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1. PART 1: SINGULAR INTEGRALS

In 1956, A. P. Calderon and A. Zygmund proved boundedness on LP(Rn)

for 1 < p < 00 of singular integrals

. j" n(y)H j(x) = p.u. j(x - y) -I -I dy,
Rn y n

where n is homogeneous of degree 0 and has mean-value 0 on Ixl = I,

assuming only that DEL log+ L(lxl = 1). For such rough kernels, very

few weighted norm estimates are known. One derived in 1971 for power

weights Ixl!3 by B. Muckenhoupt and me is that

H is bounded on L1xl{3 if -1 < (3< p - 1.

In 1981, the range of (3 was shown to be sharp by D. Kurtz and me.

These results, as well as the original unweighted CZ result, are corollaries

of weighted estimates obtained in two joint papers with D. Watson in 1999
1
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and 2011 that I will sketch below. A 1993 paper written jointly with

S. Chanillo and Watson dealing with maximal functions and fractional

integrals related to starlike sets is also relevant. The fractional integrals

treated there have the form

~
. D(y)

Iaf(x) = f(x - y) I I dy,Rn y n-a
o < 0:' < n,

and then D is not assumed to have mean O. All the results are inspired by

unweighted estimates for starlike maximal functions obtained in 1973 by C.

P. Calderon. None of our general weighted results is optimal, even if D is

continuous except at a few points. But the results are sharp enough to in-

elude some known ones as special cases. Besides the two already mentioned,

they recapture weighted results of both Watson and J. Duandikoetxea

which assume the stronger condition D E Lr(lxl = 1), r > 1. Those

authors derive boundedness of H on the weighted space Lfv(Rn) under the

same conditions on w used by Kurtz and me for singular integrals with

LT-Dini kernels and multiplier operators.
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Our general results fall into two categories. First, there is an analogue

of the 1976 A. Cordoba-C. Fefferrnan estimate

IIHfila < CllfllL~v for all v > 0,

where the authors assume that the kernel of H is smooth but not nec-

essarily homogeneous. The operator W is the worsening operator Wv =

{NI (vT
) piT', r > 1, where M is the Hardy-Littlewood maximal operator.

Their result has been improved a lot by both M. Wilson and C. Perez, still

assuming more about the kernel than L log+ L.

We prove the following:

Theorem 1.1. Let n E L log+ L, 1 < r < 00 and 1 < p < 00. Then there

exists C = C(o" r, p) so that

IIHfila < CllfllL~vv for all v > 0,

where W is the much-worsening operator Wv = {MGNI(vT)}l/T.

What is G? It's big and related geometrically to o,. G is bounded on

JY(Rn) for all 1 < p < 00. Let's postpone an exact answer for the moment.
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The second category of results is one-weight estimates. To describe them

(and also the operator G), define a set S c R" by

S = {x : ID(x)1 > I}
Ixln -

= {x = rx' : Ixii = 1, 0 < r < ID (x') I* } .
S can be unbounded with a nasty boundary depending on properties of D,

but S is always starlike about the origin, and it has finite measure

1ISI = - IIDII£1·n

Associated with S is an averaging operator which allows cancellation,

namely,

Atf(x) = j' f(x - ty) signD(y) dy = ~ (' f(x - y) signD(y) dy,s tn JtS

where t > 0 and tS denotes dilation of S by t. D can be complex-valued

by using a suitable definition of sign D. Clearly, Atf(x) is dominated in

absolute value by a starlike average of If I ,

1 ('
IAtf(x)1 < tnJtSlf(x-y)ldy,
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but for our present purposes it is best not to discard the factor sign D or

insert absolute values.

A key fact we use is a representation formula for H f in terms of Atf (x),

assuming DEL log+ L with mean 0:

j'CX) di
H f(x) = n Atf(x) - + CD f(x),o -t where

1 j'CD = - D(x) log ID(x)1 dx.
n Ixl=l

If f is a Schwartz function, the formula holds for every x E R"; and the

right side converges absolutely. If f E L2, the formula holds in the sense

of L2 principal-value convergence. More can be said, but the weakest

conditions on f haven't been determined. Also, if one assumes only that

D E L1(lxl = 1) with mean-value 0, the formula still holds, without the

additive term CDf(x). The proof isn't short but relies basically just on

polar coordinates.

The formula allows us to study H f by decomposing the integral on the

right side of the representation formula, e.g., by using Littlewood-Paley

theory. Any particular characteristics of D are retained in the geometry of

S. This geometry is the hardest part to deal with.



6

We use what we call a stratified starlike cover of S. The idea is to

construct a collection of rectangles

{Rm,k for m = 0, 1, ... and 1 < k < km < oo}

which are centered at 0 with varying orientations and which efficiently

cover S. Here m measures size of Sl and k measures "branching" for given

size. The cover does not take sign Sl into account because the rectangles

are centered at O. More precisely, let 2: denote the unit sphere Ix'i = 1 and

define

2:0 = {x' E 2: : ISl(x')1 < I} ,

Also, let

1

Sm = the starlike set with polar boundary r = ISl(x')ln XI:,Jx').

PICTURE

Then it's easy to see that

00

S = Us; and s; n s, = {O} if m -I- f-
o
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Also, there are rectangles {Rm,k} satisfying

(1) Rm,k has center 0 and longest sidelength ~ 2'm.

(2) The cross-section of Rm,k perpendicular to its longest side is a square.

(3) s-. C U~:lRm,k and s: IRm,kl < C(n) ISml (stratification)

(4) S C Um,k Rm,k

(6) "£m.k(Tn + l)IRm.kl < 00 iff DEL log+L

PICTURE

Some typical one-weight results:

Theorem 1.2. Let DEL log+L) J~D = 0) 1 < p < 00) and w > 0 on R",

Then H is bounded on Lfv (Rn) if there is a finite constant C such that for

all m, k and every rectangle R which is a dilate or translate of Rm,k)
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This result is not sharp! In simple cases we know that replacing the

right-hand side by C IRI~.kl gives a necessary condition for boundedness on

~)' Note that C < < C IRI~lkl'

Theorem 1.3. Let Sl E L log+L, hSl = 0, and suppose that for all m, k

and every rectangle R which is a dilate or translate of Rm,k, w satisfies

with

2:(m + l)Cm,k < 00.
m,k

Then H is bounded on L; (RrI) .

When p i- 2, we need to strengthen the corresponding Ap-type condition

by adding a bump. For example,

Theorem 1.4. Let Sl E L log+L, f2:. Sl = 0 and 1 < p < 2. If there exists

r > 1 such that
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for all m, k and every rectangle R which is a dilate or translate of Rm,kJ

and if

L (m + I)Cm,k < 00,
m,k

then H is bounded on Lfv (Rn) .

An analogous result holds for the range 2 < p < 00 but then the r-bump

must be switched to the first factor, i.e., switched to the average of w. This

result is dual to the one for 1 < p < 2. Either T>bump condition follows

from the unbumped condition with r = I, but then the value of r may

depend on m and k, which is not the case in Theorem 1.4.

Why should p = 2 be better?!

Having said all this, we finally return to the question, "What is G in

Theorem 1.17" The answer is that G is defined in terms of star like maximal

functions for the sets Sm. For any starlike S, let

N1sf(x) = sup ~ I" If(x - y)1 dy.
t>O tn its

In 1973, C. P. Calderon obtained unweighted norm estimates for Ms· Un-

weighted estimates were also derived in 1988 by M. Christ and J. L. Rubio

de Francia. Both unweighted and weighted estimates were obtained in the
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1993 paper by Chanillo, Watson and me, and some are refined in the 2011

paper [WW], but this isn't the point.

The operator G is defined by

Gf(x) = 2:Jm + 1) lI:1smf(x).
m

2. PART 2: DEGENERATE QUASILINEAR EQUATIONS

I'll briefly review some recent work with D. Monticelli and S. Rodney

about local boundedness and local Holder continuity in H" of weak solu-

tions u(x) of some subelliptic quasilinear equations

div(A(x,u, \7u)) = B(x,u, \7u), (2.1)

where A(x, u, \7u) is R'n-valued, B(x, u, \7u) is real, and A, B satisfy struc-

tural restrictions on their size but not on their smoothness. We extend to

quasilinear equations some regularity results of [SW1, 2] for weak solutions

of linear subelliptic equations. The results are axiomatic in the sense that

they require knowing appropriate Poincare-Sobolev inequalities in advance.
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The sub elliptic nature will be expressed in terms of a symmetric nonneg-

ative definite n x n matrix Q(x) and its corresponding quadratic form

where D is an open set in H": The point is that Q(x,O may vanish when

Given Q(x) and 1 < P < 00, we assume IQI E Lft;(D). We consider the

degenerate Sobolev space W~'P(D) defined in [SW2] as the completion with

respect to the norm

1

Ilullw~,p(n)= (j~ lulP dx + j~Q(x, Vu)~ dX)p

, I

= (j~ lulP dx + j~ [Vu . Q(x)Vu] ~dX) p

of the class of LiPLoc(D) functions with finite W~'P(D) norm. Facts about

W~'P(D) are given in [SW2], as well as in [R] when p = 2. Elements of

W~'P(D) can be thought of as pairs (u, iJ) for which there is a sequence

{Uk} of LiPLoc(D) functions such that
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Unfortunately, iJ is generally not uniquely determined by u. For simplicity,

we will abuse notation and write iJ = Vu.

By definition, our weak solutions are pairs (u, Vu) E W~'P(D) which

satisfy

j~{V¢. A(x, u, Vu) + ¢ B(x, u, Vu)} dx = 0 for all ¢ E LiPo(D).

The required structural conditions are that for (x, z,~) E 0 x IR x IRn
,

there is an H'<vecuv: A(x, z,~) such that for a.e. x and all (z, ~),

(i) A(x, z, 0 = jQ(x)A(x, z, 0,

(ii) ~ . A(x, z, 0 > a-1ijQ(x) ~iP - hlzll' - g,
(2.2)

(iii) iA(x, z, ~)i < aijQ(x) ~iP-l + blzll'-l + e,

(iv) iB(x, z, ~)i < cijQ(x) ~i?jJ-l+ dlzlo-1 + t,

where a", ib, 6 > 1 are constants, and b, c, d, e, t,g, h are nonnegative func-

tions of x.
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The sizes of I, 'tP and 5 are restricted in terms of p and a natural "Sobolev

gain factor" 0" > 1 to be described below in (2.6):

I E (1, 0"(p - 1) + 1), 'tP E (1, p + 1 - 0"-1) , 5 E (1, po ) .

(2.3)

Note that the choice I = 'tP = 5 = p is allowed. In the case of the classical

Euclidean metric, non-degenerate Q and 1 < p < ti, the Sobolev gain is

0" = n/(n - p).

Except for a, which is constant, the coefficients b, c, d, e, t, g, h must al-

ways satisfy certain minimal local integrability requirements. In our main

results, we assume that they lie in appropriate Lebesgue or Morrey classes

related to P,O"",'t/J and 5.

Historically speaking, J. Serrin [S] studied regularity for quasilinear equa-

tions in the classical elliptic case Q(x) = Identity, but his structural condi-

tions are more restrictive than (2.2) in the sense that our ranges of I, ip ; 5

are wider. In fact, all these parameters are equal to p in [S]. In case

p = 2, our ranges correspond more closely to those in [G, p. 176] and

[GM], although we miss some endpoint values. These latter papers impose
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continuity conditions on coefficients which we do not assume, but which

lead to stronger regularity and also to results for systems. N. Trudinger

[T] also derived regularity results in the elliptic case, relaxing some struc-

tural conditions but assuming local boundedness of weak solutions. He

generally made the same parameter choices as in [8]. The equation for the

p-Laplacian, namely div(\7u l\7uIP-2) = 0, as well as Yamabe type equa-

tions 6u - Ru + Ruq-1 = 0 for q < 2n/(n - 2) (subcritical) are included

in the case Q(x) = Id, with p = 2 for the Yamabe type equations.

For simplicity, the only case considered below will be the one when all

parameters are p, i.e., 'ljJ = "(= 5 = p, and when all three drift functions

e = f = g = O. Other cases are considered in our papers but are more

complicated.

For the axiomatic framework, first, there should be a quasimetric p on

D. A typical ball B(x, T) with xED and T > 0 is

B(X,T) = {y ED: p(x,y) < T}.

Every B(x, T) is assumed to be Lebesgue measurable. Every B(x, T) IS

contained in D by definition.
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We always assume that

\/x E Sl, Ix - yl ~ 0 if p(x,y) ~ 0, (2.4)

and sometimes we also assume that

\/ x E Sl, P (x, y) ~ 0 if Ix - y I ~ O. (2.5)

If D(x, T) denotes the ordinary Euclidean ball with center x and radius T,

then (2.4) is equivalent to

\/x E Sl and T > 0, ~s > 0 such that B(x,s) c D(X,T),

while (2.5) is equivalent to

\Ix E Sl and T > 0, ~s > 0 such that D(x,s) c B(X,T).

It's easy to show that (2.4) implies that B(x, T) C Sl for every x E Sl if T

is smaller than a suitable TO = TO(X) > 0; here E denotes the Euclidean

closure of a set E C Sl.

Our first result concerns local boundedness of weak solutions. Given p

and Q, we will assume a Sobolev estimate: there exist (J > 1 and C > 0

such that for every BT = B (y, T) with y E Sl and 0 < T < T1(y) for some



16

(I~rlfa, IfIP")'~ < C [r (I~rllBc Q(x, v f)~ ) ~+ C~rli.IfIP) ~ 1
(2.6)

for all f E Lipo(Br} Here Lipo(BT) is the class of Lipschitz functions with

compact support in BT. Snce Q(x,~) = IJQ(x) ~12, (2.6) may be rewritten

The number o is the "Sobolev gain factor" mentioned earlier.

Remark. If the Poincare inequality

(I/" ) p~ (1 /" ») ~IB,I JB, If - fBrlPCJ < CT' IBT.I JEr Q(x, V f)~ ,

holds for all f E LiPloe (D), then (2.6) clearly holds as well.

We also require the existence of appropriate Lipschitz cutoff" functions

(called "accumulating sequences of Lipschitz cutoff" functions" in [SWl]).

For simplicity, I'll choose the least technical (and strongest) such hypoth-

esis: for some positive constants T, Nand C with T < 1 and for every

ball B(y, T') with 0 < T' < T'l (y), there is a sequence of Lipschitz functions
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SUPP7}l c B(y, I)

o < 7}j < 1 Vj

B(y,TI) C {x E B(y,,): 7}j(x) = I} Vj (2.7)

SUPP7}j+l C {x E B(y,,): 7}j(x) = I} Vj

The last condition is slightly different from its analogue in [SWl], and it is

actually weaker. The Loo estimate in the last condition can be replaced by

an LS-average over B(y, I) for certain s related to p and 0', but then our

statements become more technical.

Fortunately, there are cases of interest where these conditions automati-

cally hold. Given Q, a natural choice of p(x, y) is often the control metric

associated with Q, i.e., p(x, y) is the least time required for Q-subunit Lip-

schitz curves to connect x and y, where a Lipschitz curve 'Y(t) is called a

Q-subunit curve if
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In particular, in case Q is continuous and the control metric satisfies the

Fefferman-Phong condition p(x, y) < Glx - ylE for some E > 0, then Lips-

chitz cutoffs are known to exist for p-balls. The Fefferman-Phong condition

amounts to saying there are positive constants Co, E such that for every p-

ball B(x, r) with closure in D, there is a Euclidean ball D(x, r) satisfying

D(x, r) C B(x, Co rE). It clearly implies (2.5). Moreover, the required

Poincare-Sobolev estimates are known to hold when Q is constructed from

Horrnander vector fields or from Franchi- Lanconelli vector fields.

Under the simple assumptions above, our L'" estimate is as follows:

Theorem 2.1. Suppose that 1 < p < 00 and there exists a > 1 such that

the Sobolev estimate (2.6) holds for all W E LiPo(B) and all small balls

B = B(y,r). Let A(x,z,~) and B(x,z,~) satisfy the structural conditions

{2.2} with'Y = 5 = 1jJ = p and e = f = g = O. Suppose that the Lipschitz

cutoff' condition (2.7) holds for some T E (0,1). Let B(y, r) be a p-ball with
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r small. Given E > 0, define

z

[
_1 ]1:/

. a'(I+<)+ r" (_1_ f {h + d} (J/(l-l-fl)
IE1.1 JB,

If (u, \lu) E W~'P(D) is a weak solution of (2.1) in D, then

(2.8)

where C is a constant independent of u, E(y, r), b, c, d and h.

Remark. The proof of Theorem 2.1 also provides an LP estimate for

the size of y'Q\lu, namely, under the same assumptions as above,

(2.9)

where the norms are now unnormalized.

The constant C is independent of E(y, r) but the factor Z is not, and the

hypothesis does not imply that Z is bounded as y and r vary. Of course

Z is bounded if all the coefficients b, c, h, d are bounded functions. If they

are not, then boundedness of Z amounts to assuming that the coefficients

belong to appropriate Morrey classes. Unfortunately there is no simple
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characterization of Morrey classes in terms of Lebesgue classes. But by

assuming specific growth conditions on IB(y, r)1 in terms of r , it is easy to

bound Z in terms of Lebesgue classes, and the bound will be independent

of B(y, r).

Under the hypothesis of Theorem 2.1, the growth condition needed is

IB (y , r) I > Co rP(J1 (2.10)

for all small balls B (y, r). This condition is related to, but generally weaker

than, the local doubling condition of the same order:

p(J1

IB(x, R)I < c (~) IB(y, r)1 if B(y, r) c B(x, R).

We obtain

Corollary 2.2. With the same hypothesis and notation as in Theorem

2.1) but now also assuming that condition (2.1 0) holds) and that b E

1

IluIIL=(B(y,H)) < C CB(~,r)1 k(y,r) lulPr' (2.11)
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uihere C depends on all releoosit parameters including E, the constant in

condition (2.10) and the sum of the correspoiulino norms of b, c, d, h ouer

B(y, T), bu: does not depend on either u OT B(y, T).

If b, c, d, h are bounded, no growth condition is needed. Also, in case

we are dealing with the standard Euclidean metric, then po' = n and the

growth condition (2.10) is automatically true. Hence, the corollary includes

Serrin's local boundedncss result.

The main reason we want Z to be bounded as B(y, T) varies is to be able

to derive Harnack's inequality and local Holder continuity of weak solutions

in addition to mere local boundedness. Both are true provided we add a

local Poincare assumption and doubling to the assumptions above. The

sort of local Holder continuity obtained is then in terms of the quasimetric

p. One can instead obtain ordinary Holder continuity (with respect to

Euclidean distance) by assuming the Feff'erman- Phong condition relating

p(x, y) and [z - YI·
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The Poincare estimate we need is weaker than the one mentioned earlier

because it requires no gain in the order of integrability, but only that

1 1C~'IfEe If - hiP r < Cr C~'Ik Q(x, \7 j)~ r '
for all f E Liploc(D). This is completely consistent with the linear case

studied in [SWl, 2] when P = 2.

Under the simplified structural assumptions above and with the same

hypothesis as in the local boundedness theorem, plus the Poincare estimate

and doubling for p-balls, the forms of Harnack's inequality and Holder

continuity are as follows:

Harnack's Inequality: Let (u, \lu) be a weak solution in B(y,r) with

Y E D and r small. If u is nonnegative, then

ess sUPB(y,CT)U < Cess infB(y,CT)U,

where c, C are independent of U and B(y, r).



23

Holder Continuity: If (u, \lu) is a weak solution in B(y, r) with yEn

and r small, then for x, x' E B(y, cr),

1 a

lu(x) - u(x')1 < C (IE(1 )1 j' IUIP) p (P(X, Xl)) ,y, r B(y,T') r

where C, c, a are positive constants independent of u and B(y, r). If the

Fefferman-Phong condition holds, then p(x, x') may be replaced by Ix-x'IE•

Finally, we note that these forms and the hypotheses required become

more complicated if the exponents 'l/J, ,",(,<5are not p, or if e, i,g are not O.

In fact, the most general hypotheses are quite varied, but the general phi-

losophy for obtaining them is to determine what is needed to appropriately

bound the factor Z.
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