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Introduction

Consider a one dimensional quantum walk
determined by a 2% 2 unitary matrix U on the state
space 10.1,---,N =1, N}where N is finite or infinite

Let @ below be the collection of initial quibit

states: © :{qp:[;} eC la +|8 :1} .

For Kk e {0,1- .. N}we are interested in the
probabilites P*(¢) and P'(¢) forthe walks.



Brief History of the Problem

- Jp Jl-p
Let U =H(p)= . Bach et.al
V1-p —p_
showed:
imP (Jo1])= (c031(1—2p)_1j+ 2p
o 1-p T w\1l—p
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famaski-Kobayashi-imai Conjecture
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Brief History of the Problem

Let U H(lj A
etU=H| _|=— :
2) 2|1 -1

Ambainis et.al showed: P ('[0,1])=P("[1,0])=

2
T
and 1w P ([04])= +
v \J2
Bach et.al showed:

limP' (gp)——\a\ +(7ZT—1),3 +(72[—1JR9( o 3)



The Conjecture

1y 1(1 1]
letU=H| — |= —
: (z) 201 -1
? Is it true that
2P”(\R>)+1
P“(R))=— ;
(‘ >) ZRN(‘R>)+2 ’ N

P (R)=0

and o= R)=[0]]

>1



Lemma 1:P'(¢)=35P'(n;p) , where

P'(n;p)=C(n)a +C(n)B +2Re(C(n)ap)-
C(n)=ap'(n)+cr'(n), C(n)=bp'(n)+dr(n) ,

C.(n)=(ap; (n)+cr’(n))(bp: (n)+dr"(n))

where the bar denotes complex conjugation, and
p'(n) andr'(n) satisfy certain difference
equations that contribute to the solution of P'(¢)



Theorem 2: P'(p)=C |« +C |8 +2Re(Cap) ,

where

C = fap (e)+cr(e)do
27T

= ibp (e)+dr (e') o
27

C = 2177 (ap’(e”)+cr'(e”) bp (e")+dr(e”))dd



IDEOLOGY: In the special case of the Hadamard
walk, explicitly determine p'(e’) and r'(€")

in , from the difference equation they
satisfy and use it in the special case of ¢ = \ R>

k =1 to show the truth or falsity of the
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Lemma 3: Let 1 = 21tz ] , b =(1),
| N2z

r' =(A) , then the solution to the difference
equation P'(z)=Ap. (2)+Br(z),
r'(z)=Ap'(z)+Br'(z), with prescribed
boundary conditions I’N”(Z) 0& p“(Z)= Zis
. ) 23)
POyt ey -y’

ol 2G) 2
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Theorem 4: P'(¢)=C|a| +C B +2Re(Cxp)
where
1.1

] 2

C = f (" )+—r"(e") d@
o, P E) SrE)
1.1 1 2

C=—"—"9| (e )——r"(e")d@
2 272'0ka( ) Ik( )

=5 HPE Hre) Lpe)- frie)s

and p’(e"), r'(e”) satisfy Lemma 3 with
z=¢e";0¢|0,2r]



Note that p'(z)=z for N >2.Now letk =1,
@ = R) in Theorem 4 then we have the following

Corollary 5: ForN > 2, P'(R))= ; + 41]”(“(6'9 )do
T

where '(z) ,z=¢€";0<(0,27] satisfies

r@)= ) ae T



From , using facts about 4 ,A1 ,1 +1

— 23
22 —32 +2

it can be deduced that rf(Z) is an

odd complex function. In particular, direct
computation shows that 412“3(69 )\ng -0,
T

thus, P'(R))= ; # 2 (as the gives)



For a 1D quantum walk determined by a 2x?2
unitary matrix on a state space{0,1---,N} , where
N is finite or infinite, find

for the probabilities P (¢) and P'(¢) for
any kei{l,--,N-1} and pec®
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