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An example: Quantum key distribution
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The problem

m Unambiguous, 3-outcome
POVM: M., M_, M,

m Conclusive 2-outcome
> [04)(0"] (projective),

|6) (@l :
|p) = cos ¢|0) + sin@|1)

R minimal error: ming C



Optimal solutions
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q: Likelihood of preparing j.

o(q) = %arccot[(Zq —1)cota] = (= %[1 —V1-¢?7

where ¢ = cos o



Fixed and adaptive schemes
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Optimal C!
(For pure
states...)
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Pure and mixed states

Mixture v € [0,1]
v = 0: Pure
v = 1: Depolarized

Minimal single-copy error:

S V >>>> o

1 ,
Py = E[a—,+(1 —v)(6zcos atdy sin a)]
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Optimizing adaptively ends up worse than staying fixed!

Probability of error, C'n
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m Locally optimizing
vs. globally optimizing
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m Locally optimizing
vs. globally optimizing

m Fixed schemes
vs. adaptive schemes

m Moderate N
vs. large N scaling



Locally optimal fixed (LOF) scheme

q:1/2 \_N/ZJ
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n=0

for odd N.



Locally optimal fixed (LOF) scheme
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Globally optimal fixed (GOF) scheme
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Globally optimal fixed (GOF) scheme
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Locally optimal adaptive (LOA) scheme
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P+ P+ P+
¢1:miny, C ¢2 :miny, C ¢3 :miny C

1
dnr1(Pn) = > arccot[(2p, — 1) cota]

where pj, is an intermediate Bayes credulity.



Locally optimal adaptive (LOA) scheme

T T T T T
Z 02 =
9 O 02
o -
201 E 2
5} 3
8 S 01 f J
. 005 = ]
z LOF Z I
-_g 0.02 . CGOF é 0.05
& LOA oo r
001 1 n 1 1 1 n 1 n 1 1 1 n 1 n 1
2 4 6 8 10 2 4 6 8 10
Number of copies, N
T T T T T
> z
S 0 S
;o :
g 3
5 T 02t
> =
= 01t 1 b
£ B
2 4
E) E)
£ £
0.05 s L s L s L s L N 1 0.1 L L L L L
2 4 6 8 10 2 4 6 8 10
Number of copies, N Number of copies, N

a=7/6



Locally optimal adaptive (LOA) scheme
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Locally optimal adaptive (LOA) scheme
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Globally optimal adaptive (GOA) scheme
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Globally optimal adaptive (GOA) scheme

(NIE]

0.25

IH

0.5 F

Credulity, P,

edE]

0.75




Globally optimal adaptive (GOA) scheme

(NIE]

0.25

IH

0.5 F

Credulity, P,

edE]

0.75




Globally optimal adaptive (GOA) scheme

(NIE]

0.25

IH

0.5

Credulity, P,

edE]

0.75




Globally optimal adaptive (GOA) scheme
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Globally optimal adaptive (GOA) scheme
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The asymptotic limit

As N — oo:
CN ~ e_gN
Chernoff bound: 00 C
o og Cy
E=—Jm =N

Bounds on ¢: Hayashi'; Calsamiglia, de Vicente, Mufioz-Tapia,
Bagan?

"IEEE Trans. Inf. Theory 55, 3807 (2009)
2PRL 105, 080504 (2010)



Locally optimal fixed (LOF)
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Locally optimal fixed (LOF)
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Locally optimal fixed (LOF)
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Locally optimal fixed (LOF)

CLOF _ (cosMm N NI [(1— COSM)/COSM]N/2
N ( ) [(N/2)1]2 log[(1 — COSM) /COSM]




Locally optimal fixed (LOF)

CLOF COSM N NI [(1— COSM)/COSMIN/2
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Locally optimal fixed (LOF)

CLOF (COSM N NI [(1— COSMy/COSMN/2
N ( ) [(N/2)112 log[(1 — COSM)/COSM]

log C:%F ~ Nlog [2\/ (1 COSM)COSM]
—(1/2)log N + const.

Taking £OF = limy_, . log C-°F /N:

¢LOF _ _og [2\/(1 _ COSM)COSM]
= ~(1/2)log [1 = (1 = )%(1 = &)

For pure states, ¢-°F = —log ¢, ... C5°F ~ ¢V, as expected.



Globally optimal fixed (GOF)
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¢%9F = —log min  min [(Tr[&@])a(Tr[@p]) a+

0<a<i 0<¢<n/2

(migpa1)" (146°5.1)
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Adaptive schemes

m Calculate N to the asymptotic regime

m Large measurement trees

m Tabular sampling with cubic interpolation
m Estimation of infinite samples®

3Higgins et al. PRA 83, 052314 (2011)



Chernoff bounds
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Critical mixture
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Conclusions

m Multi-copy state discrimination schemes using local and
global optimization strategies

m Locally optimal adaptive measurements are only good
enough for pure states (unrealistic)

m If you only care about scaling, adaptivity is unnecessary

m If mixture is £ 2%, being clever doesn’t help scaling,
regardless of «
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