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My talk in a nutshell

When we do tomography, we should really report a 
region -- not a point -- in state (process) space.

Here’s how.





A larger nutshell
1. We use tomography to characterize quantum states and quantum gates.

2. The ultimate application is a fault-tolerant quantum computer.  
Our tomography must be very accurate, precise, and reliable.

3. Current methods -- point estimators -- are not up to the task.  The solution 
is region estimators, which support rigorous conclusions about devices.

4. Confidence region estimators are (currently) the best approach.

5. The most powerful ones are probability ratio (PR) estimators.

6. Among PR estimators, likelihood ratio (LR) estimators are:
(1)  Simple, elegant, and easy to implement.
(2)  Nearly optimal in the sense of  worst-case performance.

7. A complete algorithm for computing LR regions...
...but an important mathematical ingredient could be improved.



Tomography
We want to estimate a           density matrix   .
  (process tomography is isomorphic, so I won’t discuss it explicitly)

1.  Make measurements with at least
     linearly independent outcomes                      .

2.  Use the observed frequencies
              to estimate   .

What estimator --                 -- should we use?

1.  Linear inversion.  Yields negative estimates.
2.  Maximum likelihood.  Yields rank-deficient estimates.
3.  Bayesian inference.  Hard.  Requires choosing a prior.
4.  L1 regularization (compressed sensing). Low-rank bias.
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The Central Problem
Need “error bars” on any point estimate    !

Because    is never exactly the true state.
     ⇒ At best, it’s close.  Probably.
     ⇒ By itself,    has no meaning!

Quantifying how close and how probably 
converts a point estimator    
into a region estimator    .

What kind of  region estimator do we want?
                                ⇑⇓
What are we going to do with the estimate?

Why?
ρ̂

ρ̂

ρ̂
R̂

ρ̂

ρtrue

ρ̂

ρ̂ could
be here!



Application:  Fault Tolerance
Noise is deadly to [quantum] computations
⇒ we need 103 - 1022 consecutive perfect gates!
⇒ quantum gates can fail in weird ways (e.g., superposition)

So we design FT architectures robust to specific errors
⇒ nested error correction schemes 
     to simulate 1 good gate using N noisy gates.

Phase transition at the threshold error probability (10-8 - 10-3):
⇒ below the threshold, FT design works as N→∞.
⇒ above the threshold, reliable computation is impossible.

Requires very accurate and
 very reliable tomography.

You are probably 
hereabouts
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You are almost 
certainly here.

✗



Solution:  Region Estimators

Point estimators map data ⇒ a single state.

Region estimators map data ⇒ a region of  states

Some ad-hoc examples:

1. A point estimate 
+ error bars.

2. A point estimate 
+ large deviation bound.

3. Bootstrap (“resampling”) regions.



Why Region Estimators?
Region estimators can have a rigorous meaning:

“With probability at least α, the true state is in    !”*

Region estimators can justify statements like:

“My ancillae satisfy the fault tolerance threshold
 with 99.999999% certainty.”*

Point estimators cannot do these things.

* Stay tuned for precise interpretation & clarification!

R̂



A map    , from data ⇒ sets of  states

If  you observe data D, you report         .

Desiderata:

        should contain     with probability α.

        should be as small as possible.

        should be connected & convex.

So what’s a region estimator?

CORRECTNESS

POWER

(convenience)

R̂(D)

R̂(D)

R̂(D)

R̂(D)

R̂

ρ



FAQ
“Can’t we just put error bars on each measurement?”
No.  There are usually co-variances, too.
And your error regions would go outside the Bloch sphere.  
And it doesn’t work anyway because of  the Bonferroni effect.

“Can’t we just use MLE and do bootstrapping?”
No.  Bootstrap isn’t reliable for biased estimators.

“Okay.  But, our ‘error bars’ will be centered around the 
tomographic point estimate, right?”
No.  That’s like putting wings on a car, instead of  designing 
an airplane. We’ll derive optimal regions from scratch.

“Can’t you just tell us the answer!”
Okay.  But I need a couple more slides first...



Why not Bootstrap?
The bootstrap calculates standard errors
= variance of  a point estimator    (e.g.,          )

“Resampling”:  use           to generate many fake 
datasets.  Do MLE on them.  Look at the variance 
of  the cloud of  MLE estimates.

Unreliable!  because:
1.  MLE is not unbiased.
2.  Bootstrap calculates
standard error at       
not at the true   !

Standard errors are no good.

ρ̂ ρ̂MLE

ρ̂MLE

ρ̂MLE

ρ



Why not Bootstrap?
The bootstrap calculates standard errors
= variance of  a point estimator    (e.g.,          )
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ρ̂MLE

Example 1:  Biased estimators bad!

Consider the stupid estimator:

Its variance is always zero...
...so the bootstrap says “I have no 
uncertainty about ρ at all!”  ☹

ρ̂(data) =
1
2
1lρ̂MLE

ρ
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uncertainty about ρ at all!”  ☹

ρ̂(data) =
1
2
1l

Example 2:  Circular reasoning

Let’s do MLE on a qubit.
Measure Z once.  Get “up”.

⇒ every simulated dataset is “up”
  ⇒ every estimate is 
    ⇒ standard errors vanish!

ρ̂MLE = |↑��↑|

ρ̂ = |↑��↑|

ρ̂MLE

ρ



Good Region Estimators
Desideratum:           should contain     w/probability α.R̂(D) ρ



Good Region Estimators

Credible Region Estimator

Bayesian.  Requires a prior           .

Uses data to calculate 

Assigns            satisfying

GOOD: nice interpretation, easy 
to understand.

BAD: only valid if  rho is really 
drawn from            . 

Desideratum:           should contain     w/probability α.R̂(D) ρ

Pr(ρ)

Pr(ρ)

Pr(ρ|data)
R̂(D)

Pr
�
ρ ∈ R̂(D)|D

�
≥ α
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Confidence Region Estimator

Non-Bayesian.  No prior!

Must satisfy:
 

...which implies, unconditionally

 
GOOD:  absolutely reliable, even 
if  your worst enemy chooses    !

BAD:  interpretation is less 
straightforward & intuitive.
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Confidence Regions

Defining property of  confidence regions is correctness:

            is an α-confidence region estimator
                                         iff
                  

Does NOT imply:
“Given data D,     is in  
 with probability α.”

Instead:  “This procedure (estimator) will `succeed’ with 
probability at least α”.
 ⇒ “succeed” = “yield a region that contains    .”

R̂(D)

R̂(D)

Pr(R̂(D) � ρ|ρ) ≥ α . . .∀ ρ

ρ

ρ

 
requires a prior!

Pr(R̂(D) � ρ|D) ≥ α



Confidence Region Estimators

DATA ρunknown

SUCCESS
p > α

FAIL!
p < 1-α

1-α can 
easily be 

really small.
e.g., 10-9



Likelihood Ratio 
Confidence Regions



Q:  What do data D, generated  by an
unknown state   , tell us about   ?

A:  Everything is contained in the likelihood function

Properties of          :
⇒ It is not a probability distribution over   .
⇒ It is a function -- and assigns a value to each   .
⇒ It quantifies relative plausibility of  different states.
⇒ Its overall magnitude has no meaning.

The maximum of           is a popular point estimator:

The Likelihood Function

L(ρ) ≡ Pr(D|ρ) =
�

k Tr[Mkρ]nk

L(ρ)

L(ρ)

ρρ

ρ
ρ

ρ̂MLE = argmax [L(ρ)]



Recipe:  LR confidence regions

1. Take data

2.  Calculate the likelihood,

3. Normalize by its maximum,

4. Take the negative log, 

5.  The confidence region is:

...where           is a function of  the desired confidence (α),
and

90%

99%

D = {E1, E2, E3, . . . EN}

k = min(d2 − 1,# of independent observables measured)

L(ρ) =
�

k

Tr(Ekρ)nk

Λ(ρ) ≡ L(ρ)
maxρ� [L(ρ�)]

λ(ρ) ≡ −2 log Λ(ρ)

λcutoff

R̂(D) =
�
all ρ s.t. λ(ρ) ≤ λcutoff(α,k)

� 90%

99%



The End



The End

I left out “Why” and “How”

!



The End

Probability-ratio (PR) confidence regions optimize 
average power for a specified averaging measure.

Seeking the minimax estimator (best worst-case 
behavior) yields likelihood ratio confidence regions.

How to describe and use a confidence region.

How to calculate the threshold,           . 

I left out “Why” and “How”

!
λcutoff



Designing
Optimal 

Confidence Region Estimators



Desiderata

CORRECTNESS:  For every    , the total 
probability of  datasets D for which  
contains     must be at least α.

POWER:           should be as small as possible.

CONVENIENCE:           should be connected and 
(if  possible) convex.

R̂(D)

R̂(D)

R̂(D)

ρ

ρ



1.  Correctness
For every   , the total probability of  datasets D so 
that           contains     must be at least α.

Let    be connected to      iff                 .

Each    must be connected to
datasets with total probability α.

So ... which ones?

We choose the connections
to minimize the volume of          .

ρ ∈ R̂(D)ρ D

States Data

R̂(D) ρ
ρ

Pr(R(D) � ρ|ρ) =
�

D: R(D)�ρ

Pr(D|ρ) ≥ α

ρ

R̂(D)



2.  Power
We’ll choose connections
to minimize “typical” volume of          .

PROBLEMS:
1.  No unique way to quantify volume.

2.  We can’t simultaneously minimize
     volume for every dataset.

3.  In fact, we can’t simultaneously minimize
     expected volume for more than one true state.

But we can minimize the average expected
volume of           , w/r.t. any measure over   !

States Data
v

v

v

v

v

v

v
v

v

v

Less 
Powerful

More 
Powerful

R̂(D)

R̂(D) ρ



3.  Average Power
Probability ratio (PR) estimators (next slide) minimize the 
average of

w/respect to a measure               .

1.  Correctness does not depend on this  “prior”!
2.  Every “best” estimator is of  this form.
3.  Optimality holds for every volume measure!!!

Example:  A brash experimentalist chooses 

Effect:  Somewhat smaller regions for typical D
if             ... much larger regions otherwise!

Result:  Consequences fall entirely on the 
experimentalist -- NOT on the end user of  his conclusions!

V (ρ) =
�

D

Pr(D|ρ)V (R̂(D))

Pr(ρ)dρ

Pr(ρ)dρ = δ(ρ− ρ0)
ρ0

ρ = ρ0



4. Probability Ratio regions
For each state   , we rank the datasets
by an “attractiveness” function:

where

Each state gets connected to the most
attractive states (highest r), until it’s
connected to datasets w/total probability α.

Amazingly, this rule minimizes average expected 
volume -- according to any volume measure!!!

States Data

�
V

�
=

�
V (ρ)Pr(ρ)dρ

Pr(D) ≡
�

Pr(D|ρ)Pr(ρ)dρ

rρ(D) ≡ Pr(D|ρ)
Pr(D)

ρ



5.  Worst Case Power
We connect    to the datasets with the highest

...but what            should we pick?

GOAL:  defend against every    (worst case).

If              is low, then            will be large!...
            ...But that’s bad if       happens often.

IMPLICATION:              should only be small if  there 
is no     for which               is large.

Pr(D|ρ)
Pr(D)

=⇒ Pr(D) ∝ max
ρ

Pr(D|ρ) =⇒ Pr(D|ρ)
Pr(D)

=
L(ρ)
Lmax

Pr(D)

Pr(D�) R̂(D�)
D�

Pr(D�)
Pr(D�|ρ)

ρ

ρ

ρ

States Data



6.  Likelihood Ratio regions
Connect each    to datasets with high likelihood ratios:

It’s convenient to use the loglikelihood-ratio instead:

So:                                         , where                 is 
defined by the correctness condition:

Finally, we invert the relationship to get          :

Remaining technical problem:  determine              .

λcutoff(ρ)

R̂(D) = {all ρ such that λD(ρ) ≤ λcutoff(ρ)}

ρ ∼ D iff λD(ρ) < λcutoff(ρ)

ΛD(ρ) ≡ L(ρ)
Lmax

R̂(D)

ρ

λD(ρ) = −2 log ΛD(ρ) ≥ 0

�

D: λD(ρ)<λcutoff (ρ)

Pr(D|ρ) � α

λcutoff(ρ)

ρ̂MLE



The Cutoff
Cutoff  ⇒ size of  regions ⇒ correctness & power:
Too low? NOT CORRECT     Too high? NOT POWERFUL

Set                based on the complementary 
cumulative distribution function of    , given   : 

The state-dependent
cutoff  fluctuates...
⇒           not convex!

So we use a constant upper bound             instead.

λcutoff(ρ)
λ

R̂(D)

F (x) ≡ 1−
� x

0
Pr(λ)dλ F (λcutoff) = 1− α

λcutoff

!2 theory
exact

bound

ρ



Describing Regions

Likelihood region confidence regions are about as 
convenient as possible...

...But how do you describe an arbitrary convex 
region in density matrix space??

???
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Describing Regions

Likelihood region confidence regions are about as 
convenient as possible...

...But how do you describe an arbitrary convex 
region in density matrix space??

???

Minimum
Bounding

Hypersphere

Minimum-volume
Bounding Ellipsoid



CRs in daily lab/theory life

Why an experimentalist should estimate CRs every day.

You want to estimate the error in tomography...
...but you don’t know the true state!

You want to figure out which tomographic 
procedure is the most reliable.

Why a theorist should think about CRs every day.

The LR construction points to a robust analytic 
generalization of  Fisher information -- which 
faithfully describes uncertainty about states.



Conclusions

Accurate region estimators are:
1.  What error bars want to be when they grow up.
2.  Better than point estimates (e.g. for fault tolerance)
3.  A surprisingly useful conceptual tool, too!

Likelihood ratio confidence regions are:
1.  Conceptually simple and elegant
2.  Absolutely reliable and near-optimal in power.

Cutoff  is understood... but we need better bounds.

Describing a confidence region is nontrivial...
...but actually fairly tractable.



Setting the Cutoff



The Role of  the Cutoff
Cutoff  ⇒ size of  regions ⇒ correctness & power:
Too low? NOT CORRECT     Too high? NOT POWERFUL

Set                based on the complementary 
cumulative distribution function of    , given   : 

The state-dependent
cutoff  fluctuates...
⇒          not convex!

To avoid this, we can
use a constant upper bound             instead.

λcutoff(ρ)
λ

R̂(D)

F (x) ≡ 1−
� x

0
Pr(λ)dλ F (λcutoff) = 1− α

λcutoff

!2 theory
exact

bound

ρ



    theory does not work

If  the data were Gaussian, with K degrees of  
freedom, then     would be a       variable:

Tomographic data is not 
Gaussian -- it is discrete.

We need a valid upper
bound for F (x).

χ2

λ χ2
K

Fχ2
1
(x) = erfc

��
x/2

�

Fχ2
2
(x) = e−x/2

. . .

Fχ2
K

(x) ≈
√

x
K−2

e−x/2

χ2

data
lots of data

upper bound
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Deriving F(x): a sketch
Step 1:  Tomographic data is essentially multinomial.

Step 2:  Approximate by multivariate Poisson.

Step 3:  Construct a “continuous Poisson” distribution 
for ñ, so that n=floor(ñ) is Poisson.

Step 4:  Prove that for ñ,    is (at worst) a       variable.

Step 5:  So the discrepancy comes from discreteness.

Step 6:  Derive an upper bound on the extra F(x) that 
results because tomographic data are discrete.

λ χ2
K

Fλ(x) = Fχ2
K

(x) + Fextra(x)



Correcting for discretion
The extra probability comes from cells that lie [mostly] 
inside the          contour, but whose data point lies outside.

Now simplify the boundary by pushing it out to the axes.

λ = x

Fextra = Pr(boundary) ≤ Pr(sheath) =
�

sheath

e−
λ
2 Pr(�n|�n)

←− n1 −→

↑
n2

↓

= points contributing to overestimation

= points contributing to underestimation

= points included in exact and approximate calculations

←− n1 −→

↑
n2

↓

}

}

Pr ≤
√

xe−λ/2



A workable upper bound

15

that F (x) scales as
√

xe−x/2
, whereas in fact it scales

as log(x)e−x/2
. This is a consistent pattern as the num-

ber of dimensions increases (see next section), and could

in theory be improved by a more careful analysis. In

practice, however, the e−x/2
factor dominates, and the

improvement in power to be obtained by a tighter bound

is relatively small.

6. Generalizing to many variables

The argument presented above for K = 2 variables is

directly and immediately generalizable to higher K. We

can jump directly to Eq. 33, in which the probability of

a “sheath” along the axes is calculated. For K > 2, this

sheath includes not just the origin and the axes, but also

faces (where all but two of the {nk} are zero), hyperfaces

(where all but three are zero), etc. For K = 3, we have 1

origin, 3 axes, and 3 faces to sum up. For K = 4, there

is 1 origin, 4 axes, 6 faces, and 4 hyperfaces. In general,

the number of pth order hyperfaces (where all but p of

the {nk} are zero) is given by
�K

p

�
.

The origin, of course, is a single point with nk = 0, so

summing Pr(�n|�n) gives 1. Summing over an axis gives

(as calculated previously) approximately

√
3ex
π . Summing

over a face gives

ex/2�

n1,n2=1

Pr(n1|n1)Pr(n2|n2) =




ex/2�

n=1

Pr(n|n)




2

=

�√
3ex

π

�2

.

The generalization is now obvious; a pth order hyperface

contributes

Pr(facep) =

�√
3ex

π

�p

,

and the total probability of the sheath is

K−1�

p=0

�
K

p

� �√
3ex

π

�p

=

�
1 +

√
3ex

π

�K

−
√

3ex

π

K

.

This yields a final result for arbitrary K:

F (x) ≤ Fχ2
K

+ e−x/2




�

1 +

√
3ex

π

�K

−
√

3ex

π

K


(35)

≈ Fχ2
K

+ e−x/2K
√

x
K−1

, (36)

where the final approximation assumes
√

x� 1.

Figure ?? compares this approximation with numerical

data for K = 1, 2, 3, 4. For each value of K examined,

numerical exploration shows that the actual boundary

probability scales as
√

x
K−2

rather than
√

x
K−1

. This

excess is almost entirely due to the fact that the real
boundary cannot touch all the various hyperfaces at once

(see, e.g., Fig. ??) for a single value of �q. However,

especially for large K, the extra factor of
√

x is relatively

neglible.

7. Correcting for multinomial data.

At the beginning of this analysis, we replaced the

multinomial distribution that describes most tomo-

graphic experiments with a Poisson distribution, to sim-

plify the analysis. Now, one small correction to the final

bound (Eq. 35) is necessary in order to cover multinomial

data as well as Poisson.

The critical ingredient in the analysis above is the

boundary correction – i.e., the probability of integer

points �n that lie just barely outside the λ(�n; �q) contour.

For Poisson data, only the “lower boundary” – i.e., that

adjacent to the hyperfaces along which some of the nk

are zero – is relevant. The upper boundary is negligi-

ble because (i) Pr(�n|�n) becomes small when all the nk

are large, and (ii) the continuous Poisson ansatz overes-

timates it anyway.

The Poisson approximation is good for multinomial

data as long as the λ < x region is relatively small com-

pared to the entire data simplex (see Fig. ??). But if x is

large and N is relatively small, then the λ = x region can

extend to all the boundaries of the data simplex (see Fig.

??c,d). Now, the entire boundary becomes effectively a

“lower boundary”, and we have to sum Pr(�n|�n) over the

entire boundary of the simplex.

In principle, this is a moderately significant increase

in F (x). The number of pth order hyperfaces increases

from
�K

p

�
to

�K+1
p+1

�
, and the sum of Pr(�n|�n) over a given

hyperface increases as well (by a factor of at most p).

But in practice, it is irrelevant for three reasons.

1. In most realistic experiments, N will be sufficiently

large (and x sufficiently small) that the λ = x re-

gion cannot touch all the boundaries at once. The

smallest value of x for which this can happen is

achieved when qk =
N
K for all k, and λ = x is

achieved at �n =

�
0, N

K−1 , N
K−1 , . . .

�
, which implies

x = 2N log

�
K

K−1

�
> 2N

K−1 . It is reasonably to be

hoped that N is substantially larger than K in any

experiment.

2. As will be discussed below, the restrictions on �q
imposed by quantum mechanics will almost always

forbid a large portion of the boundary in any case.

3. Finally, even disregarding quantum restrictions, we

have already overestimated F (x) substantially by

summing Pr(�n|�n) over the entire boundary of the

simplex. By itself, this more than compensates for

the extra boundary surfaces found for multinomial

data.

8. Quantum constraints

So far, we have treated the data as if it were sampled

from a multinomial distribution with a completely arbi-

trary parameter �p (the Poisson parameter is �q = N�p).
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that F (x) scales as
√

xe−x/2
, whereas in fact it scales

as log(x)e−x/2
. This is a consistent pattern as the num-

ber of dimensions increases (see next section), and could

in theory be improved by a more careful analysis. In

practice, however, the e−x/2
factor dominates, and the

improvement in power to be obtained by a tighter bound

is relatively small.

6. Generalizing to many variables

The argument presented above for K = 2 variables is

directly and immediately generalizable to higher K. We

can jump directly to Eq. 33, in which the probability of

a “sheath” along the axes is calculated. For K > 2, this

sheath includes not just the origin and the axes, but also

faces (where all but two of the {nk} are zero), hyperfaces

(where all but three are zero), etc. For K = 3, we have 1

origin, 3 axes, and 3 faces to sum up. For K = 4, there

is 1 origin, 4 axes, 6 faces, and 4 hyperfaces. In general,

the number of pth order hyperfaces (where all but p of

the {nk} are zero) is given by
�K

p

�
.

The origin, of course, is a single point with nk = 0, so

summing Pr(�n|�n) gives 1. Summing over an axis gives

(as calculated previously) approximately

√
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π . Summing

over a face gives
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K

+ e−x/2K
√

x
K−1

, (36)

where the final approximation assumes
√

x� 1.

Figure ?? compares this approximation with numerical

data for K = 1, 2, 3, 4. For each value of K examined,

numerical exploration shows that the actual boundary

probability scales as
√

x
K−2

rather than
√

x
K−1

. This

excess is almost entirely due to the fact that the real
boundary cannot touch all the various hyperfaces at once

(see, e.g., Fig. ??) for a single value of �q. However,

especially for large K, the extra factor of
√

x is relatively

neglible.

7. Correcting for multinomial data.

At the beginning of this analysis, we replaced the

multinomial distribution that describes most tomo-

graphic experiments with a Poisson distribution, to sim-

plify the analysis. Now, one small correction to the final

bound (Eq. 35) is necessary in order to cover multinomial

data as well as Poisson.

The critical ingredient in the analysis above is the

boundary correction – i.e., the probability of integer

points �n that lie just barely outside the λ(�n; �q) contour.

For Poisson data, only the “lower boundary” – i.e., that

adjacent to the hyperfaces along which some of the nk

are zero – is relevant. The upper boundary is negligi-

ble because (i) Pr(�n|�n) becomes small when all the nk

are large, and (ii) the continuous Poisson ansatz overes-

timates it anyway.

The Poisson approximation is good for multinomial

data as long as the λ < x region is relatively small com-
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large and N is relatively small, then the λ = x region can

extend to all the boundaries of the data simplex (see Fig.

??c,d). Now, the entire boundary becomes effectively a

“lower boundary”, and we have to sum Pr(�n|�n) over the

entire boundary of the simplex.
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in F (x). The number of pth order hyperfaces increases
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, and the sum of Pr(�n|�n) over a given
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But in practice, it is irrelevant for three reasons.

1. In most realistic experiments, N will be sufficiently

large (and x sufficiently small) that the λ = x re-

gion cannot touch all the boundaries at once. The

smallest value of x for which this can happen is

achieved when qk =
N
K for all k, and λ = x is

achieved at �n =

�
0, N

K−1 , N
K−1 , . . .
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, which implies

x = 2N log
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> 2N

K−1 . It is reasonably to be

hoped that N is substantially larger than K in any
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simplex. By itself, this more than compensates for

the extra boundary surfaces found for multinomial

data.
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from a multinomial distribution with a completely arbi-

trary parameter �p (the Poisson parameter is �q = N�p).
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