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® Malaria 1s a parasitic vector-
borne disease caused by the
Plasmodium.

® It 1s transmitted to humans via
the bites of infected female
mosquitoes of the genus
Anopheles.




I« [|People with malaria often
-a'! experience fever, chills, and
flu-like 1llness.

1 e If not treated promptly and
effectively, they may develop
severe complications and die.




Facts on Malaria

® 3.3 billion people live in areas at risk of malaria
transmission 1n 109 countries and territories.

®* WHO estimates that in 2008 there were 247 million
malaria cases and nearly one million deaths — mostly
among children 1in Africa.

® Malaria 1s the 2nd leading cause of death from infectious
diseases in Africa, after HIV/AIDS.
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- §2 Model Formulation

The mathematical modeling of malaria
transmission has a long history and the
literature 1s vast.

* Ross, 1911;

« Macdonald, 1952, 1956, 1957;
Dietz, 1974;

Nedelman, 1985;

Koella, 1991;




Gupta et al, 1994;

Feng et al, 2004;

Ngwa, 2004, 2006;
Chitnis et al, 2006, 2008;
Ruan et al, 2008;

Auger et al, 2008;
Cosner et al, 2009.

Lou and Zhao, 2010

And so on...
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" Motivation

- Malaria varies greatly in different locations in the level of
intensity, in the vectors that transmit it and in the species
causing the disease.

- It can be easily transmitted from one region to other
regions due to extensive travel and migration.

» On average, 1500 cases of malaria are reported every year
in the United States, even though malaria has been
eradicated 1n this country since the early 1950's.
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I\/Iulti-patch malaria model

* In 2000, Ngwa and Shu proposed an ODE compartmental
model for the transmission of malaria involving variable
human and mosquito populations.

* A threshold parameter [ig established and the disease can
persist if and only 1f L] Thd disease-free equilibrium
always exists and 1s globally stable when  1s below 1.[]

* We generalize Ngwa and Shu’s model to n-patch to describe
the dynamics of disease spread among patches due to
population dispersal.
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’“Epl/demmloglcal Classes

o Lets'®.E'®.I'®» andrR'() denote
respectively the number of susceptible,
exposed, infectious and recovered humans
In patch attime . ; /

Thedotglhumanpopualation in patch at
timeisey 1o

Let and denote respectively
the number of suscéptible, exposed and
infectious mosquitoes in patch at time

The totalvnosguitoepopulation in patch  at
time IS 2




mosquito-borne model in patch
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"Model Equations
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Parameters

fh(-\-’h) — ﬁf + pf' '\"h is the density-dependent death rate for humans:;
ftf(\“*} = i + p! N 1s the density-dependent death rate for mosquitoes;

.
A\Y

o ~
"JS‘ '-""'-ﬁ:ru-.-:-Qh- a1, a..;_-a.tﬁ ca.t:-

.,

1s the birth raIe of humans;

1s the birth rate of mosquitoes;

1s the number of bites given to humans by each mosquito per unit time;

1s the probability that a bite by an infectious mosquito on a susceptible human
will transfer the infection to the human;

1s the probability that a bite by a susceptible mosquito on an infectious human
will transfer the infection to the mosquito;

1s the probability that a bite by a susceptible mosquito on a recovered human
will transfer the infection to the mosquito;

1s the progression rate of humans from the exposed state to the infectious state;
1s the progression rate of mosquitoes from the exposed state to the infectious state;
1s the recovery rate for humans from the infectious state to the susceptible state;
1s the recovery rate for humans from the infectious state to the recovered state;
1s the disease-induced death rate for humans;

1s the rate of loss of immunity for humans;
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~ Continued

ok > 0for K =S,E,I,R is the immigration rate from patch j to patch i for i # j of
susceptible, exposed, infectious, and recovered humans, respectively;

’Ui’? > 0 for L =5, E, I 1s the immigration rate from patch 7 to patch ¢ for ¢ # j of
susceptible, exposed, and infectious mosquitoes, respectively:

(,af; < 0 for K =S5, E,I, R 1s the emigration rate of susceptible, exposed, infectious,
and recovered humans in patch i, respectively;

Yk <0 for L =5, E,I, is the emigration rate of susceptible, exposed, and infectious
mosquitoes in patch 7, respectively.
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Assumption on  Parameters

Assume that individuals do not change their disease state

during travel. Thus, we have
Zgbﬂ =0,K =S,E,LR, anngﬁﬂ NIy L=

Jj=1 =

The travel rates matrices (@, )for K=S.E,I,BAnd

(@) for L=S,E,I are assumed irreducible.

Let s((A =140, +8;) ) > 0and s((A] = 1), + ;) ) > 0
Unless otherwise indicated, it 1s assumed that all parameters

are strictly positive with the exception of the travel rates
matrices.




e

Vell-Posedness

n

Let N/ (1)= Z N/(¢)and N/ (t) = Z N;(t). Then the following
theorem demonstrates that the model (2.1) 1s

epidemiologically well-posed.

Theorem 2.1. Consider model (2.1) with non-negative

initial conditions satisfying N/ (0)>0and N;(0) >0fori =1,---,n.

Then the system has a unique solution and all variables
remain non-negative for all time ¢ >=Moreover, the total

human population N’ (rand the total mosquito population
N'(t) both are bounded.
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® There 1s a DFE if and only if the subsystems

ds; : .
= =A?Sﬁ—ﬁh<Sf>Sf+§¢5Sf,1SzSn 13.1
and 757 = []
dti :/]ZYSl_v_fiv(Siv)Sl.v+Z;w;S]V.,1£iSn, [13.2
=

have positive equilibria, denoted by -

S S S S and S S S S
respectively.
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DFE

Lemma 3.1. For system (3.1), there is a unique nonzero equilibrium S"*. Sh* € IntR"}
and it is globally asymptotically stable with respect to R%\{0}. Moreover, if AB > b for
1 <1< n, we have

K Kt K" K
P" = min{—, ... LEM . Lh < M < QF = max{—, ..., == K"} . L"
Lh Lh Lh 'Lk,
~h }ih'—,uh . h k h . . .
where K' = v for1 <i<n,and L" = (L},...,L"_,,1) is the unique solution to

Z%sh —0,5" =1.

with L > 0 for 1 <i < n— 1. Similar result holds for system (3.2).
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To derive the basic reproduction number L,

for (2.1), we order the infected variables by

species, then by patch, 1.e.,

h h h v V V h h h v y V h h
B gt Rt s ph i R = SRR Pl

and make use of the methods from van den

Driessche and Watmough to obtain

(00 0 Ag 0 [ An
00 Az 0 A 0 Ay
F = 0 0 0 0 0 and V = —Agl 0 Agg
00 0 0 0 0 —Ap 0 Ay
\0 0 0 0 0/ \ 0 0 —As3 O
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Let 517. be the Kronecker delta (i.e.,1 when i = j and O otherwise ). Then

Ay =W+ 1 SIN = 0) s
Ay, =(0;(v; + (87 _l//,-f)nxn,

A, =0V . =diag{v! v),... v},

ij” i /n%xn
Ay =G, (" +a" + Y+ £ (S =81 s
A42 = (Jljvlv)nxn = dlag{l/lv,l/;, ) V:}’

Ay = (a-yfzv (Siv*) —wé)nxn,
A, =(0,a)),,, =diagla;.aj,....a,},

Ass =3B + £ (5" N =) en
1% Et D) (e vh V}’

== h — s
Ay =(9yc"a)) ., =diagl{ci"a;,cy a;,...,c, a

A= (0 aiSES)

i nxn?
— hv v ov* h*
A, = (5z'jdi a;S; 18 )xn-
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‘The inverse of V exists and equal

( Ay \
0 Ay
V —1 = Ag_gl Agl Al_ll 0 Ag_gl
0 Al ARAL 0 Al
\AEE.I Ass Aa_al Az A1_11 0 Afjal As3 Aa—al 0 Agﬁl

Thus, the next generation matrix 1s

[0 M* 0 Aady 0
MR 0 (A + ApAsiAss)Azn 0 AnAg
Fv'=| 0 0 0 0 0o |,
0 0 0 0 0
\ 0 0 0 0 0 )

where M ™" = A64A4_41 ApAy, and M™ = (Ag; + A75A5_51A53)A3_31A31A1_11°
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Calculating
We find 0O, =p(W) where @denotes the spectral
radius and

W=M"M"=A A A,A (A, +A A_A)A A A"
Theorem 3.1. The disease free equilibrium of (2.1) is

locally asymptotically stable if [, <land unstable if
B C
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Estimation @f

Theorem 3.2. max (R\’)? < R2 < max (R\))? + max (RY))?, where

1<i<n . 1<i<n
(R$)? —C”hﬂ“"“ (uf + prSer — L) WP (v + il + plSPr — pE) Tt
T:S_L* dhv LSL*
[ Sh* + Sh*
(rf+al + 4 + pi + pr S — o3 T+t + pr S — i)

(B + pl + pi S — ) alt)-

and
N7 htal;_:Sf#
(RN =cha (uf + p2S) " w2 (v + pt + ptSo) ™! “oh
(rf + ol + 4+ pl + pISI) Tl + pl + pSI) T
2 * vk diu USU* *
(RON? =chal (ul + p0Se) "l (vf + ul + plSP*)~ IT(S"" + b+ plhshn

ol (rl 4 ol + Al 4l + PSS
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* Question: does Llgepend on travel rate in a monotone
way? How?

® We study the dependence of  [Ign infected human
movement for the two-patch case.

* Recall that 0?2 = p(w)where Fdenotes the spectral radius
and
W = MVhM - = 1464144_411442142_21 (A73 B 1475145_511453)143_311431141_11

* Note that A' j=1,---,5is a positive matrix with positive
determinant, so1s . W
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* First, we consider the case when the human travel rate
from one patch to the other depends on both residence

and disease status.
—1
4 _ (e N[tk —k .
Proposition 4.1. Let A = (g h) ( ki g+ k—g) , Where all

involving parameters are positive and eh > fg. Then p(A) is decreasing
in ky if (e+ g)/a; > (f + h)/ay and increasing otherwise.

Remark 4.1. It 1s still true if e, h,ay,a0 > 0, f, g, ki, ko = 0, eh > fg and
hko + f(as + kg) > 0 (this is equivalent to ky > 0 or f > 0 which implies

that there is also non-susceptible human migration from patch 2 to patch 1).
Epidemiologically, this means that the disease becomes less prevalent if more
infected people migrate from high transmission area to low transmission area.
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s

he following result assumes that the travel rates depend
on disease status but symmetric between patches (1.e.,
the travel rates matrices are symmetric).

-1
Proposition 4.2. Let A = (; ;:) (al :k . __;I_b k) , Where all
| — o + k

involving parameters are positive and eh > fg. Then p(A) is decreasing

in kif (e4+g)/ay > (f+h)/ay and (e + f)/a1 > (¢ + h)/az, or, (e + g)/a;
< (f+h)/ay and (e + f)/a; < (¢ + h)/as; and increasing otherwise.

o Itis still true it e, h,a,,a, >0, f,g,k=0and eh > fg
Epidemiologically, this means that the trend of
prevalence depends on a double-side effect, but mainly

relies on 1itself. In particular, when , theng £ 13
always non-increasing in . k
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® The above two propositions do not work for the movement
of recovered human which 1s n'ig%re complicated.

®* When the travel rate is independent of location and disease
state, the dependence of  on the travel rate becomes very
complicated and non-monotone phédgmena may occur.
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§5 Future work

1. Existence and stability of endemic equilibria.
2. Bifurcation analysis with respect td,

3. Sensitivity analysis with real data.

4. The dependence dfl, on travel rates.
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