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A tool: Homogeneous systems

f:IR" — IR"
flax) =af(x), a>0
x = f(x)

No stationary points x # 0
Exponential solutions

x(t) = %M, % eIR!



Stability

Jacobian matrix
(%)
Eigenvalues
M=\ Ao A,
Stability condition

R\ <M\, k=2,...,n



Projection

y:ﬁ, e :(1,,1)

y="f(y)—e'yy
on
A={yecRl: e'y=1}
Exponential solutions become stationary
points.



Two-sex marriage problem

Keyfitz, Parlett, Yellin and Samuelson, ...
Hadeler/Waldstatter/ Worz 1988
lannelli/ Martcheva/ Milner (book 2005)



The standard model

x female single, y male single, p pair

X = Kxp— fixX + piyp + op — &(x, y)
V= Kyp— fyy + pxp 4+ op — d(x, y)
p = —(MX+My+O-)p+¢(X7y)

Pair formation function ¢ > 0
qb(OéX, Oéy) = @gb(X) y)

¢(0,y) = ¢(x,0) =0
Ox+uy+v) = o(x,y), u,v >0



Result:

One-sex solutions | 0 | e #xt | 1] e Mt

x>

Two-sex solution

o =
(0]

If it exists then it is globally stable.



The two-sex solution exists when the female
population is unstable against infection with
males and conversely.



pair formation function

harmonic mean

b(x,y) = 2p—

X+Yy

minimum

¢(x,y) = pmin(x, y)

Which is “better”?



Age structure

X + Xa + ux + (p + o)
Ye+yp+py +(p+ o)
pe + Pat po+ pc+ (2u+0)p =0

Agm_/b@¢www¢

p—¢=0
p—¢=0

ﬂgm_/b@¢ww%¢

P(t7 a, b, 0) = qb(x(-),y(-))(a, b)
What is ¢?



posssible choice:

S(x().y())(a. b) — . PLa:Dx(@)y(b)

[ x(a)da+ [ y(b)db

generalized harmonic mean

Existence of exponential two-sex solution
Priss, Zacher 2001



Application to sexually transmitted disease:
A faithful pair is immune

Dietz and KPH 1988

Jacquez, Koopman et al,, ...



Pair formation in a constant population

Xt+tp=Xx, ytp=y
scalar equation
p=—op+o(Xx—p,y—y)
Convergence to equilibrium

Now we generalize this concept.



Multitype (one-sex) model
x = (x;) vector of (single) types
Y = (y;) symmetric matrix of pairs
Dynamic pair formation

: XX

Y = S —CxY
e’ X XQ

. X

X—(C*Y)e—eT

*x Hadamard product
Invariant of motion

x+ Ye=X



The one-type two-sex model (with harmonic
mean) is a special case:

-00) ()

x; female, x, male, y1o + y»1 pair

should be true in general



Results:

For each x > 0 there is at least one
equilibrium.

If X has zeros then boundary equilibrium.
Altogether 2" — 1 equilibria.

n = 2: unique and globally stable in the
interior.



The case without separation: C =0

. XQX

X:
Tx'’ e

_XQx

Y T

e X

Y(0)=0, x(0)=x
For t — oo: Y(t) — A, x(t) — 0.

Ae = X



Equivalent formulation

: XQX
Y —
el x
_ XQx
X=X—X— —
el x

open problem: formula connecting A to Q7



Complete pair formation

as opposed to dynamic pair formation

Assume A = AT with Ae = X is given.
Each individual must form a pair. No
individual can be in two different pairs.

Problem: find all suitable matrices A, find
explicit formulas, make biologically relevant
choices



Normalized problem of complete pair
formation

Assume that x = p is normalized by

elp=1.

Complete pair formation is nothing else than

a symmetric matrix A > 0 with the property
Ae = p,

Question: Do we want all matrices A for a
given p or do we want a matrix function
p — A(p) with certain additional properties?



The representation formula

For given p the set of all A is a compact
convex polyhedron in matrix space.

The formula of Busenberg and
Castillo-Chavez 1991, Blythe et al.

(e — ®p)(e” —p'@®
A(p)—P<¢+ o )P

where ® is any symmetric matrix with

0<®d<ee’



What is the meaning of this formula?

Choosing ® = 0 gives “random pair
formation”

A=pp

Try to understand the formula in biological
terms!

Ben Morin 2010



Substochastic matrices

V= ()

not necessarily symmetric

Vi >0, v; <1
v >0, e’V <el

Complement the matrix to a stochastic
matrix

S={A>V, e'A=¢"}



Proposition:

The matrices A € § can be represented as
A=V + Xdiagle — V']

where X is an arbitrary (column) stochastic
matrix. The elements of A = (aj;) are

= tij + x;i(1 Z¢kj)

k



Probabilistic interpretation:

Given W, find A such that the transition
probability from state j to state / respects
the lower bound 1);;.

For each state j the number 1 — ). 4 is
the probability mass not allocated by the
matrix W. The column xU) = (x;)7_; of the
stochastic matrix X is the probability
distribution according to which the remaining
probability mass of state j is distributed to
the states /.



Special choices for the matrix X

1) Allocate all remaining mass for the state j
to the state j. Then X =/ and

A=V+D, D=(dd;), d=1-> v

1

2) Use the same distribution x € A for all
states j. Then

A=V 14 x(e" —e™V)

The perturbation has rank 1 unless V is
already stochastic.



The family (depending on x € A) of
stochastic matrices

A=V 14 x(e" —e™V)

is distinguished by a probabilistic property



Additional requirement

Can the matrix W be complemented to a
stochastic matrix A with given stationary
distribution p?

S,={A>V:e'A=e' Ap=p}

Assume that W is not stochastic and does
not have p as an eigenvector.



Proposition: Suppose p € A, e’V < e’

e"W£el Wp<p Wp#p. Then

(p—Vp)(e" —eV)
1—e’VUp

A=V 1+ cSp.

Other elements of S,7



A theory of preferences

n groups with sizes p; such that ) . pi = 1.
An individual in group i has preference

¢ij > 0 for J.

¢jj are not necessarily symmetric.

Assume ¢; < 1.

The product p;¢;; is the total preference in
group i for group j. Can we find a stochastic
matrix A that respects the preferences and
also respects the group size distribution?



matrix formulation

® = (¢;7) > 0 matrix of preferences
>0 o®<ee’

p = (pi) group sizes, and P = (p;dj).
The matrix P® is substochastic,

e'Pd <el, Pbp<p, Pdp+#p



Proposition: P® can be complemented to
a stochastic matrix A > P® such that

Ap = p.
There is a rank 1 perturbation of P® with

this property,
p— Pop)(e’ —p' )
1—plop

A— Pl

Compare to A = pe'!



Pair formation

(Szenario of B + C-C 1991)

n groups with sizes p; such that > . p; = 1.
An individual in group / makes ¢; contacts
per time unit, and ~;; > 0 is the probability
that such contact is with an individual of
group J, hence Zj vii = 1. The total number
of contacts of individuals from group i with
individuals from group j is p;c;iv;.



Assume that contacts are symmetric! Need a
balance law

PiCi7ij = PjCiji

Introduce matrices ' = (7;), C = (cidj),

P = (pidy).
Required properties

PCrT=T"CP, T>0, Te=e.



The case C = [/:

Find row stochastic matrices [ such that
Pr=T"pP

The set of these matrices is a compact and
convex polyhedron in matrix space.

Find such matrices in the form [ = MP.
Then the conditions on M become

PMP = PMTP, MP > 0, Mp = e. These
conditions are satisfied if

M=M", M>0 Mp=e.



Pair formation preferences

d < ee’
Look for M with
M=M", M>o Mp=e,

One candidate is
(e — Op)(e” — pT®)
1—plop

M=o+

T

while ee’ is another.



Proposition:

Suppose a symmetric preference matrix
® >0, d < ee’ is given and a vector of
group sizes p € A. Then the matrix

= (q> L e d;,;_)(;;q;p%)) P

satisfies the conditions T > ®P, Pl =T P,
[e = e.
This I is one candidate. Another is ep’.




The pair formation problem is the special
case of the preference problem when the
matrix @ is symmetric.



Multitype epidemic model

n types or social groups
x susceptible, y infected, z recovered

x+y+z=peA

x = —XBy
y = XBy — Dy
z = Dy

x(0) =p, y(0)~0, z(0)=0



Basic reproduction number

R(p) = p(PBD™"), B =B(p)

Invariant of motion
BD 'y + BD'x — log x
Final size equation
BD lx —logx = BD lp — log p

Unique solution Xx.



We take the view that B and D are given
while p is subject to variation.
What is the worst possible case for R(p)?

Rinax = max p(PA)
peEA

Connection to max algebra. Ongoing work
with L. Elsner.



Different strains

l1.l,b normal strain, untreated and treated
I3, Iy resistant strain, untreated and treated

S = pu—S(Bih + Bob + B3kl + Baly) — uS
h = S(6ih + Boh) — arh — ph — kh

l2 = /ill — 05212 — ,LLIQ
kb = S(B3k+ Bals) — azh — ph — Kk
l4 = /€l3 — Oé4l4 — ,LLI4

R = ah + axh + ash+ agly — uR



Kermack-McKendrick model + competitive
exclusion model

= k=1,22314
ak + [

Y

Ri>1>R,
R3<R1
R4>R37 Ry >1

| there a “window” for k such that both
strains are eliminated?

Maybe, if R3 <1



