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1) Functional 1t6 Calculus



Why?

Most often, the impact of uncertainty is cumulative. The link
Cause — Consequence
X, M-y =f(X)

depends on certain patterns :
temperature — water level
price history — path dependent payoff
exposure to antigen — viral reaction

interest rate path - MBS prepayment
It6 calculus deals with functions of processes.

We extend it to functions of the current path,

or history, of the process.



Review of 1t6 Calculus
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Functionals of running paths

Functionals defined not only on the whole path [0, T'] but on all starting sections [0, t]
N\, ={RCLL functions [0, t] - [}

A= A,

1000,T ]
f functional: f : A - O, for X, A, £(X,)00
The valueof X, at s<ris X,(s)and x, = X, (¢)

12.87

S\

6.34




Examples of Functionals

- Current average
- Current drawdown
- Conditional expectation of final value

- Super - replicating price
The last one covers the important case of path dependent option price

Finite number of state variables (excluding time) :
- European (1)

- Asian (2)

- Option on range (3)

Infinite number of state variables
- Max of rolling average

- First time last valueis hit



Derivatives

N\, ={RCLL functions [0,t] - U}, A = U/\t

10,7
For X, UA,, f:N\ - [,
Xth(s)EXt(s)fors<t Xth(t):Xt(t)+h /\/\/—/v/\1I
X, s)=X,(s)fors<t X, 5(5)=X,(¢) for sU[t,1 + K] /\/\/‘/\/\q._‘
Space derivative

f(XH-f(X)
h

A f(X,) E%lfr(}

Time derivative

f(X;,d) _f(Xt)
o

A f(X,)=lim



Examples

=X r x du 0%

0

Axf 1 O 2 (.xt - .Xt_ )
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Af= —g”
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N f=—
\ J ot



Topology and Continuity

N\ - distance :

Forall X,,Y in A\, (we can assume? < s)

d/\(Xt’YS) = X[,S—t _Y

S

+5—1

[¢¢]

A\ - continuity :
A functional f :\ - [Jis A —continuous at X, LJA1f :
He>0, Ua >0:0Y, OA,
d (X, Y)<a=|f)-f(X,)|<e



Functional 116 Formula

Definition : a functional f : /A — [ is smooth if it is /\ - continuous,

C?in x and C' in t, with these derivatives themselves A - continuous.

Theorem
If x1s a continuous semi - martingale and X, denotes its path over [0, t],

then, for all smooth functional f and forallT =0,

PO = FOG)* [ B FX )+ B, F(X e+ [ B, F(X,)d (),

or, In more concise notation,

df :Axfdx+Atfdt+%Axxfd<x>



Fragment of proof

df = U= £
=(f ()= F(D)
+H(f (D= f(—)
H(f ()= ()

)

From Taylor expansion of f{¥) - £(Z) we get,
withéx =X (0)-X (v Jand & =¢ —7v_,

E=% (FIT)-FIZ)) =2 A FIZ )6r B
+;—Zﬁ SIZP 0 en) B

with & e (0,1)

B =% & f(Z)er =T A FIX_)éx B
+ 5 (a FT -4 FUE e B
+ T (8 FIZ0-a FIU D)8 B

B =3 A fIX Yox —— [ & fIX Jdx
Bsh fIUY-A FOF _J=4 FOE_ )6 S8max & f, B, ——0
Ahsd F(ZY)-a fIU)Y ke B, ——0

2B =F A FIZ776) =T A FE_)6x) B
+ 3l FZTY-a, A2 bex) E
+F L AZ A FOE D)) g

B =T A SX @) =L~ lm B, =[ 4 £(X)a(r)
el FZ7 -0 FZ )<k @ L - lim B, =0

Aslh SZ )-8 X Dl=p FE .00 |¢ prox i f, L - Tim B, =0

L -lmB =] & f(X)dr

. 1p
L -lmB =§J' & FIEYADD



Functional Feynman-Kac Formula

Generalisation of FK to non Markov dynamics and path dependent payoft.

dx, =a(X,)dt+b(X,)dW,
For g suitably integrable, g : A, —» U, r: A\ - . Wedefine f :\ - U by

FOY=Ee V" 9217 =)

foru[0,2],Z,(u) =Y, (u)
where
forull[s,T],dz, =a(Z )du+b(Z,)dW,

Then, if f 1s smooth, it satisfies

A f(X,)*a(X D, F(X,)~r(X,) f(X,)+ 22

AXXf(XI) — 0

—I;r(Xu)d

F(X)

(apply functional Itd formula to the martingale e



Delta Hedge/Clark-Ocone

If fdefinedby f(Y,))=E[g(Z,)|Z, =Y,] 1s smooth,

then we have the explicit Martingale Representation :

8(X,) = ELg(X)I X 1+ [ b(X)A F(X,)dW,

From functional It6 and Feynman - Kac with r =0,
df (X,)=b(X,)A,f(X,)aW,
and
T
g(X)=f(Xp) = f(X)+[ BX)Df(X,)aW,
It can be compared to the Clark - Ocone formula

from Malliavin Calculus :

8(X,) = E[g(X,)I X, 1+ [ b(X,)EID,g(X,)| X,1dW,



P&L of a delta hedged Vanilla

Option Value P&L

Break-even |
points |
\0-\‘/_

—aN_0 s

S,




Functional PDE for Exotics

If f givenby f(Y,) = E[e_Lr(Z”)dug(ZT) | Z, =Y, ]is smooth,

then it satisfies
1,
A f(X,) +5b A fX)+r(X)A, f(X)x, - f(X,)=0

The 770 trade - off for European options also holds for path
dependent options, even with an infinite number of state variables.

However, in general /" and O will be path dependent.



Classical PDE for Asian

Payoff of AsianCall: g(X,)= (IOT x, du —K)"

Assume dx, =b(x,,t)dW, Define I, E_rx du, f(X,)=l(x,,1,,1)
0! al

/\/\//J\"H Al=x=>Af=x—
ol ar
PE
/\/\/_/’A‘I AXI:O:Axf:ﬂ’ xxf__l
Ox

Atf+lb2A f= o:>ﬂ xﬂ lbzal =0
o0 o 2 0x

ol .

xa—l 1s a bothering convection term.



Better Asian PDE

Define J, = E,[[ x,dul = [ x,du+(T =1)x,. f(X,)=h(x,.J,.0)

rAJ=0=nfF=2"

ot
/w/% ([ 0h oh

Af=—+T-0)_—

/\/\/_/J\I 0x 0J
ANJ=(T-1t) =+
J=0=0 0%h 0%h 0%h

A f=—+2(T~t +(T-1)"—
\ wf Ox> ( )aan ( ) 0J >
1 oh 1. ., 0°h 0°h 0°h
AFf+—b°AN f=0=>—+—b*(—+2(T -t +(T -1 —)=0
S ARG =0= g e e e D)



2) Robust Volatility Hedge



Local Volatility Model

« Simplest model to fit a full surface
 Forward volatilities that can be locked

%S:(r—q)dﬁa(s,t)dw

2 2
0C _*(K.T) > 0 C =gk % g1
oT 2 0K oK




Summary of LVM

Simplest model that fits vanillas

In Europe, second most used model (after Black-
Scholes) in Equity Derivatives

Local volatilities: fwd vols that can be locked by a
vanilla PF

Stoch vol model calibrated E[o’(S, =S]=0, .(S,1)

If no jumps, deterministic implied vols => LVM



S&P500 implied and local vols

S&P 500 local volatility surface
peet- A a1 |mp||ed VDlatIth suUrtace
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S&P 500 Fit

Cumulative variance as a function of strike. One curve per maturity.
Dotted line: Heston, Red line: Heston + residuals, bubbles: market
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Hedge within/outside LVM

1 Brownian driver => complete model

Within the model, perfect replication by Delta
hedge

Hedge outside of (or against) the model: hedge
against volatility perturbations

Leads to a decomposition of Vega across strikes
and maturities



Implied and Local Volatility Bumps
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P&L from Delta hedging

Assumer =q =0,dx, =./v,(x,,1) dW..
For g OA,,define f OAby f(X,) = E [g(X,)|X,]

By functional PDE, A f (X,) +%v0 (x,0)A_f(X,)=0

If yfollowsdy, = \/Z dW, with y, = x,, by the functional It6 formula,

0

8, = f(Y) = FU)+[ A F(X)dy, +[ A, F(Y,)dr +% [ v, f)dr

= P+ [ B, F Wy, [0 =, (3B, f (1



Model Impact

Recall




Comparing calibrated models

Recall

M, )=, v+~ Hga”(x 1 E® [, =v,(x,) D f(X,)| x, = x]dxdr

For a knock - out Barrier option,

M, -, () =%ij @ (x,0) E4[(v, =vy(x,t) D f(X,)| x, = x]dxdr

:lJ‘OTJ‘ @ (x,t) P, (x, HE® (v, —v,(x, t))Axxf(Xt)‘ x, = x, alive]dx dt

_'[ '[ alwe a falzve(-x t) EQv [(vt _vo(x’t))‘ X, =X, alive] dx dt

2
Ox
If v and v, are calibrated on the same vanilla options, E% [v, ‘ X, =x]=v,(x,1)

It amounts to evaluate the impact of conditioning by "alive":

E% v, ‘ x, = x,alive] — E%[v, ‘ x, = x]



Volatility Expansion in LVM

In general,

M, =0, +%j§j @ (6,0 E2 [, =v,(x,t) A f(X,)| x, = x]dxdt

In the case where visa LVM of the form v, +u :dx, = \/vo (x,,t) tu(x,,t)dW,

M, (v +u) =T, (v,) +% jOT j @ (x, ) u(x,)) E™ A, f(X,)| x, = x]dxdr
=M, () +IOTI m(x,t)u(x,t)dxdt

where m(x, ) = %cﬁ (6, NE“™ A, f(X,)] x, = x]



Fréchet Derivative in LVM

In particular,
— & (T o Téu Qv0+&4 —_
rlg(v0+eu)-ng(v0)+5j0 j @ (x,Dulx,t) E° A f (X,)] x, = x]dxdt

The Fréchet derivative in the direction of u satisfies:

[ +éu)—T1
<0,M,,u>=lim (o ra) =11, )
£-0 E

- %Ej @ (x.Ou(x.) E> A f(X,)| x, = x]dxdt

= jOTI m(x,t)u(x,t)dxdt

where

1
(0 =@ (LOE® B, f(X,)]x, =]

1s the sensitivity of g to the local variance at (x, ) (Fréchet derivative)



One Touch Option - Price

Black-Scholes model S,=100, H=110, 0=0.25, T=0.25

ol — el
70 TS a0 85 a0 85 100 105 110



One Touch Option - T

0.2




OT.:m(S5,1) =

1

2

[ d.P

[}




Up-Out Call - Price

Black-Scholes model S;=100, H=110, K=90, 0=0.25, T=0.25

0.25

02

0.15

01

0.05

80




Up-Out Call - I




UOC :m(S,1) = % r.o.P

0.25
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e
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Black-Scholes/LVM comparison

Up-and-Out Call price (=100, K=110, H=130)
1"“1’ T T T T T

B=ival) price
— LM price

|
1 10 20 30 40 A0 B0 70 80
implied wolatility

In this case, no volatility input of the Black - Scholes enables to reach the LVM price.



Vanilla hedging portfolio |

Recall m(x,t) = %qpv "(x,H)E S [A_f(X t)‘ x, = x]is the sensitivity of T,

to the local variance at (x,1).

Portfolio PF = [[a(K,T)Cy.; dK dT of vanillas hedges all small

volatility moves if and only if for all (x, t)

0°PF(x,1)
Ox”
How can we get the function a(K,T)?

=E[A M, (X)|x, =x1=E*[A, f(X,)] x, =x]= h(x,1)



Vanilla hedging portfolios |l

2
a) Fork(x,t), we define L(k) = a_k + 1—6 (ng)
or 2 O0Ox

2 2

0°Cy , . .. 0°Cy,
ForacallCy ., L( 3 >—) =0 with boundary condition 3 > (x,T) =0 (x)
X X

=—a(x,t)

KT

0°PF

aPF(x r)\x =x1=h(6n) == 5

k(x,t)= E®[A_f(X,)- (x,1) with h(x,1) = E®[A, f(X,)|

Thus, L(k) = L(h) +a.

_oh_19°(vh) (voh)

co)If wetakea =—L(h) = 6
t

then L(k) =0 with k(x,T)=0=>k =0

2
Ox,t, E*[A f(Xt)—a PZF
Ox

(x,t)‘ x, =x]=0 and f - PF has no sensitivity tolocal vol bumps

hence no sensitivity to implied vol bumps.

x, = x]



Example : Asian option

dx, :Edw Pay-off : g(X,) =

m(x,1) = %w (L DE®[A,_f(X,)

x10°

T +
Ixtdt - KJ S, = K =100 volatility \/E =20 maturity7 =1
0

x, = x]is the sensitivity of ', to the local variance at (x,?).




Asian Option Hedge

Robust volatility hedge with PF = [[a(K,T)C,, dK dT

a(K,T)=- erla (Vo(K,T)h(K,T))

ot 2 Ox’




Forward Parabola -

(ST2 - ST1 )2

r)

g(X

Payoft:

0

1

S, =100, 0

bJ

=2

2

I =1,




Forward Parabola Hedge
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Forward Cube - I

)3

T
100, 0 =10

=(S, -

g(X;)
1,T2 = 2, SO =

Payoft:
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Forward Cube Hedge
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Forward Start - I

Payoff &(X;)=(S, _Sn)+

T =1,T,=2,5, =100, 0 =10

0.04

0.0z




Forward Start Hedge
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One Touch Hedge




Link 77/Vega

Cancel Insensitive to
I I'=20 temporary shocks in o
Vega E|[) ST.di| =0 persistent shocks in o
] ] eany temporary shocks in
Superbucket | vS,7E [T|S;, = S] =0 o in the future

eany small shocks in implied
volatility today




Robustness

« Superbucket hedge protects today from first order moves
iIn implied volatilities; what about robustness in the
future?

 After delta hedge, the tracking error is

* Inthe case of discrete hedging in the model or fast mean
reversion of vol, variance of TE is proportional to

A



Hedgeability

« The optimal vanilla hedge PF minimizes

and thus coincide‘with the ]uperbucket ﬁge as

 The residual risk is

« The hedgeabillity o' an option is linked to Cedependency

of the functional gamma on the path



The Geometry of Hedging

Bruno Dupire 53



 In practice, determining the best hedge is not sufficient
Need to measure of residual risk

Residual risk of X

Residual risk of Y

e

Measure of hedging performance

remaining risk after hedging _ HHHXHZ —1— HX _HHXHZ

H>=1-
initial risk before hedging |x H2 |x H2




H2f0r0<&<2and—1<,0<1:

If p - lor2r L 0:H? L 1.
O-X

Ifo, =0,and p -~ -1: H* - 0.
X &Y highly correlated, Basket options hedgeable.

—
with similar volatility Spread options not hedgeable.



H-Squared Parabola vs Cube

H - Squarad




Ranking on Risk Scale:
Comparing Vanillas, Asian and
Barriers

Price [ std Risk (8) [ rarrael P
Call 7.98 | 0.68 (8.5 %) 1
Asian 461 | 0.47 (10.2 %) 0.69 (1.20)
DOC (H=280) | 7.81 | 0.63 (8.1%) | 0.93 (0.95)
UOC (H = 140) | 6.16 | 1.66 (27.0 %) | 2.44 (3.16)
UOC (H =120) | 1.46 | 1.13 (77.5 %) 1.67 (9.10)
UIC (H=120) | 6.52 | 1.34 (20.6 %) 1.97 (2.41)
OT (H=120) | 0.32 | 0.07 (21.6 %) 0.10 (2.57)

Figure: Summary of residual risk values for ATM exotic options T=1

Rank A (Relative)
1 DOC (8.1%)
Call (8.5%)
Asian (10.2 %)
UIC (20.6 %)
One-Touch (21.6 %)
UOC (H = 140) (27.0 %)
UOC (H = 120) (775 %) |

~Nloh e &WN

Bruno Dupire,

Figure: Ranking of ATM exotic options T = 1 from the safest to the riskiest
Bloomberg



Conclusion

lt6 calculus can be extended to functionals of price paths
Price difference between 2 models can be computed
We get a variational calculus on volatility surfaces

It leads to a strike/maturity decomposition of the volatility
risk of the full portfolio



