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@ Asymptotic extremal graph theory has been studied for
more than a century (Mantel 1908, Turan, Erdds, Lovasz,
Szemeredi, Bollobas, Simonovits,. . .).

@ ltis full of ingenious and difficult results.

@ Most proofs are based on only few different techniques
(Induction, Cauchy-Schwarz, ...).

@ Recently, there has been several developments explaining
this: Freedman, Lovasz, Schrijver, Szegedy, Razborov,
Chayes, Borgs, Sos, Vesztergombi, ...

@ Discovery of rich algebraic structure underlying many of
these techniques.

@ Neater proofs with no low-order terms.

@ Methods for applying these techniques in semi-automatic
ways.
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Theorem (Freedman, Lovasz, Schrijver 2007)

Every such inequality follows from the positive
semi-definiteness of a certain infinite matrix.
@ Equivalently (possibly infinitely many) applications of
Cauchy-Schwarz.

Razborov’s flag algebras

A formal calculus capturing many standard arguments
(induction, Cauchy-Schwarz,...) in the area.

Observation (Lovasz-Szegedy and Razborov)

Every algebraic inequality between subgraph densities can be
approximated by a finite number of applications of the
Cauchy-Schwarz inequality.
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Applications

Automatic methods for proving theorems (based on SDP):

@ Razborov: Significant improvement over the known bounds
on Turan’s Hypergraph Problem.

@ Hladky, Kral, Norin: Improved bounds for
Caccetta-Haggkvist conjecture.

@ HH, Hladky, Kral, Norin,vRazborov: A question of
Sidorenko and Jagger, Stovi¢ek and Thomason.

@ HH, Hladky, Kral, Norin, Razborov: A conjecture of Erdds.
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Application

SDP methods + thinking:

@ Razborov: Minimal density of triangles.

@ Razborov: Turan’s hypergraph problem under mild extra
conditions.

@ HH, Hladky, Kral, Norin: Improved bounds on some
problems.
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Intro

How far can we go?

Is asymptotic extremal graph theory trivial? Is lack of enough
computational power the only barrier?

Question (Razborov)

Can every true algebraic inequality between subgraph densities
be proved using a finite amount of manipulation with subgraph
densities of finitely many graphs?
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Extremal graph theory
Studies the relations between the number of occurrences of
different subgraphs in a graph G.

Equivalently one can study the relations between the
“homomorphism densities”.
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Homomorphisms

Homomorphism Density

Definition
@ Throw the vertices of H on the vertices of G at random.

ty(G) := Pr[edges go to edges].
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Homomorphisms

Definition

Amap f: H— Gis called a homomorphism if it maps edges to
edges.

ty(G) = Pr[f : H — G is a homomorphism]. J
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Homomorphisms

@ Asymptotically ty(-) and subgraph densities are equivalent.
@ The functions ty have nice algebraic structures:

tH1UH2(G) =, (G)tHz(G)'
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Homomorphisms

@ Many fundamental theorems in extremal graph theory can
be expressed as algebraic inequalities between
homomorphism densities.

Example (Goodman’s bound 1959)

ti(G) > 2t (G)? — i (G).

@ Every such inequality can be turned to a linear inequality:

ai ty, (G +...+ athm(G) > 0.

Example (Goodman’s bound 1959)

ty (G) — 2tiuk, (G) + U, (G) = 0.
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Definition
A partially labeled graph is a graph in which some vertices are
labeled by distinct natural numbers.

ty(G) := Pr[f: H— Gis a homomorphism] .

Definition
Let H be partially labeled with labels L. For ¢ : L — G, define

th.s(G) == Pr[f: H— Gisahom. | f|, = ¢].
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Let H be partially labeled with labels L. For ¢ : L — G, define

th¢(G) :==Pr[f: H— Gisahom. | f|, = ¢].

G
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Example
H [[H]]
II/J/ I
Definition
Let [H] be H with no labels.

Ey [th,4(G)] = i (G)

M—
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Graph Algebras

@ Recall that:
tH1UH2(G) = ZLH1 (G)tHz(G)

@ This motivates us to define Hy x Ho := H;y U Ho.
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Graph Algebras

Definition
The product H; - H, of partially labeled graphs H; and Ho:

@ Take their disjoint union, and then identify vertices with the
same label.

@ If multiple edges arise, only one copy is kept.

Example
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Graph Algebras

@ Let Hy and H., be partially labeled with labels Ly and L.
o Letgp: L1ULl, — G.
@ We have l‘H17¢(G)tH27¢(G) = tH1><H27¢(G).

Hy H, Hy x Hy
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Our main goal is to understand the set of all valid inequalities of
the form: For all G aity, (G) + ... + akty, (G) > 0. ’

@ Let Hy, ..., Hy be partially labeled graphs with the set of
labels L.

@ Letby,...,bcberealnumbersand ¢: L — G.

(3 bitn.0(@) = 3 bt oGty 0(C)
= > bibtyxr,6(G)

o
IN
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Graph Algebras

Our main goal is to understand the set of all valid inequalities of
the form: For all G ayty, (G) + ... + axty, (G) > 0. ’

@ Let Hy, ..., Hy be partially labeled graphs with the set of
labels L.

@ Letby,...,bcberealnumbersand ¢: L — G.

o

> bibjth.4(G) > 0
o

Ey [Z bibth,-xHj,qs(G) >0
(]

> bbbty (G) > 0
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Graph Algebras

@ A quantum graph is a formal linear combination of graphs:
aiHy + ...+ axHg.

@ A quantum graph aiH; + ... + axHj is called positive, if for
all G,
ap ty, (G) + ...+ aktHk(G) > 0.

@ Goodman:
Kz — 2(K2 U Kg) + K> > 0.

@ We want to understand the set of all positive quantum
graphs.
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Graph Algebras

@ A partially labeled quantum graph is a formal linear
combination of partially labeled graphs:

aiHy + ... + axHg.
@ Partially labeled quantum graphs form an algebra:

(atHy + ...+ akHx) - (b1Ly + ...+ bely) = Za,-b,-H; . Lj.
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[-] : partially labeled quantum graph — quantum graph

[ biH1 =" bibj[H; x H] >0

Equivalently
For every partially labeled quantum graph g we have [g?] > 0.
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Graph Algebras

Unlabeling operator

[-] : partially labeled quantum graph — quantum graph

[ biH1 =" bibj[H; x H] >0

Equivalently

For every partially labeled quantum graph g we have [g?] > 0.

Corollary

Always

[6?+...+g2] >0.
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Question (Lovasz’s 17th Problem, Lovasz-Szegedy)
Is it true that every f > 0 is of the form

f=[g5+05+...+ 9]

Question (Equivalently)

Does every valid inequality between homomorphism densities
follow from a finite number of Cauchy-Schwarz’s?

Question (Razborov)

Does every valid inequality between homomorphism densities
have a proof in Cauchy-Schwarz calculus?

Theorem (HH and Norin)
The answer to the above questions is negative.
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Theorem (Freedman, Lovasz, Shrijver)

Every valid inequality between homomorphism densities follows

from an infinite number of applications of Cauchy-Schwarz
inequality.
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Reflection positivity

Theorem (Freedman, Lovasz, Shrijver)

Every valid inequality between homomorphism densities follows
from an infinite number of applications of Cauchy-Schwarz
inequality.

N,

Observation (Lovasz-Szegedy and Razborov)

Iff >0 ande > 0, there exists a positive integer k and quantum
labeled graphs g1, 9o, - . ., gk such that

—e<f-[gF+d+. .. +gl<e
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Results

@ Polynomial p € R[xy, ..., Xp] is called positive if it takes
only non-negative values.

@ p? + ...+ p?is always positive.

Theorem (Hilbert 1888)

There exist 3-variable positive homogenous polynomials which
are not sums of squares of polynomials.

A\

Example (Motzkin’s polynomial)

X2+ A2 4 A% xR > 0.
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Theorem (HH and Norin)

There are positive quantum graphs f which are not sums of
squares. That is, always f # [g5 + ... + g2].

@ Convert x*y2 + y*z2 + z*x2 — 6x2y2z2 to a quantum graph.
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Theorem (HH and Norin)

There are positive quantum graphs f which are not sums of
squares. That is, always f # [g5 + ... + g2].

@ Convert x*y? + y* 22 + z*x? — 6x2y?z2 to a quantum graph.

777777 Algebra of partially labeled

Rlzy,...,zk quantum graphs

Evaluation| Unlabelling

at &

R -— Algebra of quantum graphs

10077
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Results

Theorem (Artin 1927, Solution to Hilbert’s 17th Problem)
Every positive polynomial is of the form

(P1/q)? + ...+ (Px/ k).

The problem of checking the positivity of a polynomial is
decidable.

@ Co-recursively enumerable : Try to find a point that makes
p negative.

@ recursively enumerable : Try to write p = 3" (p;/q;)?.
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@ Our solution to Lovasz’s 17th problem was based on an
analogy to polynomials.

@ Since there are polynomials which are positive but not
sums of squares, our theorem was expected.

@ Lovasz: Does Artin’s theorem (sums of rational functions)
hold for graph homomorphisms?

@ Maybe at least the decidability? (A 10th problem)
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@ Checking the positivity of p € R[x1,...,x,] on [0,1]X is
decidable.

@ Matiyasevich 1970, Solution to Hilbert’s 10th problem:
Checking the positivity of p € R[x1, ..., xx] on ZK is
undecidable.

@ {ty(G) : G} isdensein [0, 1], so maybe we should expect
decidability for inequalities on homomorphism densities.
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Theorem (HH and Norin)
The following problem is undecidable.

@ QUESTION: Does the inequality
aity, (G) + ... + akty, (G) > 0 hold for every graph G?

Analogue of Artin’s theorem does not hold for homomorphism
densities.
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Results

Theorem (HH and Norin)
The following problem is undecidable.

@ QUESTION: Does the inequality
aity, (G) + ... + akty, (G) > 0 hold for every graph G?

Equivalently

Theorem (HH and Norin)
The following problem is undecidable.
@ INSTANCE: A polynomial p(x1, ..., Xx) and graphs
Hy, ..., H.
@ QUESTION: Does the inequality p(ty,(G), ..., ty (G)) > 0
hold for every graph G?




Results
0000000000 e00

Results

Theorem (HH and Norin)
The following problem is undecidable.
@ INSTANCE: A polynomial p(xy, ..., Xx) and graphs
Hy, ..., Hg.
@ QUESTION: Does the inequality p(tw, (G), ..., tH, (G)) >0
hold for every graph G?
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Results

Theorem (HH and Norin)
The following problem is undecidable.
@ INSTANCE: A polynomial p(xy, ..., Xx) and graphs
Hy, ..., Hg.
@ QUESTION: Does the inequality p(tw, (G), ..., tH, (G)) >0
hold for every graph G?

Instead | will prove the following theorem:

The following problem is undecidable.
@ INSTANCE: A polynomial p(X1, ..., Xk, Y15+ -, Yk)-

@ QUESTION: Does the inequality
p(l’Kz(G1), e th(Gk); th(G1), ey th(Gk)) > 0 hold for
every Gy,...,Gk?
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@ Hilbert 10th: Checking the positivity of p € R[xy,..., k] on
{1-1:nez}is undecidable.
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Results

@ Hilbert 10th: Checking the positivity of p € R[xy,..., k] on

{1-1:nez}is undecidable.
@ Bollobas, Razborov: Goodman’s bound is achieved only
when t,(G) € {1 -1 :nez}.

t(Ks; G)

Kruskal-Katona
Goodman

1/2 4

Razborov

1

12 Ky G)
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Results

Let S be the grey area and g(x) = 2x? — x. (Goodman:
i, (G) > 21, (G)? — ti,(G).)

t(Ks; G)

Kruskal-Katona
Goodman

Razborov

—_—

1

12 Ky G)



Results
00000000000 0e

Results
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q:=p]J(1-x)°+Cpx (Zy,— )
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TFA.E.

@ p <0 forsomexy,...,xx € {1 —1/n:neN}.
(undecidable)
@ g < 0 for some (x;,y;) € S’s.
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Let S be the grey area and g(x) = 2x? — x. (Goodman:
i, (G) = 21, (G)? — i, (G).)

Lemma
Letp € R[xy,...,xx]. Define q(xq,..., Xk, Y1,-..,Yk) @s

k
q:=p]J(1-x)°+Cpx (Zy,— )

i=1
TFA.E.
@ p <0 forsomexy,...,xx € {1 —1/n:neN}.
(undecidable)
@ g < 0 for some (x;,y;) € S’s.
@ g < 0 for some x; = tx,(G;) and y; = tx,(G;). (reduction)
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@ Let Hy, Ha, ... be all graphs.

@ Let R be the closure of all points
(tn, (G), tr,(G), ...) € [0, 1]N.
@ What does the validity of ) a;ty,(G) > 0 mean?

arty, (G) + ...+ apty, (G >0
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Characterization of the convex hull of R

Let F, F», ... be all partially labeled graphs.
For all G:

@ Condition I: tx, (G) = 1.
@ Condition II: tyk, (G) = tw(G) for all graph H.

@ Condition Ill: The infinite matrix whose ij-th entry is
tiFx £ (G) is positive semi-definite.

Theorem (Freedman,Lovasz,Schriver,Szegedy)

(X, , Xty - - ) € [0, 1] belongs to the convex hull of R <=
@ Condition I: xx, = 1.
@ Condition II: Xk, = Xxn for all graph H.

@ Condition IlI: The infinite matrix whose ij-th entry is X, Fil
is positive semi-definite.
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Proving > a;ty,(G) > O: |

PSD method

Minimize > aiXy,

Subject to (i) xk, =1
(i) XHuk, = xy for all graphs H
(iii) The matrix [x[[FiX,:jﬂ],-j is p.s.d.
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Application I: 5 cycles in
triangle-free graphs
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Theorem (HH, Hladky, Kral, Norin, Razborov)

Erdds’s Conjecture 1982: The maximum number of cycles of
length five in a triangle-free graph is (n/5)°.
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Application Il: common graphs
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Definition
A graph H on m graphs is called common, if

t(G) + ty(G) > 21~

for all graphs G.

@ Erdds 1962 conjectured: Complete graphs are common.
@ Burr and Rosta 1980 conjectured: Every graph is common.
@ Thomason 1989: Any graph containing Ky is not common.

@ Jagger, Stovicek, Thomason 1994 and Sidorenko 1994:
Are there common non-3-colorable graph? Is W5
common?
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Theorem (HH, Hladky, Kral, Norin, Razborov)

The wheel W5 is common.




PSD method
00000000 e0C

PSD method

Theorem (HH, Hladky, Kral, Norin, Razborov)

The wheel W5 is common.

@ The computer generated proof uses 150
Cauchy-Schwarz’s.
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R is the closure of {(t4, (G), tw,(G),...) : G} C [0,1]™.

@ Lovasz and Sos: Which points of R are unigue solutions to
some equality p(Xy,, ..., Xn,) = 0? (Finitely Forcible)

@ Lovasz’s Conjecture: Every feasible equation
P(XH,,---,XH,) = 0in R, has a finitely forcible solution.

@ Lovasz’s collection of open problems.
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Thank you!
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