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Outline

@ Pseudo-differential operators «» PDE (R")

@ This talk concern pseudo-differential operators on the torus

© We start with a brief review of pseudo-differential operators on R”
There is also a general theory on manifolds, and in the halfway there
is a particular theory on compact Lie groups, where one can exploit
the Fourier transform obtaining global representation of
pseudo-differential operators.
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Outline

@ Pseudo-differential operators «» PDE (R")
@ This talk concern pseudo-differential operators on the torus

© We start with a brief review of pseudo-differential operators on R”
There is also a general theory on manifolds, and in the halfway there
is a particular theory on compact Lie groups, where one can exploit
the Fourier transform obtaining global representation of
pseudo-differential operators.

@ In this talk we will present some results of theory of
pseudo-differential operators on the torus T".
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Pseudo-differential operators on R”

The euclidean quantization

In order to introduce our theory we need the Fourier transform

(Frou)(€) = 8(€) = (27) % / =% u(x)dx.

n
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Pseudo-differential operators on R"

Pseudo-differential operators on R”

The euclidean quantization
In order to introduce our theory we need the Fourier transform

(Frou)(€) = 8(€) = (27) % / =% u(x)dx.

n

One reason for this : The Fourier transform on R furnish the spectral
decomposition of the derivative operator, and we are interested in
problems related with Differential operators.
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Pseudo-differential operators on R"

Notation
Partial derivatives

L ou

Diu = (—I)& :

D%u = Dyr..D3? D" u;

Differential Operators

P(x,D) = > au(x)D"

laj<m

o 01 Qn

X X177 X

The order of P is m if there is v such that |a| = m and a,(x) # 0. The

coefficients a,(x) are considered C°.
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Basic properties:

Reconstruction formula:

) = [ ()

Another notation Frnf = f.
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Pseudo-differential operators on R"

Basic properties:

Reconstruction formula:

) = [ ()

Another notation Frnf = f.
Now writing P(x, D)f using the inversion formula

P(x, D)f / PN aa(X)E (Fref)(€)dE

|a|<m

P(X7€) = Z aa(X)‘fa

laj<m
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Symbols and Classes of Symbols

It is desirable to get more general operators considering a suitable class of
functions P(x, &) that we will call Symbols and the corresponding
operators are called Pseudo-differential operators

Symbol < Operator

The spirit of pseudo-differential calculus lives in the study of this relation.
One wants to deduce properties on pseudo-differential operators from
properties imposed on the corresponding symbols:
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Symbols and Classes of Symbols

It is desirable to get more general operators considering a suitable class of
functions P(x, &) that we will call Symbols and the corresponding
operators are called Pseudo-differential operators

Symbol < Operator

The spirit of pseudo-differential calculus lives in the study of this relation.
One wants to deduce properties on pseudo-differential operators from
properties imposed on the corresponding symbols:

Properties on symbol — Properties on operators
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Symbols and Classes of Symbols 5", 57

Notation: X
<E>=(1+¢P)2

J.DELGADO (DM UNIVALLE) DEGENERATE ELLIPTIC OPERATORS ON July 2011 8 /32



Symbols and Classes of Symbols 5", 57

Notation: X
<E>=(1+¢P)2

Kohn-Nirenberg 1965 Let m € R, we say that a function o(x, &) in
C>(R2") belongs to S™(R" x R"), if for all a, 3 there exists C, 5 > 0
such that

00080 (x,€)| < Cop < & >mo
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Symbols and Classes of Symbols 5", 57

Notation: X
<E>=(1+¢P)2

Kohn-Nirenberg 1965 Let m € R, we say that a function o(x, &) in
C>(R2") belongs to S™(R" x R"), if for all a, 3 there exists C, 5 > 0

such that
02080 (x,€)| < Cap < & M1

Lars Hérmander 1967 S7;(R"” x R")
0L (3, )| < Cap < & >mriorl

0<6<p<Léd<l.
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M .
Beals-Fefferman classes Sy, ;" and S(m, g) Hormander
Classes

Richard Beals-Charles Fefferman 1974.

05080(x,€)| < Cap®™ 1% (x, €)™ I(x, ).
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M .
Beals-Fefferman classes Sy, ;" and S(m, g) Hormander
Classes

Richard Beals-Charles Fefferman 1974.
05085 (x, €)| < Cap® 717 (x, €)™ FI(x, €).
Lars Hormander 1979, Weyl-Hormander calculus, S(M, g) classes

Hormander’s metric g
Hormander's weight M

|a(")( To)| < CeM(X H 1/2
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Some definitions

Hormander metric

X € R?", gx positive definite quadratic form on R?". We say that g is an
Hormander metric if:

@ Continuity:
AC>0,gx(Y)<C ' = Clogxpy <egx < C-gxiv.
@ Uncertainty principle: We define g3(T) = supyyo %,

g<g’.
@ Temperancy: We say that g is temperate if 3C > 0, J € N such that

gx (") o o J
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Some definitions

g—weight
We say that a strictly positive function M is a g—admissible weight if:

Q@ M is g—continuous: 3C > 0 such that and N € N
1 M(X + Y\
Y)< = —_— < C.
sz = (M) <€
Q@ M is temperate: 3C > 0 and IN € N such that

M(Y)

+1 . N
(Mwﬂ < Tt Eg(X V)V
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Examples

(i)
gl =< >V dP+ < £ > de? X e R,
p < 1 is equivalent to the continuity condition. The uncertainty principle
is equivalent to the condition § < p. The temperancy condition is
equivalent to the fact § < 1.
(ii) The function
X =(x8) =< &>,

is a weight for the metric g9, and 5;'7' = S(< &>m gPd) for all m € R.
(iii) The function
(x,§) =1

is a g—weight for every Hormander's metric g.
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Pseudo-differential operators on R"

Examples

(iv) The Beals-Fefferman classes can be obtained from:

8(x,6) = dX2/(,0(X, §)2 + d£2/¢(x7 5)2’

where the functions ¢ and & satisfy:

(HDe<C

(2) P > c;

(3) c < O(x,)®(y,n) " < Cand ¢ < o(x,§)p(y,n) "t < Cif

‘X - y’ < CQO(X,S) and ‘5 - 77’ < C¢(X7€)7

(4) R(x,0) < C < x >, where R(x,&) = ®(x,&)p lf)

(x,
(5) ¢ < R(x,E)R(y,n) " < C,if [¢ — 7] < cR(x,€)**

1

‘X _y| < CR(X7£)6R(}/, n)_éa

where ¢, C, ¢ are suitable constants.
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H m
Basics on S
P,

O Ifac S/:% and b € 5;';; then ab € 5Zé+m2.
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Basics on

Q Ifac Sm and b € Sm2 then ab € 5m1+m2.

Q IfaES 3 and b€5m2 then C(x, D)—a(x D)b(x,D) is a
pseudodlfFerentlaI operator and C(x,&) posses an asymptotic
expansion

HET o
C(x, &)~ ) —DgaDgh

R
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Basics on

Q Ifac Sm and b € Sm2 then ab € 5m1+m2.

Q IfaES 3 and b€5m2 then C(x, D)—a(x D)b(x,D) is a
pseudodlfFerentlaI operator and C(x,&) posses an asymptotic

expansion

jlor

! e «

C(x, &)~ ) —DgaDgh
|| >0
it means that for every N € N
jle
. ' hapa rTI1+m2 (p—0)N
C(x.6)— Y, -~ DfaDibeS)

0<|al<N
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Pseudo-differential operators on R"

L2 boundedness

Theorem :
a(x,§) € 5275 = a(x,D): > = 2
The Sobolev space H* (s € R) on L2 can be defined as

H(R") ={ueS: ﬁ\ < €3> 0(8))Pd¢ < o0}
Rn
lulle = ( /A < €57 (e)Pde)?
Rn

Theorem :
p(x,§) € Sy = p(x, D) : H® — H*™™
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L2 boundedness

A more general version

Theorem :
a(x,€) € S(1,g) = a(x,D) : [? — [

The Sobolev space H(m, g) can be defined as

H(m,g) ={uec S :a(x,D)uc [ Va(x,D) € OpS(m, g)}.

[ullt(m,g) = inf{[la(x, D)ul| .2 = a(x, D) € OpS(m, g)}

Theorem : For two g — weights my, m we have

a(x,§) € S(m,g) = a(x,D) : H(m1,g) — H(mi/m, g).
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Pseudo-differential operators on the torus

The idea of treating pseudo-differential operators on the torus with
symbols on T" x Z" was first suggested by M.S. Agranovich in 1979.

Special features on the torus:

1. Estimates about pseudo-differential operators on T" can be extended to
smooth manifolds diffeomorphic to T".

2. Results on T” can be reduced to the study of n = 1.

3. Periodic integral operators are a source of applications for the theory of
pseudo-differential operators on the torus.
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The Fourier transform on the torus

(Frou)(&) = 4(§) = / e Xy (x)dx.

n

f(x) = e (Fraf)(€)
¢
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The Fourier transform on the torus

(Frou)(&) = 4(§) = / e Xy (x)dx.

n

f(x) = e (Fraf)(€)
¢

On the discrete group Z" we shall define the partial difference operator.
Let 0 : Z" — C. Let ¢ € N",(¢j)j = 1, and (ej); = 0 if i # j. We define
the partial difference operator A¢; by

Ago(§) =o€+ ¢) —a(§)
and

a__ AQ Qn
e =g A

€ a €Ny,
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Symbol classes on the torus

The symbol o(x, €) is in the class S (T" x Z") for 1 < p,0 <6 < 1 if
08080(x, )| < Cop < & >mrleIBl
The operator A enjoys of good properties:

1. Leibnitz formula
2. Summation by parts
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Pseudo-differential operators on the torus

An [%(T") theorem

Theorem (Ruzhansky and Turunen 2007) : Let k € N and k > 3. Let
a:T" xZ" — C be such that

[8¢a(x,€)| < Cs,
for all |5| < k. Then

a(x, D) : L2(T") — L2(T").
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Symbol classes on the torus

The equivalence of Global and Local definitions of Periodic
Pseudodifferential operators was established by W. McLean (Math.Nachr,
1991) by directly studying charts of the torus.
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Symbol classes on the torus

The equivalence of Global and Local definitions of Periodic
Pseudodifferential operators was established by W. McLean (Math.Nachr,
1991) by directly studying charts of the torus.

More recently a different approach based on extension and periodisation
techniques the equivalence has been proved by M. Ruzhansky and V.
Turunen (Modern trends in pseudodifferential operators, 2007. )

Theorem. Let 0 <5 <1,0<p <1 Thesymbol a€ ST5(T" x Z") is a
toroidal symbol if and onIy if there exists a Euclidean symbol

a € S7(T" x R") such that & = a|rnxz». Moreover, this extended symbol
ais unlque modulo S7°(T"” x R").
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Pseudo-differential operators on the torus

Symbol classes on the torus

Theorem. (Equality of operator classes). For 0 <6 <1, 0<p<1we
have

OpS/T5(T" x R") = OpS™s(T" x Z"),

i.e., classes of 1-periodic pseudodifferential operators with euclidean
(Hormander’s) symbols in S75(T" x R") and toroidal symbols in
o5(T" x Z") coincide.
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Degenerate elliptic operators on R”

Cancelier-Chemin-Xu studied (Ann. Inst. Fourier, vol 43, no.4, 1993) the
existence of parametrices for sublaplacians

q
DNpy =) PiP

j=1

associated to a system of smooth real vector fields satisfying the
Hormander condition of order 2.

gx(dx, d&) = m™2(X)(< € >2 dx? + d&?),

where m is the Hormander's weight

m(X) = m(x,€) = (a(x, )+ < € >)3,

and a(x,§) = i Pf(x,f)z.
j=1
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000 et opeios o de s |
Non-homogeneous classes

oceS(mtg):
07080 (x, €] < Capm™ "7 Fl(x,6) < £ >
Example on R?
O, + 505,

“isin C°(R), A=\ for | A |< 2, Xis increasing, A = 4sgn()\) if | A |> 4.
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Pseudo-differential operators on the torus

Non-homogeneous classes

oceS(mtg):
000¢0(x, )] < Copm™ 17 Pl(x, ) < £ 1P

Example on R?

O + X105,
“isin C°(R), A=\ for | A |< 2, Xis increasing, A = 4sgn()\) if | A |> 4.
e J. Delgado. Estimations LP pour une classe d’opérateurs
pseudo-différentiels dans le cadre du calcul de Weyl-Hormander. Journal
d'Analyse mathématique, 2006.
e J. Delgado. LP bounds for a class of fractional powers of subelliptic

operators, Pseudo-Differential Operators: Complex Analysis and Partial
Differential Equations, Oper. Theory Adv and Appl. 2010.
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Non-homogeneous classes

More general, on R"™™ for n+m > 2
Ax+ %A,

where A, =37 D2 and Ay =37 D2, (=1,2,....
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Pseudo-differential operators on the torus

Non-homogeneous classes

More general, on R"™™ for n+m > 2
Ax+ %A,

where A, =37 D2 and Ay =37 D2, £ =1,2,.

e R. Beals, P. Greiner and B. Gaveau. Green's Funct/ons for some Highly
Degenerate Elliptic Operators. Journal of Functional Analysis, 165 no. 2,
p-407-429, 1999.

e L. Maniccia and M. Mughetti. Parametrix Construction for a Class of
Anisitropic Operators. Ann. Univ. Ferrara. 2003.

e J. Delgado and A. Zamudio. Invertibility for a class of degenerate elliptic

operators. Journal of Pseudo-differential Operators and Applications.
2010.
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Pseudo-differential operators on the torus

Non-homogeneous classes

M(x,t,6,7) = (O @+ 3 20N w2 < £5%)
i=1 i=1 i=1

Gurer(de dt,dé dr) = M2/ (xt.6,7) < &7 >0 " dd + ) di?
i=1

i=1
n
M7 16 7) < € >TRUTHO S T de
i=1

m

+< &7 >72 z:dT,-2
i=1

where < £,7 >= (14| £,7?)Y/2 and § = 1%6
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Pseudo-differential operators on the torus

Non-homogeneous classes

One can also prove a version for S(m, g) classes:
OpSpmt g(T" X Z") = OpSpe g(T" x R")
In order to ilustrate we shall consider a particular case on R?
O, + 505,
the metric
gx(dx, d¢) = (& + &+ < £ >) 7 (< € >% dx® + d€?),

and the weight

N

m(X) = m(x,€) = (& + BE+ < £ >)2.
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Pseudo-differential operators on the torus

Non-homogeneous classes

080ga(x, )] < Copm 1 Pl(x, ) < £ >IPI

(a first step of the proof) Let a € Syt o(T" x R"). If |a| = 1 and applying
the Lagrange Mean Value Theorem there exists 1 on the line from £ to
& + «a such that

Ag0JE(x, ) = DFOLa(x,€)
= 8?053(X, le=y-

Hence

10207 3(x,€)| < Cogm'™1171Pl(x, ) < >I7
<72Co pm' 1 (x ) < £ 171
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Pseudo-differential operators on the torus

Non-homogeneous classes

The last inequality is explained by
Lemma

If o € N3 there exist a constant C, > 0 such that for all x € T? ¢ € R?
andn € Q == [§1,61 + a1] X [&2,62 + a2]

(ped) <
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Non-homogeneous classes

For the proof of the existence one needs:

Lemma

There exists a constant C > 0 such that for all £, € R? and x € T? we
have

Nm(x, & +mn) <Cm(x,&)m(x,n)
iiym(x, €) <Cm(x,&+n)m(x,n).
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Pseudo-differential operators on the torus

Non-homogeneous classes

Lemma

If a € N% there exist a constant C, > 0 such that for all x € T?, ¢ € R?
andn € Q := [£1,&1 + a1] x [£2,82 + a2]

()" <c

Lemma

There exists a constant C > 0 such that for all £, € R? and x € T? we
have

Nm(x,&+n) <Cm(x,&)m(x,n)
iiym(x,§) <Cm(x, &+ n)m(x,n).
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Pseudo-differential operators on the torus

Lemma

Let a: T" x Z" — C be a measurable function such that for some v > 0,
|a(x,£)] < C < &>~ Then

a(x,D) : LP(T") — LP(T"); 1 < p < . (1)
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