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S
When do polynomials have their roots on the unit circle?

Theorem (Cohn, 1922)
A polynomial P(z) € C|z] has all its roots on the unit circle {|z| = 1} iff

o P(z) is self-inversive and

e P'(z) has all its roots in or on the unit circle {|z| < 1}.

P(z) € C|z], deg P(z) = d, self-inversive if

P(z) = ez9P(1/z) for some constant ¢.
Then
d .
P(z)=> A,  Aj=cAqs
j=0
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.
Ramanujan’s formula for {(2k — 1)

(QW — Z( 1Y B2jBak—2j <2j(> Y C(21(2_1) ((_1)kz +22k71>

_ =1 72kl 1)kt =1 z
- ; n2k—1 g27n/z _q +(=1) ; n2k—1 g2mnz _ 1"

for z € iQ.
Analog of Euler’s formula for {(2k):

(1)K By (2m)*F
2(2k)!

((2k) =
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Ramanujan’s polynomials

k

(2m)?k—1 2k\ 5  C(2k—1) K 2k—1
W Z_:( 1)JB2JB2k 2j 2J zY + f (( 1) z+z )
=1 Z2k—1 k1 =1 z
- 21 2k g2nnjz _ 1 (=1) 21 n2k—1 g2mnz _ 1

Rok—1(

k

Z szsz 2_] 2j
—_— 2z

=5 (2)!(2k — 2))!
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Theorem (M.R. Murty, Smyth, Wang (2010))
For k > 2, Ryk_1(2)
@ Has exactly four distinct real roots. The largest one tends to 2 as k
goes to infinity.
o All nonreal zeros lie on the unit circle

@ The only roots of unity that are zeros are

e Both £1 if k is odd.
o All four of e*27/3 f k = 1(mod3),

and no others.

Their motivation comes from Gun, M. R. Murty, and Rath (2010)...
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-
Theorem (Grosswald (1970))

Let
or(n) =) d¥
d|n
and set -
Fk(z) _ Z O'kn(kn)e27rinz
n=1

for Im(z) > 0. Then

F2k_1(2)—z2k—2/_‘2k_1 (_i> = %C(Qk—l)(z2k_2—1)+

Fok_1 is an Eichler integral

i)k z
Fi(z) = ((kz_ i)! /,-oo (E““(T) " %ikfl)> (o2
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(27?)21‘_1 k

W Z(_l)j82j82k—2j <2k> 7% 4 M ((—1)"2 n zzk_1>

P 2 2

_ =1 Z2k—1 1)kt =1 z

- 2 n2k—1 e27rn/z -1 + (_ ) z; n2k—1 e2rnz _ 1’
n= n=

Case k = 2, left-hand side yields

90((3
z4+522+1—#(z3+z) =0
T
has all of its zeros on the unit circle.

Is this true in general?
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Theorem

k

T)2k-1 , ,
Pi(2) 1:(2(2)/()! Z(_l)JB2jB2k72j (2;) 2%

+C(2k - 1) (zzk_l n (—1)kz)
Qu(z) == (22k n 1) Pu(z) — 24P, (2/2) — Pi(22),
Wi(z) = (22671 42) Pi(2) — 22%Pi (2/2) = Pi(22),

, 2k\ 5
Sk(2) ::ZEngzk,zj 2 zY.

j=0

have all its nontrivial roots on the unit circle.

v

Université rH'\

de Montréal

M. Lalin, M. Rogers, C. Smyth () Unimodularity of polynomials October 7-9, 2011 8 /25



2k—1 k
Qi(2) 3:(28/(; D (—1Y ByjBar—2j(2% — 1)(2% ¥ — 1) (2k) 2%

j=0
+C(2k — 1)(2%L — 1) ((—1)kz + 22

(27T)2k—122k k

(2k)! Z(_l)j32j82k—2j(1 - 21—2j)(1 _ 21—2k+2j) (2/() 2

Wk(z) = 2

Jj=0
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The polynomial Sk(z) appears in another identity of Ramanujan:

7 /2)2k+1 n m™n/2z
/2P - 5 2l 2

(- 1),(2)( a(n) sec 7rnz/2).

n2k+1

Université rH'\

de Montréal

M. Lalin, M. Rogers, C. Smyth () Unimodularity of polynomials October 7-9, 2011 10 / 25



|
Proof for Sk(z)

Uses

Theorem (Lakatos, Losonczi, Schinzel, 2002-09)
If

k
f(z) = Z Azl
j=0

is reciprocal and there is a ¢ € C such that

k
Al =Y |cAj = Adl
=0

then f(z) has all of its zeros on the unit circle. If inequality is strict, zeros
are simple.

v
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|
Proof for Sk(z)

The proof uses the Euler polynomial binomial convolution

3 (7) Ei(v)Ep_j(w) = 21 — w — v)En(v + w) + 2Ep1 (v + w).
j=0

and inequalities

4kH1(2f)]1 Ak (24!
2k(+1) > |Eak| > 57 ( —)172k '
s m2k+1(1+3 )
. T
41437172k
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-
Understanding the proof

k k
flz) =Y Az, Al =) " cAj — Adl
j=0 Jj=0

implies
c S20k+1) _ 1
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-
z=eé",
sin ((k+1)0)
sin (6)
has 2k extremes of absolute value > 1 and alternating sign in the unit
circle.
G+ r

S = —k,...,0,.. k-1
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2(k+1) _
We can replace 2 L
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.
Proof of Wk(z)

k
(2m) 2%k ' 1-2 1-2k42jy [ 2K\ 2
@) Z(—l)fBQJ-BQk_zj(l—z (1 -2 J) 2 7%

Jj=0

Wk(z) =

we will compare it with

2 k—3 3—k
T —k k=2 2—k 2 Z —Z
Wk(z)_(z +z )+€(z +z )+ (1721,2/() 7 _ 51
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Proof of Wy (z)

k
Wi(iz) = Az
j=0

2 k—3 3—k
(ko kv, T k2, 2k 2 2" -z
wi(z) = (2" +z )—l—g(z +z579) 4+ T

The A; have all sign (—1) .

A A; < 2
6 koo Ag Ay (1 —21-2K)

Combining with the Bernoulli polynomial binomial convolution,

—k .
z7 "W (iz
ZWZ) ) <03
Ao onerte

M. Lalin, M. Rogers, C. Smyth () Unimodularity of polynomials October 7-9, 2011 17 / 25



.
Proof of Wk(z)

wi(0) = cos((k — 1)8) cos(6) (7; v (1_;1_2,()>

+sin((k - 1)0) <<7T32 —2- (1_312/()) sinf+ 7= ;12k)sir::0)

If we evaluate at

= 2 (1-a)U(a—1,-a)

0 =
G G e (a,1-a)U(a-1,-a)

with certain a.
We obtain 2k points of absolute values > 0.3 and alternating sign. uuiersite th
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This method works as well with Qx(z)...

... but not with Py(z).

Université rH'\

de Montréal

M. Lalin, M. Rogers, C. Smyth () Unimodularity of polynomials October 7-9, 2011 19 / 25



-
A “generalization” of Cohn's result

Proposition

h(z) monic, deg h = n, all its zeros in |z| < 1.
d > n and any X such that |\| = 1, then

PN (z) = 297"h(z) + Ah*(2)

has all its zeros on the unit circle.
Conversely, P(z) monic self-inversive with roots on the unit circle, we can

always find h(z) (h(z) = 42,

Here h*(z) = z"h(1/z).
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Corollary
If

k
f(z) = Z Azl
=0

is reciprocal and

T
L

2[Akl = ) A = Ajal,

.
|l
S

then f(z) has all of its zeros on the unit circle.

Proof by looking at (z — 1)f(2).
This implies Schinzel’s result.
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Proof of Py(z)

Lemma

Let h be as before, with |h(z)| > ¢ > 0 for |z| = 1. Let e(z) be another
(not necessarily monic) polynomial deg e = m such that |e(z)| < c for
|z| = 1. Then for k > m, n the self-inversive polynomial

22k=1h(2) 4 ZKe(z) + A(h*(2) + 25" Me*(2))

has all its zeros on the unit circle.
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We can write,

_C(72rk) (2 +1)Pu(2) = Hr(2) + E(2)
Ha(z) = 225 O hy(2) + (—1)¥Ki(2),
Ea(z ): 2e(2) + (1) z¢f (2),

lea(2)] <0.019, k>11, |[z]=1

hy(z) = z® — 3.1415926542" + 4.2898681362° — 3.1415926542°
+1.125221668z* — 0.12996034222 + 0.026531411

Zeros satisfy |z| < 1 and
0.02146485500 < |ha(2)|, in {|z| =1}
Lemma to h4 and €4 with ¢ = 0.019. Universitéf‘“’\
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S
Further questions

o Explore consequences of the new criterion.

e Can we say anything about the arithmetic nature of ((2k — 1)7
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Thank you!
Mercil
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