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1. Introduction and main results

Standard Calderén-Zygmund theory: Let T be a bounded operator on L?(X)
where X is a doubling space. Assume that the kernel of T satisfies the
Hérmander condition, then T is of weak type (1,1), bounded on LP(X),

1 < p < 00, bounded from the Hardy space H*(X) into L*(X) and bounded
from L°°(X) into BMO(X). One can also obtain boundedness of the
commutator of T and a BMO function on LP(X).

In the last ten years or so, there are lots of research devoted to the study of
boundedness of T when the kernel of T is rough and does not satisfy the
Hormander condition. A successful approach is to define certain Hardy spaces
associated to T itself, then show that T maps this Hardy space into L*(X).
Then one can interpolate between L2 and this Hardy space to obtain
boundedness of T on L? or HP for 1 < p < 2. For p > 2, one can study
boundedness of T from L*(X) into certain BMO space associated to T.

In this talk, we present certain results along this line for T and its commutator
with a BMO function.



Let (X, d, ) be a metric measure space endowed with a distance d and a
doubling measure p, i.e.

V(x,2r) < CV(x,r) < oo, (D

where B(x,r) ={y € X : d(x,y) < r} and V(x,r) = pu(B(x,r)).
Note that the doubling property implies the following strong homogeneity
property,

V(x,Ar) < eA"V(x,r) 2
for some ¢, n > 0 uniformly for all A > 1 and x € X. The smallest value of the

parameter n is a measure of the dimension of the space. There also exist ¢ and
N,0 < N < n, so that

Vv < (149 ”) Vix,r) 3)

uniformly for all x,y € X and r > 0.

We will write B for B(xg, rg) and for A > 0, AB means the \-dilated ball,
which is the ball with the same center as B and with radius r\g = Arg. For
each ball B C X we set

So(B) = B and S;(B) = 2B\ "'B for j € N.



Assume that there exists an operator L defined on L2(X). For our results, we
will need some of the following assumptions:

(H1) L is a non-negative self-adjoint operator on L?(X);
(H2) The operator L generates an analytic semigroup {e~*}:~0 which satisfies

the Davies-Gaffney condition. That is, there exist constants C, ¢ > 0 such that
for any open subsets Ui, Ux C X,

_ d.iSt(Ul7 U2)2

—tL <
(e fl,f2>|7Cexp( -

MAllzolBlleey, ¥E>0,  (4)
for every f: € [*(X) with supp f; C U;, i = 1,2, where

dist(Ui, U2) := infecu, yeu, d(x, y).

(H3) The kernel p:(x,y) of e~ satisfies the Gaussian upper bound, i.e. there
exist constants C, ¢ > 0 such that for almost every x,y € X,

C d*(x,y)
lpe(x, y)| < V() exp (_T> ,VE> 0. (5)



Remark
The Gaussian bound (H3) implies the Davies-Gaffney condition (H2).

We list a number of examples:

(i) The Laplace operator A on the Euclidean space R" satisfies (H1) and (H3).
So do the second order non-negative self-adjoint divergence form operators
with real bounded measurable coefficients on R". Second order divergence form
operators with complex bounded measurable coefficients on R” would satisfy
(H2). They satisfy (H3) for low dimensions n but might not satisfy (H3) for
higher dimensions n.

(ii) Schrédinger operators or magnetic Schrédinger operators with non-negative
potentials satisfy (H1) and (H3).

(iii) Laplace-Beltrami operators on all complete Riemannian manifolds satisfy
(H1) and (H2) but do not satisfy (H3) in general.

(iv) Laplace type operators acting on vector bundles satisfy (H1) and (H2).



Our aim is to study boundedness of certain singular integral operators with
non-smooth kernels and boundedness of their commutators via estimates on
related function spaces.
Denote by H?(X),0 < p <1, the Hardy spaces associated to the operator L.
Assume that T is a bounded operator on L?(X). There are a number of known
sufficient conditions on T or its associated kernel k(x, y) so that
[2-boundedness of T can be extended to other spaces such as Lebesgue space
LP, p # 2, Hardy spaces, and BMO spaces. Another natural question is to
study boundedness of the commutator of a BMO function b and T which is
given by

[b, T|f := bTf — Thf

for all functions f with compact supports.

We aim to establish a sufficient condition on an L? bounded operator T so that
it implies the following:

(i) T is bounded from the Hardy spaces H/(X) to LP(X), 0 < p <1; and

(i) the commutator [b, T] is bounded from H(X) to L»*°(X) under the extra
assumption that T is of weak type (1,1).



The main result is as follows.

Theorem

Let L be an operator which satisfies (H1) and (H2). Let0 < p < 1. Let a be a
(p,2, m)-atom in the Hardy space H} associate to the operator L. Assume that
T is a bounded operator on L*(X) so that Ta satisfies the estimate

1
2
(/ ITalzdx) < C27¥mV(B)> (6)
Si(B)

for any (p,2, m)-atom a supported in the ball B.
Then, we have:

(i) T is bounded from H;(X) to LP(X); and

(i) in addition, if T is of weak type (1,1) then the commutator [T, b], where
b is a BMO function, maps continuously from H; to L1°°.

Remark

(a) There is no explicit regularity condition on the kernel of T, so in general T
is not a standard Calderén-Zygmund singular integral operator.

(b) As applications, we will obtain boundedness of various singular integral
operators and their commutators which do not belong to the class of
Calderén-Zygmund operators.

(c) By interpolation T is bounded from HI(X) to LP(X) for 0 < p < 2.



2. Hardy spaces associated to operators

The theory of Hardy spaces associated to generators of semigroups was
developed in the last fifteen years by P. Auscher, X. Duong, A. Mclntosh, L.
Yan, S. Hofmann, S. Mayboroda and others. Hardy spaces associated to
non-negative self-adjoint operators satisfying Davies-Gaffney estimates was
developed recently by S. Hofmann, G. Lu, M. Mitrea, D. Mitrea and L. Yan for
p =1, and by J. Li and X. Duong for 0 < p < 1.

Let L be an operator which satisfies (H1) and (H2). Consider the area
integrals associated to L

Shf(x) = / / NGE e ()P \‘j’(ix(ft))ﬁ)m, xeX (7)

where K is a positive integer and f € L?(X). We shall write S, in place of Sy 1.
For each integer K > 1 and 1 < p < 0o, we now define

DKyp:{fef(X): sh,KfeLP(X)}, 1<p< oo



Definition

Let L be a non-negative self-adjoint operator on L?(X) satisfying the
Davies-Gaffney condition

(i) For each 1 < p < 2, the Hardy space H} s, (X) associated to L is the
completion of the space D1 in the norm

Hf”H‘L”sh(X) = |\5hf“L"(X)~

(ii) For each 2 < p < oo, the Hardy space Hf(X) associated to L is the
completion of the space Dk, in the norm

n
Hf”Hf,sh(X) = HS”vKUfHL”(X)’ Ko = |:§:| + 1.

It can be verified that Hj (X) C L'(X), H s,(X) = L*(X) and the dual space
of Hf 5, (X) is Hf,/s,,(x) where 1/p+1/p' =1

Hence in general, we have H}(X) C LP(X) for p € [1,2) and by duality
LP(X) C HP(X) for p € (2,00).

However, if L satisfies (H1) and (H3), then it was known that H/(X) and
LP(X) coincide for all p € (1, 00).



Let us describe the notion of a (p, 2, M)-atom, 0 < p < 1, associated to
operators on spaces (X, d, u). In what follows, assume that

MeN mdM>ﬁ%%Q, (8)

where the parameter n, thought of as a measure of the dimension of the space
X, is the smallest value for the doubling property holds. Let us denote by
D(T) the domain of an operator T.

Definition
A function a(x) € L*(X) is called a (p,2, M)-atom associated to an operator L
if there exist a function b € D(LM) and a ball B of X such that

(i) a=LMb;
(ii) suppLl¥b C B, k=10,1,...,M;

5, k=0,1,..., M.

[N

(iii) |(r3 L) bl 2(x) < r3" V/(B)

In the case (X) < oo the constant function having value [p(X)] » is also

considered to be an atom.



Definition

Given0 < p<1and M > "(%P)' the atomic Hardy space Hf ., (X) is defined
as follows. We say that f =Y \ja; is an atomic (p, 2, M)-representation if
{Nj}20 € IP, each aj is a (p, 2, M)-atom, and the sum converges in L*(X). Set

H‘L),at,M(X) = {f : f has an atomic (p, 2, M)-representation},
with the norm given by
HfHH’Z,a,M(X) = inf{(z INIPYY2 = Z Ajaj is an atomic (p,2, M)-representation}

The space H; . y(X) is then defined as the completion of H ,, 1,(X) with
respect to the quasi-metric d defined by d(h,g) = ||h — gHH;Z ) for all
h7 g € Hf,at,M(X)'

In this case the mapping h — ||hHHf x)»0 < p < 1isnotanorm and

t,M
d(h,g)) = lh—gllwp , x) is @ quasi-metric. For p =1, the mapping

h— HhHHﬂ,at,M(X) is a norm. A straightforward argument shows that HE e (X))
is complete. In particular, Hiat,M(X) is a Banach space and Hﬁyat’M(X) — [
In general, for p € (0, 1], by Hélder inequality we obtain H}(X) C LP(X).



A basic result concerning these spaces is the following proposition.

Proposition
If an operator L satisfies conditions (H1) and (H2), then for every 0 < p <1

and for all integers M € N with M > "(24;”), the spaces Hf , 1,(X) coincide
and their norms are equivalent.

We next describe the notion of a (p, 2, M, €)-molecule associated to an
operator L.

Definition

Let 0 < p<1,0<eandMeN. We say that a function o € L? is called a

(p, 2, M, €)-molecule associated to L if there exist a function b € D(LM) and a
ball B such that

(i) a=LMb;
(i) Forevery k=0,1,...,M and j =0,1,..., there holds

l(r&L)* blli2(s;(8)) < raM2 JEV(2’B)2‘E
Proposition

Suppose 0 < p <1 and M > "(2PP If  is a (p, 2, M, €)-molecule associated
to L, then o €

£(X) is independent of m.



We introduced the Hardy spaces Hf,sh(X) for p > 1. Now consider the case
0 < p < 1. The space H] 5, (X) is defined as the completion of

{f € L2(X) : |ISfllirex) < o0}
under the norms given by the LP norm of the square function; i.e.,
||fHHf,5h(X) = ||Shf]|e(x),0 < p < 1.

Then the “square function” and “atomic” HP spaces are equivalent, if the
parameter M > 2 ”) In fact, we have the following result.
Proposition

Suppose 0 < p <1 and M > "= p). Then we have Hf ,, \, = Hf 5, (X) and
their norms are equivalent.

Consequently, as in the next definition, one may write HL ot in place of Hf,at,/\/l

when M > TPl Precisely, we have the following definition.

Definition
The Hardy space Hf(X),p > 1, is the space

HE(X) := H[ 5,(X) := H[ ,(X) := H[ , u(X), M > n(2 = p)/4p.

Note that when L = —A on R", the space H! coincides with the classical
Hardy space.



3. Boundedness of singular integrals and their commutators

To prove that an operator T is bounded on Hardy space H which possesses an
atomic decomposition, it is not enough in general to prove that Ta is uniformly
bounded for all atomic functions a. However, if the operator T satisfies extra
condition such as being L? bounded (or even the weaker condition of weak type
(2,2)), then the uniform boundedness of Ta does imply the boundedness of T
on HJ(X). More precisely, we have the following result.

Proposition
Suppose that T is a linear (resp. nonnegative sublinear) operator which maps
L2(X) continuously into L>*°(X). The following statements hold:

(i) If there exists a constant C such that
[| Tal| 1,0 < C

for all (1,2, m)-atoms a € H}(X), then T extends to a bounded linear
(resp. sublinear) operator from H}(X) to L*°(X).

(ii) If there exists, for 0 < p <1, a constant C such that
||Ta||Lp < C

for all (p,2, m)-atoms a € H}(X), then T extends to a bounded linear
(resp. sublinear) operator from H(X) to LP(X).



The Proposition above is used in the proof of the Main Result.

Proof of Main Theorem (i) It suffices to show that for any (p,2, m)-atom a,
for m > "(i—;”), associated to the ball B, we have || Ta||» < C.

Indeed, we have

MS

[ @rauco =3 [ (Tardnto

5i(B)

.
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o

I
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X
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By Jensen and Holder inequalities and (6), one has, for each j,

K < VIS(B) 11 Tal a5
< CV(2B)E2 Iy (B)s
< cn=F)—2mp
This together with m > ”(2 p) give

/(Ta)pdu(x) <cy 2 n=F)=2me <
X

Jj=0

The proof of (i) is complete.



(if) We now show that there exists a constant ¢ > 0 such that
c
u{x € M :|[b, T]a| > A} < —||b||smo

for all (1,2, m)-atom a, m > 7, and all A > 0.
Suppose that a is a (1,2, m)-atom associated to the ball B. Setting
bg = ﬁ fB bd i, we have

[b, T]a(x) = [b(x) — bg] Ta(x) + T([bs — bla)(x).
Therefore,

Ap{x € M :|[b, T]a| > A} < Au{x € M : |[b(x) — bg] Ta(x)| > A/2}
+ Ap{x € M |T([bg — bla)(x)| > A\/2} = E1 + E>.

Let us estimate E first. Since T is of weak type (1,1), one has, by Holder
inequality

E<C /M l1bs — b(x)]a(x)|dpa(x)

< Cl|(be = b)lli2(s)lal 125y < ClIbllamo V(B)/2V(B) ™2 = C||bl|mo-



Now we proceed with the term E;. Obviously,
£ < C [ [[b(x) — be] Ta(x)|dn(x)
X

= €3 [, ot~ el Tt

<> [ 00~ busl Tal)ldu(x) + €S [ lbs byl TaGo)ldit).
j=0 7 5(B) j=0 7 5(B)
By Hélder inequality, (6) and the fact that |bg — byg| < ck||b||amo, we have,

/5( ) |[b(x) — byig] Ta(x)|dp(x) < Cl|[b(x) — byiglli2isll Tall2(s;(8)
)

< CV(@B)"||bllawo2 2" v(B) V> )

< 272" |b|| sumo.



/ I[by — be] Taldu(x)
S;(B)

< Cj|\b||BMo/ | Taldp(x) (10)

Sj B
< GV(2'B)"?||b||amo2 2™ V(B) 1/
< 27372 |b] | gmo-

The estimates (9), (10) together with m > % imply E; < C. The proof of (ii)
is complete.



4. Commutators of BMO functions and Riesz transforms on manifolds

Let X be a complete non-compact connected Riemannian manifold with
doubling property, p the Riemannian measure, V the Riemannian gradient. It
is well-known that the Laplace-Beltrami operator A satisfies conditions (H1)
and (H2). Denote the Hardy space associated to A by Hx(X).

Let T = VA™Y/2 the Riesz transform on X, and take b € BMO(X) (the space
of functions of bounded mean oscillations on X). We define the commutator

[b, Tlg = bTg — T(bg),

where g, b are scalar valued and [b, T]g is valued in the tangent space. In
[AM], it was proved that for any b € BMO(X), if A has Gaussian heat kernel
bounds, then the commutators [b, T] is bounded on LP(X) with appropriate
weights, for 1 < p < 2.

Our following theorem gives the endpoint estimate for [b, T] when p = 1.

Theorem

Assume that X satisfies the doubling property (1) and b €BMO(X). Then,
Riesz transform T = VA2 is bounded from HR to LP, for all 0 < p < 1.
Moreover, if the Riesz transform T = VA~Y? js of weak type (1,1) then the
commutator [b, T] maps Hx(X) continuously into L*>°(X).

Remark: It is known that if A has Gaussian heat kernel bounds, then

T = VA2 is of weak type (1,1).



Consider the following versions of the square functions

GF) = (/Ooo tIVe*t”f(x)Edt)”Z,

HF(x) = (/m Ve 25(x) o) v
gf(x) = (/m (VA B () ) 2

oo 1/2
hf(x) = (/ |Ae*fAf(x)|2dt) :
0
We have

Theorem

(i) G, H, g and h are bounded from HR (X) to LP(X) for any 0 < p < 1.

(ii) If A has Gaussian heat kernel bounds, then the commutators of a BMO
function b with either G or H or g or h are bounded from Hy to L.



5. Commutators of BMO functions and Riesz transforms associated with
magnetic Schrodinger operators

Consider magnetic Schrodinger operators as follows. Let the real vector
potential 3= (a1, - -, an) satisfy

ak € LIQOC(RH)7 Vk = 17 Ty, (11)
and an electric potential V with
0 < V€ Li(R"). (12)

Let Ly = 9/0xk — iax. We define the form Q by

o)=Y [ LiTgac+ [ viga
k=1 /R" R7

with domain D(Q) = Q x Q here
Q= {f e *(R"), Lyf € [*(R") for k =1,--- ,n and VVF € [*(R")}.

It is well known that this symmetric form is closed and this form coincides with
the minimal closure of the form given by the same expression but defined on
Cs°(R") (the space of C* functions with compact supports).



Let A be the self-adjoint operator associated with Q. lts domain is given by
D(A) = {f € D(Q), 3¢ € L*(R") such that Q(F, ) = / gpdx, v € D(Q)},
Rn

and A is given by the expression

Af = LiLif + VF. (13)

k=1

Formally, we write A= —(V —id) - (V —id)+ V. For k=1,--- n, the
operators L A~Y/? are called the Riesz transforms associated with A. It is easy
to check that the operators Ly A~'/2 and V1/2A~%/2 are bounded on L?(R").
Using the Gaussian heat kernel bounds, one can prove that for each
k=1,---,n, the Riesz transforms Ly A~%? and V*/2A~%/2 are bounded on
LP(R") for all 1 < p < 2.

Theorem
(i) The Riesz transforms Ly A=*/? and V*/2A=Y/2 are bounded from HE to LP
forall0 < p <1.

(ii) Let b € BMO(R"). Then the commutators [b, v1/2A*1/2} and
[b, LkA_l/Q] maps Hj, continuously into L%°°(X).



6. Application to spectral multipliers

Assume that L is non-negative, self-adjoint and satisfies conditions (H1). Let

F(L)f = / F(N)dEL(N)F
0
be the spectral multiplier F(L) defined by using the spectral resolution of L.
Our main result on spectral multipliers is the following.

Proposition

Assume that L satisfies conditions (H1) and (H2). Let F be a bounded
function defined on (0, c0) such that for some real number o > "(227;’3) + % and
any non-zero function 1 € C2°(3,2) there exists a constant C, such that

sup [1()F(£) e o(e) < Co (14)

where ||F|lwe.o) = ||(I — d?/dx?)*/?F||o. Then the multiplier operator
satisfies the following estimate

(/5-(8) ‘F(ﬁ)ade)% < C27V(B): (15)

for some § > "(247;”), for any (p,2, m)-atom a supported in B and sufficiently
large m.



Theorem

(i)

Assume that L satisfies conditions (H1) and (H2). Let F be a bounded
function defined on (0, o) such that for some real number o > "(227;") + %
and any non-zero function n € C2°(3,2), the condition (14) is satisfied.
Then the multiplier operator F(L) is bounded from H}(X) to LP(X) for
0<p<l.

Under the same assumptions as (i), the operators F(L) is bounded from
HP(X) to HY forall0 < p < 1.

Assume that L satisfies (H1) and (H3). Let F be a bounded function
defined on (0, 00) such that for some real number o > 2 + % and any
non-zero function n € C°(%,2) there exists a constant C, such that

sup [[n(-)F(t)weco sy < G- (16)
>0

Then the commutator of F(L) and a BMO function b is bounded from
HE(X) to L}*°(X).



References

[AM] P. Auscher, and J. M. Martell, Weighted norm inequalities, off-diagonal
estimates and elliptic operators. Part IV: Riesz transforms on manifolds and
weights, Math. Z. 260 (2008), 527-539.

[AMR] P. Auscher, A. Mclntosh, and E. Russ, Hardy spaces of differential
forms on Riemannian manifolds. J. Geom. Anal. 18 (2008), no. 1, 192-248.
[AR] P. Auscher and E. Russ, Hardy spaces and divergence operators on
strongly Lipschitz domain of R", J. Funct. Anal. 201 (2003), 148-184.

[CD] T. Coulhon and X. T. Duong, Riesz transforms for 1 < p < 2, Trans.
Amer. Math. Soc. 351 (1999), no. 3, 1151-1169

[DL] X. T. Duong and J. Li, Hardy spaces associated to operators satisfying
bounded H functional calculus and Davies-Gaffney estimates, preprint 2010.
[DOY] X.T. Duong, E.M. Ouhabaz, and L.X. Yan, Endpoint estimates for Riesz
transforms of magnetic Schrédinger operators, Ark. Mat. 44 (2006), 261-275.
[HM] S. Hofmann and S. Mayboroda, Hardy and BMO spaces associated to
divergence form elliptic operators, Math. Ann. 344 (2009), no. 1, 37-116.
[HLMMY] S. Hofmann, G. Lu, D. Mitrea, M. Mitrea and L. Yan, Hardy spaces
associated to non-negative self-adjoint operators satisfying Davies-Gaffney
estimates, to appear in Memoirs AMS.

[HMMc] S. Hofmann, S. Mayboroda and A. Mclntosh, Second order elliptic
operators with complex bounded measurable coefficients in L?, Sobolev and
Hardy spaces, preprint.



	1. Introduction and main results
	Hardy spaces associated to operators
	Hardy spaces HpL(X) for p1 
	The atomic Hardy spaces HpL(X) for p1
	A characterization of HpL,at,M(X) in terms of square functions

	Boundedness of singular integral operators and their commutators
	Commutators of BMO functions and Riesz transforms on doubling manifolds
	Commutators of BMO functions and Riesz transforms associated with magnetic Schrödinger operators
	Application to spectral multipliers

