness of the defaultable security F (XT )1{τ>T}.

I The second question is if it is possible to design a
customized payoff F (XT ) specifically, that makes the
product F (XT )1{τ>T} completely risk free.
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Itô’s formula or Dynkin’s formula

I By Dynkin’s formula f (t, Xt)−
∫ t

0
Af (s, Xs)ds is a

martingale for a C 1,2 function f = f (t, x) where

Af (s, x) =
∂f

∂s
(s, x)+µ

∂f

∂x
(s, x)+

∫
R
(f (s, x+y)−f (s, x)) v(dy).

I By the Optional Sampling Theorem

f (t ∧ τ, Xt∧τ )−
∫ t∧τ

0

Af (s, Xs)ds

is also a martingale.

I f (t ∧ τ, Xt∧τ ) = f (τ, Xτ )1{τ≤t} + f (t, Xt)1{τ>t}.
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José Garrido – Concordia University Credit risk: an actuarial perspective



1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

2.1 Introduction
2.2 Preliminaries and definitions
2.3 Locally risk minimization hedging
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The compensator of (f (t, Xt)1{τ>t})(t≥0)

Theorem: Assume that X is a bounded variation Lévy process.
Let f : [0,∞)× R → R be a C 1,2 function. Then under some
integrability conditions, the process(

f (t, Xt)1{τ>t} −
∫ t

0

Af (s, Xs)1{τ>s} ds

)
t≥0

,

is an FX - martingale, where

Af (s, x) =
∂f

∂s
(s, x) + µ

∂f

∂x
(s, x)−

∫ −x

−∞
f (s, x + y) v(dy)

+

∫ ∞

−∞
(f (s, x + y)− f (s, x)) v(dy).
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Application in martingale theory

I f (t ∧ τ, Xt∧τ ) = f (τ, Xτ )1{τ≤t} + f (t, Xt)1{τ>t}.

I

(
f (τ, Xτ )1{τ≤t} −

∫ t∧τ

0
(
∫ −Xs

−∞ f (s, Xs + u)v(du)) ds
)

t≥0

is a martingale.

I f (t, Xt)1{τ>t} −
∫ t∧τ

0
Af (s, Xs)ds is a martingale.
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José Garrido – Concordia University Credit risk: an actuarial perspective



1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

2.1 Introduction
2.2 Preliminaries and definitions
2.3 Locally risk minimization hedging

Application in martingale theory

I f (t ∧ τ, Xt∧τ ) = f (τ, Xτ )1{τ≤t} + f (t, Xt)1{τ>t}.

I

(
f (τ, Xτ )1{τ≤t} −

∫ t∧τ

0
(
∫ −Xs

−∞ f (s, Xs + u)v(du)) ds
)

t≥0

is a martingale.

I f (t, Xt)1{τ>t} −
∫ t∧τ

0
Af (s, Xs)ds is a martingale.
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2.3 Locally risk minimization hedging

Definition: For an L2-strategy θ, a small perturbation ∆, and
a partition P of [0, T ], we set

rP(θ, ∆) =
∑ Rti (θ + ∆|(ti ,ti+1])− Rti (θ)

E[〈M〉ti+1
− 〈M〉ti |Fti ]

1(ti ,ti+1].

Then θ is called locally risk–minimizing if

lim
n→∞

rPn(θ, ∆) ≥ 0, (P× 〈M〉)−−a.e. on Ω× [0, T ],

for every small perturbation ∆ and every increasing sequence
Pn of partitions tending to the identity; see Schweizer (1999,
HUB).
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Pseudo–local risk–minimization

Definition: Let
V (θ) = φX + η,

Ct(θ) = Vt(θ)−
∫ t

0

φudXu,

and H ∈ L2(FT , P) is a contingent claim. An L2-strategy
θ = (φ, η) with VT (θ) = H P− a.s. is called pseudo–locally
risk–minimizing or pseudo–optimal for H if C (θ) (the cost
process) is a martingale, strongly orthogonal to the martingale
part of X , see Schweizer, M.(1999, HUB).
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Pseudo–local risk–minimization

Figure:
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PIDE

Remark: Given a convex function F = F (x), it is assumed
that there is a C 1,2 function f = f (t, x) that is the solution of
the following PIDE

Af (t, x) =
(AK (t, x)− xAf (t, x)− βf (t, x))∫∞

−∞ y 2 v(dy)
β, for all 0 ≤ t ≤ T ,

and
f (T , x) = F (x), for all real numbers x ,

where K (t, x) = xf (t, x) and β = µ +
∫∞
−∞ y v(dy).
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Theorem: Under the appropriate assumptions including the
previous remark, there is an L2–strategy φ = (θ, η) as follows.
The number of risky assets for the hedging process is given by
the process θ = (θt)0≤t≤T , where

θt =
(AK (t, Xt)− XtAf (t, Xt)− βf (t, Xt))∫∞

−∞ y 2 v(dy)
1{τ>t}.
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Hedging error

The hedging error L belongs to M2
0. It is strongly orthogonal

to M and given by

Lt = f (t, Xt)1{τ>t} − f (0, X0)−
∫ t

0

θs dXs , 0 ≤ t ≤ T .

The value process of the portfolio is equal to

Vt(θ) = f (0, X0) +

∫ t

0

θs dXs + Lt , 0 ≤ t ≤ T ,

the number of the risk-free assets is

ηt = Vt(θ)− θtXt , 0 ≤ t ≤ T ,

and finally the cost process is provided by

Ct = f (0, X0) + Lt , 0 ≤ t ≤ T .
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Example 2.1: F (x) = 1, exponential jump sizes

I Assume that Xt = u + µt +
∑Nt

j=1 Yi , for µ > 0,
−Y1 ∼ exponential(δ), and the process X a martingale.

I Consider a defaultable zero–coupon bond that pays 1 unit
if there is no default, i.e. F (x) = 1 for all x .

I The number of risky assets of the hedging strategy is:

θs =

(∫∞
−Xs

yf (s, Xs + y)FY (dy)− E[Y1]f (s, Xs)
)

1{τ>s}

E[Y 2
1 ]

,

where f = f (t, x) satisfies the following PIDE

Af (t, x) = 0, for all 0 ≤ t ≤ T and all x ∈ R,

f (T , x) = 1, for all x ∈ R.
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José Garrido – Concordia University Credit risk: an actuarial perspective



1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

2.1 Introduction
2.2 Preliminaries and definitions
2.3 Locally risk minimization hedging

Example 2.1: F (x) = 1, exponential jump sizes

I Assume that Xt = u + µt +
∑Nt

j=1 Yi , for µ > 0,
−Y1 ∼ exponential(δ), and the process X a martingale.

I Consider a defaultable zero–coupon bond that pays 1 unit
if there is no default, i.e. F (x) = 1 for all x .

I The number of risky assets of the hedging strategy is:

θs =

(∫∞
−Xs

yf (s, Xs + y)FY (dy)− E[Y1]f (s, Xs)
)

1{τ>s}

E[Y 2
1 ]

,

where f = f (t, x) satisfies the following PIDE

Af (t, x) = 0, for all 0 ≤ t ≤ T and all x ∈ R,

f (T , x) = 1, for all x ∈ R.
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1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

2.1 Introduction
2.2 Preliminaries and definitions
2.3 Locally risk minimization hedging

Example 2.1: F (x) = 1, exponential jump sizes

The graph of f = f (t, x) on [0, 2]× [0, 0.4] is given for
µ = 0.1, δ = 100, λ = 10, and T = 2.
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2.1 Introduction
2.2 Preliminaries and definitions
2.3 Locally risk minimization hedging

Example 2.1: F (x) = 1, exponential jump sizes

The function f = f (t; x) can also be estimated numerically by
simulation (for the same parameters as above).
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2.1 Introduction
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2.3 Locally risk minimization hedging

Example 2.2: F (x) = 1, gamma jump sizes

α = 5 and β = 0.002 α = 0.5 and β = 0.02
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2.1 Introduction
2.2 Preliminaries and definitions
2.3 Locally risk minimization hedging

Perfect defaultable security

Lemma: Assume that (f , F ) satisfies the following conditions

Af (t, x) = 0,

Lf (t, x) = 0,

f (T , x) = F (x),

then the product F (XT )1{τ>T} is risk–free,
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Perfect defaultable security

where

Af (t, x) = µ
∂f

∂x
(t, x) +

∂f

∂t
(t, x)

+λ

∫ ∞

−x

f (t, x + u)P[Y1 ∈ du]− λf (t, x),

Lf (t, x) = Af (t, x)2

−λ

(∫∞
−x

yf (s, x + y)P[Y1 ∈ dy ]− E[Y1]f (s, x)
)2

E[Y 2
1 ]

.
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2.1 Introduction
2.2 Preliminaries and definitions
2.3 Locally risk minimization hedging

Use of risk measures

Assume that F = F (XT )1{τ>T} is a risk free defaultable
security. Then the riskiness of the defaultable security
H1{τ>T} can be measured by

CDρ(H1{τ>T}) = ρ(G −H),

where ρ is a risk measure.
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2.1 Introduction
2.2 Preliminaries and definitions
2.3 Locally risk minimization hedging

Application to finite time ruin probabilities

Proposition: Under appropriate conditions we have the
following decompositions:

1{τ>T} = f (0, X0) +

∫ T

0

θs− dXs + LT ,

1{τ>T} = f (0, X0) +

∫ T

0

θs− dMs + LT ,

F (XT )1{τ>T} = f (0, X0) +

∫ T

0

θs− dMs + LT .
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José Garrido – Concordia University Credit risk: an actuarial perspective



1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

2.1 Introduction
2.2 Preliminaries and definitions
2.3 Locally risk minimization hedging

Finite time ruin probabilities

Example 2.3: Assume that Xt = u + µt +
∑Nt

j=1 Yi and

F (x) = 1− λ
µδ

e( λ
µ
−δ)x , then

F (Xt)1{τ>t} = F (u) +

∫ t

0

θs−dMs + Lt ,

θs =

(∫∞
−Xs

yg(Xs + y)FY (dy)− E[Y1]g(Xs)
)

1{τ>s}

E[Y 2
1 ]

.

P(τ > t)− λ

µδ
E[e( λ

µ
−δ)Xt1{τ>t}] = F (u).
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José Garrido – Concordia University Credit risk: an actuarial perspective



1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

2.1 Introduction
2.2 Preliminaries and definitions
2.3 Locally risk minimization hedging

Finite time ruin probabilities

Example 2.3: Assume that Xt = u + µt +
∑Nt

j=1 Yi and

F (x) = 1− λ
µδ

e( λ
µ
−δ)x , then

F (Xt)1{τ>t} = F (u) +

∫ t

0

θs−dMs + Lt ,

θs =

(∫∞
−Xs

yg(Xs + y)FY (dy)− E[Y1]g(Xs)
)

1{τ>s}

E[Y 2
1 ]

.

P(τ > t)− λ

µδ
E[e( λ

µ
−δ)Xt1{τ>t}] = F (u).
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1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

2.1 Introduction
2.2 Preliminaries and definitions
2.3 Locally risk minimization hedging

Examples 2.3-2.4: finite time ruin probabilities

I Let −Y1 ∼ exponential(δ), for λ = 0.2, δ = 0.02,
u = 10, and µ = 1. Then P(τ ≤ 1) ≈ 0.1499320558,
compared to the exact value 0.1499305134.

I If −Y1 ∼ gamma(5, 10), for λ = 0.2, u = 10, and µ = 1.
Then P(τ ≤ 1) ≈ 0.181257660.

I In both cases above the upper bound for the error is 1.8%
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1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

2.1 Introduction
2.2 Preliminaries and definitions
2.3 Locally risk minimization hedging

In summary

I The compensator of the process (f (t, Xt)1{τ>t})(t≥0) is
obtained,

I The locally risk–minimization approach is carried out for
defaultable claims under finite variation Lévy processes,

I The hedging strategies and pricing rules were calculated
under a physical measure.

I The analysis does not use the MELMM method to obtain
the strategies. However, the final solution is based on the
solution of a PIDE.

José Garrido – Concordia University Credit risk: an actuarial perspective



1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

2.1 Introduction
2.2 Preliminaries and definitions
2.3 Locally risk minimization hedging

In summary

I The compensator of the process (f (t, Xt)1{τ>t})(t≥0) is
obtained,

I The locally risk–minimization approach is carried out for
defaultable claims under finite variation Lévy processes,
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3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

3. Credit risk models with risk measures

3.1 Introduction

3.1.1 Arbitrage opportunities:

I Arbitrage opportunities can arise from over– or
under–estimation of the financial derivatives underlying
risk.

I We investigate the type of the arbitrage that comes from
the (intuitive) properties of risk measures. In other words,
under a specific risk measure, if the risk of a portfolio is
less than or equal to 0, then a possible positive income of
the portfolio is considered as an arbitrage income.
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1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Portfolio 1

Is this portfolio consistent?

Bond 1 Bond 2
Price of the bonds 1, 010 908.9

Cash flow 1 10 9
Cash flow 2 101, 000 909
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3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Portfolios 2 and 3

Now, which of the following portfolios seems consistent?

Bond 1 Bond 2
Price of the bonds 1, 010 908.9

Cash flow 1 10 1
Cash flow 2 1, 010 909

Bond 1 Bond 2
Price of the bonds 1, 010 908.9

Cash flow 1 10 9
Cash flow 2 1, 010 909
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3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

A five–bond portfolio
Dates Bond 1 Bond 2 Bond 3 Bond 4 Bond 5
7-Dec-2010 98.77 99.96 99.00 112.70 114.35
1-Jan-2011 0 0 0 5 5.4
1-May-2011 1.375 0 0 0 0
15-May-2011 0 0 1.5 0 0
1-July-2011 0 0 0 5 5.4
15-July-2011 0 2.6 0 0 0
1-Nov-2011 1.375 0 0 0 0
15-Nov-2011 0 0 1.5 0 0
1-Jan-2012 0 0 0 5 5.4
15-Jan-2012 0 2.6 0 0 0
1-May-2012 1.375 0 0 0 0
15-May-2012 0 0 1.5 0 0
1-July-2012 0 0 0 5 5.4
15-July-2012 0 2.6 0 0 0
1-Nov-2012 1.375 0 0 0 0
15-Nov-2012 0 0 1.5 0 0
1-Jan-2013 0 0 0 5 5.4
15-Jan-2013 0 2.6 0 0 0
1-May-2013 1.375 0 0 0 0
15-May-2013 0 0 1.5 0 0
1-July-2013 0 0 0 5 5.4
15-July-2013 0 2.6 0 0 0
1-Nov-2013 1.375 0 0 0 0
15-Nov-2013 0 0 1.5 0 0
1-Jan-2014 0 0 0 5+100 5.4+100
15-Jan-2014 0 2.6 0 0 0
1-May-2014 1.375 0 0 0 0
15-May-2014 0 0 1.5 0 0
15-July-2014 0 2.6 0 0 0
1-Nov-2014 1.375 0 0 0 0
15-Nov-2014 0 0 1.5 0 0
15-Jan-2015 0 2.6 0 0 0
1-May-2015 1.375 0 0 0 0
15-May-2015 0 0 1.5 0 0
15-July-2015 0 2.6 0 0 0
1-Nov-2015 100+1.375 0 0 0 0
15-Nov-2015 0 0 1.5+100 0 0
15-Jan-2016 0 2.6+100 0 0 0
1-May-2016 0 2.6+100 0 0 0
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3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Corporate bond 1

COLGATE PALMOLIVE CO MTNS BE
As of 7-Dec-2010

OVERVIEW
Price: 98.77
Coupon(%): 1.375
Maturity Date: 1-Nov-2015
Yield to Maturity(%): 1.639
Current Yield(%): 1.392
Fitch Rating: AA
Coupon Payment Frequency: Semi-Annual
First Coupon Date: 1-May-2011
Type: Corporate
Callable: No

OFFERING INFORMATION
Quantity Available: 1240
Minimum Trade Qty: 1
Dated Date: 3-Nov-2010
Settlement Date: 13-Dec-2010

(Source: Yahoo Finance: http://screen.yahoo.com/bonds.html)
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3.2 Inconsistencies and market integration
3.3 Credit risk measures

Corporate bonds 2 and 3

JPMORGAN CHASE & CO
As of 7-Dec-2010

OVERVIEW
Price: 99.96

Coupon(%): 2.600

Maturity Date: 15-Jan-2016

Yield to Maturity(%): 2.607

Current Yield(%): 2.601

Fitch Rating: AA

Coupon Payment Frequency: Semi-Annual

First Coupon Date: 15-Jul-2011

Type: Corporate

Callable: No

OFFERING INFORMATION
Quantity Available: 300

Minimum Trade Qty: 1

Dated Date: 18-Nov-2010

Settlement Date: 13-Dec-2010

COCA COLA CO
As of 7-Dec-2010

OVERVIEW
Price: 99.00

Coupon(%): 1.500

Maturity Date: 15-Nov-2015

Yield to Maturity(%): 1.714

Current Yield(%): 1.515

Fitch Rating: AA

Coupon Payment Frequency: Semi-Annual

First Coupon Date: 15-May-2011

Type: Corporate

Callable: No

OFFERING INFORMATION
Quantity Available: 175

Minimum Trade Qty: 1

Dated Date: 15-Nov-2010

Settlement Date: 13-Dec-2010

(Source: Yahoo Finance: http://screen.yahoo.com/bonds.html)
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3.3 Credit risk measures

Municipal bonds 4 and 5

CHICAGO ILL GO BDS
As of 7-Dec-2010

OVERVIEW
State: Illinois

Price: 112.70

Coupon(%): 5.000

Maturity Date: 1-Jan-2014

Yield to Maturity(%): 0.780

Current Yield(%): 4.437

Fitch Rating: AA

Coupon Payment Frequency: Semi-Annual

First Coupon Date: 1-Jan-2008

Callable: No

BOND PROFILE
Type: Municipal

Insured: Yes

Alternative Minimum Tax: No

CHICAGO ILL TAXABLE GO BONDS
As of 7-Dec-2010

OVERVIEW
State: Illinois

Price: 114.35

Coupon(%): 5.400

Maturity Date: 1-Jan-2014

Yield to Maturity(%): 0.644

Current Yield(%): 4.722

Fitch Rating: AA

Coupon Payment Frequency: Semi-Annual

First Coupon Date: 1-Jan-2005

Callable: No

BOND PROFILE
Type: Municipal

Insured: Yes

Alternative Minimum Tax: No

(Source: Yahoo Finance: http://screen.yahoo.com/bonds.html)
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1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Risk Measures

Assume that uncertainty is modeled by (Ω, F, P).

A random variable X : Ω → R represents the investment loss
or gain over a period of time.

Definition: A risk measure is a function ρ : R → R, where R

is the set of all real valued random variables.

ρ(X ) measures the risk associated to the random variable X .
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3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Coherent risk measures

Assume that random variables X and Y represent the gains on
two different investments.

A risk measure ρ is called coherent if it satisfies the following
properties:

I Sub–additivity: ρ(X + Y ) ≤ ρ(X ) + ρ(Y ), for all
X , Y ∈ R,

I Positive homogeneity: ρ(λX ) = λρ(X ), for all λ ≥ 0 and
X ∈ R,

I Translation invariance: ρ(X + a) = ρ(X )− a, for all
X ∈ R and all a ∈ R,

I Monotonicity: if X ≤ Y then ρ(Y ) ≤ ρ(X ).
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José Garrido – Concordia University Credit risk: an actuarial perspective



1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Coherent risk measures

Assume that random variables X and Y represent the gains on
two different investments.

A risk measure ρ is called coherent if it satisfies the following
properties:

I Sub–additivity: ρ(X + Y ) ≤ ρ(X ) + ρ(Y ), for all
X , Y ∈ R,

I Positive homogeneity: ρ(λX ) = λρ(X ), for all λ ≥ 0 and
X ∈ R,

I Translation invariance: ρ(X + a) = ρ(X )− a, for all
X ∈ R and all a ∈ R,

I Monotonicity: if X ≤ Y then ρ(Y ) ≤ ρ(X ).
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3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Other types of risk measures

Among the many other types of risk measures are:

I Expectation bounded risk measures: Rockafellar et
al. (2006, F&S).

I Deviation risk measures: Rockafellar et al. (2006, J&S).

I Distortion risk measures: Wang (2000, JRI).
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3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Examples of risk measures

I Value–at–risk of X for α ∈ (0, 1) is given by

VaRα(X ) = − inf{z : FX (z) > α}.

I The conditional value–at–risk is given by

CVaRα(X ) = −E[X |X ≤ −VaRα(X )],

when FX is continuous at −VaRα(X ).
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3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

A = [aij ] is an m × n matrix representing n bonds with
possible future cash flows at times t1, t2, ..., tm,

B1 B2 · · · Bn

↓ ↓ · · · ↓
t1 →
t2 →
.
.
.

tm →


a11 a12 ... a1n

a21 a22 ... a21

. . .

. . .

. . .
am1 am2 ... amn

 .

T = tm represents the final date of the cash flow.

Each vector x = (x1, x2, ..., xn) represents a portfolio consisting
x1 units of B1, x2 units of B2,..., xn units of Bn.
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1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Accumulated Wealth Function

We consider the accumulated wealth function ΠT : Rm → Π
where

Π = {ΠT (x) : x ∈ Rm},

and x = (x1, x2, ..., xm) is a vector in Rm.

It is assumed that Π ⊂ L2(Ω, F, P), or in other words
E[(ΠT (x))2] < ∞.

ΠT is a linear function.
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1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Assume that ρ : Π → R is any risk measure that satisfies the
conditions of sub–additivity, ρ(x + y) ≤ ρ(x) + ρ(y) and
positive homogeneity, ρ(tx) = tρ(x) for every t ≥ 0 and
x , y ∈ Π.

Rm ΠT−→ Π
↓ ρ.
R

The composition of ρ and ΠT , denoted ρ = ρ ◦ ΠT , defines a
risk measure on Rm into R that is sub–additive and positively
homogeneous.
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3.3 Credit risk measures

Representation theorem

Assume that ρ : Rm → R is as above, then

ρ(y) = max{−y · z : z ∈ ∆ρ},

where

∆ρ = {z ∈ Rm; ρ(y) ≥ −y · z ,∀ y ∈ Rm},

and y · z is the usual inner product on Rm.
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3. Credit risk models with risk measures

3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Definition of ρ-arbitrage

The portfolio x is said to be a ρ-arbitrage portfolio if:

I p · x < 0

I ρ(
∑n

j=1 xja1j , . . . ,
∑n

j=1 xjamj) ≤ 0 or, equivalently,

ρ(x · b1, . . . , x · bm) ≤ 0 where bi = (ai1, ..., ain) ∈ Rn is
the row i of matrix A for i = 1, 2, ..., m.
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3.1 Introduction
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3.3 Credit risk measures

3.2 Inconsistencies and market integration

Definition: A (bond) market is said to be free of
inconsistencies, if it does not provide any ρ-arbitrage
opportunities to investors.
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3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Measuring ρ–arbitrage

To measure inconsistencies the following optimization problem
is proposed:

Maximize − p · x ,

such that ρ(x · a1, . . . , x · am) ≤ 0,

such that

x + h ≥ 0,

such that

h · p ≤ 1,

such that

h ≥ 0,

(1)

where (x , h) ∈ Rn × (R+ ∪ {0})n are the decision variables.
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1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Existence of ρ–arbitrage

Lemma: Assume that θ∗ is the optimal value of the primal
problem above. Then the market is ρ–arbitrage free if and
only if θ∗ = 0.
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3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

The dual problem

Theorem: Assume that the above primal problem is always
finite, it reaches its optimal value, and so the optimal solutions
always exist.

Then the equivalent dual form of the primal
problem is

Minimize θ,

such that pj = λj + αbj · z ,

such that

λ ≤ θp,

such that

θ ≥ 0, λ ≥ 0, α ≥ 0, z ∈ ∆ρ.

(2)
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3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Karush–Kuhn–Tucker conditions

Theorem: (x∗, h
∗
) and (θ∗, λ

∗
, α∗, z∗) solve problems (1), and

(2) respectively, if and only if they satisfy the following K–K–T
conditions:

pj = λ∗j + α∗bj · z∗, j = 1, 2, ..., n,

λ
∗ ≤ θ∗p,

x∗ · (p − λ
∗
) = 0,

λ
∗ · (x∗ + h

∗
) = 0,

θ∗(h
∗ · p − 1) = 0,

h
∗ ≥ 0, h

∗ · p ≤ 1, x∗ + h
∗ ≥ 0,

θ∗ ≥ 0, λ
∗ ≥ 0, z∗ ∈ ∆ρ, α∗ ≥ 0.

José Garrido – Concordia University Credit risk: an actuarial perspective



1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Existence of ρ–arbitrage

Theorem: There is no ρ–arbitrage in a portfolio if and only if
there exists (z∗, α∗) ∈ ∆ρ × R+ such that for every j ,

pj = α∗z∗ · bj , j = 1, 2, ..., n,

where bj = (a1j , a2j , ..., amj) is the j ’s column of matrix A.
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3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Classical arbitrage

Corollary: Suppose that the solution set of the following
system of equations is empty:

pj = α∗z∗ · bj , j = 1, 2, ..., n,

where bj = (a1j , a2j , ..., amj) is the jth column of matrix A.

Then the existence of a classical arbitrage in the market is
guaranteed.
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1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Extension of the risk measurement

I So far, we have looked at maximizing the arbitrage
income subject to some constraints.

I Another perspective is to maximize the arbitrage income
and minimize the risk simultaneously. In other words,
trying to maximize a vector objective function
(−p · x ,−ρ(x · a1, ..., x · am)).
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José Garrido – Concordia University Credit risk: an actuarial perspective



1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Simple numerical example

Assume that changes in interest rates are modeled by

r =

{
r1, with probability 1− q,
r2, with probability q,

that is Ω = {ω1, ω2}, P(ω1) = 1− q, P(ω2) = q, and assume
that ρ = CVaRα, with α ∈ (0, 1).

José Garrido – Concordia University Credit risk: an actuarial perspective



1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Simple numerical example

Assume that changes in interest rates are modeled by

r =

{
r1, with probability 1− q,
r2, with probability q,

that is Ω = {ω1, ω2}, P(ω1) = 1− q, P(ω2) = q, and assume
that ρ = CVaRα, with α ∈ (0, 1).
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1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Numerical example: Portfolio 2

I Assume that q = 0.9, r1 = 0.05, r2 = 0.03 , and
α = 0.05.

I The portfolio consists of the 2 following bonds:

Bond 1 Bond 2
Price of the bonds 1010 908.9

Cash flow 1 10 1
Cash flow 2 1010 909
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José Garrido – Concordia University Credit risk: an actuarial perspective



1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Numerical example: Portfolio 2

For this portfolio the optimal value is approximately equal to
θ∗ = 0.00869.

I The solution of the primal problem is equal to
x∗1 ≈ 0.00098, x∗2 ≈ −0.0011.

I The solution of the dual problem is equal to
θ∗ ≈ 0.00869, λ∗1 ≈ 0, λ∗2 ≈ 7.8999, α∗ ≈ 0.9901, z∗1 ≈ 1,
z∗2 ≈ 0.9901.

I The optimal solution is sensitive to changes in α, q, r1,
and r2.

José Garrido – Concordia University Credit risk: an actuarial perspective



1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Numerical example: Portfolio 2

For this portfolio the optimal value is approximately equal to
θ∗ = 0.00869.

I The solution of the primal problem is equal to
x∗1 ≈ 0.00098, x∗2 ≈ −0.0011.

I The solution of the dual problem is equal to
θ∗ ≈ 0.00869, λ∗1 ≈ 0, λ∗2 ≈ 7.8999, α∗ ≈ 0.9901, z∗1 ≈ 1,
z∗2 ≈ 0.9901.

I The optimal solution is sensitive to changes in α, q, r1,
and r2.
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3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Sensitivity with respect to α

The following graph gives the optimal value θ∗ as a function of
α.
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3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Empirical data

I When applying the model to real market data, the
problem of determining the sub–gradient set ∆ρ can be
difficult.

I A possible avenue is to use risk statistics, defined in the
next section.
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3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Risk statistics

I Natural risk statistics,

I Coherent risk statistics,

I Law–invariant coherent risk statistics.
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1. Credit risk models, a review
2. Credit risk under under jumps

3. Credit risk models with risk measures

3.1 Introduction
3.2 Inconsistencies and market integration
3.3 Credit risk measures

Numerical example: Portfolio 2 (revisited)

Bond 1 Bond 2
Price of the bonds 1010 908.9

Cash flow 1 10 1
Cash flow 2 1010 909

The result of the optimization problem here is 0 for all natural
risk statistics, coherent risk statistics, and law–invariant
coherent risk statistics under the maximal set ∆.
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Numerical example: Portfolio 3

Bond 1 Bond 2
Price of the bonds 1010 908.9

Cash flow 1 10 9
Cash flow 2 101000 909

I Under the assumptions of the tree model, the optimal
value is ≈ 0.99899874.

I The optimal value under the above risk statistics is still
zero.

I Can we conclude that natural risk measures cannot detect
inconsistencies?
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Using risk statistics

I The main problem with natural risk statistics and
law–invariant coherent risk statistics is their permutation
invariance. For example ρ(1, 0) = ρ(0, 1).

I In Heyde et al. (2007), they take data statically (i.e. at a
fixed time), while we use data at different times.
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Thank you for your
attention
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