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Introduction

@ J. Lenells, G. Misiotek and F. T., Integrable evolution
equations on spaces of tensor densities and their peakon
solutions, Commun. Math. Phys. 299, 129-161 (2010).

o F. T. and C. Vizman, Generalized Euler-Poincaré Equations
on Lie Groups and Homogeneous Spaces, Orbit Invariants and
Applications, Lett. Math. Phys., published online Feb. 6,
2011.

Fields Institute, May 2011 slide 3/54



A family of equations on b densities

Hamiltonian approach

V. Arnold'’s approach

G Lie group 'configuration space’

g its Lie algebra with an inner product ( , ) "kinetic energy’
(', ) equippes G with a right invariant metric and the motions of
the system can be studied through:

@ geodesic equations defined by the right invariant metric, or

@ Hamiltonian reduction on the Lie algebra g.

(+,-) a natural pairing between g and g*
A: g — g* the associated inertia operator s.t. (Au,v) = (u,v).
The Euler equation on g*:

m; = —ady_1,,m, m = Au € g, (E)
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A family of equations on b densities

Hamiltonian approach

Diff(S') and density modules—quadratic case

G := Diff(S!), g = vect(S?)

“regular part” of the dual g ~ F, = {m :me C®(Sh)}
with the pairing (mdx ,V8X) fo x) dx
the coadjoint representation of the action of vect(S?)
vect(S!) on the regular part | +— on the space of
of its dual space quadratic differentials

ad}s, mdx? = (umy + 2u,m) dx?

and the Euler equation (E) on g} is

—ady_1,m = —umy — 2u,m, m = Au. (1)
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A family of equations on b densities
Hamiltonian approach

On g;:
my = —umy — 2u,m, m = Au. (2)
On vect(S!):
Aus + 2uAu + uAu, =0 (3)

with inertia operator
1-02 for CH,

A=< pu—02 for uCH, (4)
02 for HS.
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A family of equations on b densities

Hamiltonian approach

Diff(S') and density modules—general set-up

o replace F, by Fp

o a tensor density of weight b > 0 (respectively b < 0) on S! is
a section of the bundle ®b T*S! (respectively ®*b TS

Fp = {m(x)dxb :m(x) € COO(Sl)}.
e action of Diff(S') on each density module F, is given by
Fp 3> mdxP = mo&(9.8)PdxP € Fp, € € Diff(SY), (5)

which generalizes Ad* : Diff(S') — Aut(F>)
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A family of equations on b densities
Hamiltonian approach

@ the infinitesimal generator of the action in (5)
LEy (mdx®) = (umy + bu,m) dx® (6)

determines the action of vect(S!) on Fp
@ the equation for the flow of the vector field defined by (6) is

my = —umy — buym (7)
@ substituting m = Au transforms (7) into
Au; + buAu 4+ uAu, =0 (8)
@ for b = 3 the inertia operator is

1— 02 for DP,
A= p—02 for uDP, (9)
—0? for uB.
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pDP: Lax pair and bihamiltonian structure
Hamiltonian approach

uDP—Lax pair

ox = —A 5
Py = _X¢XX — Uy + uxy,
@ A € Cis a spectral parameter,
e 1(t,x) is a scalar eigenfunction and
o m=pu(u) — Uy
for
p(u) — Upee + 3p(U) Uy — 3Uxlsy — Uty = 0. (uDP)
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pDP: Lax pair and bihamiltonian structure
Hamiltonian approach

uDP—Bihamiltonian structure

with Hamiltonian functionals

1
Ho = —2/mdx and Hpy = — / (2[L(U)(Alaxu)2 + 6u3> dx
the operators Jy and J, are given by
Jo = —m?Ba.m303mBom?®  and = -—0A=0°

and m = p(u) — Uxx.
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Hamiltonian approach Cauchy problem

uDP—Periodic Cauchy problem

/\sz(x)<x22—)2<+§>/ ()dx+ x—f // y) dydx
/ / 2) dzdy + / / / 2) dzdydx.

is the inverse of the elliptic operator

/\i  H5(SY) — H572(Sh), /\iv = (V) — Vix-

We use /\;2 to rewrite uDP in the nonlocal form

ur + uuy + 3u(u) 8X/\;2u =0
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Hamiltonian approach

s /1

uDP—Local wellposedness and persistence

ug + i + 3p(u) SN, 2u =0 (11)
u(0, x) = up(x) (12)

Theorem (Local wellposedness and persistence)

Assume s > 3/2. Then for any uy € H*(T) there exists a T > 0
and a unique solution

ue C((~T,T),H) N CH((~T, T), K Y)

of the Cauchy problem (26)-(12) which depends continuously on
the initial data ug. Furthermore, the solution persists as long as
llu(t,-)||c1 stays bounded.
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Hamiltonian approach

uDP—Blow-up

Given any smooth periodic function ug with zero mean there exists
T. > 0 such that the corresponding solution of the W DP equation
stays bounded for t < T. and satisfies ||ux(t)||co /00 as t 7 Te.

é:uof 8X§::(UXO§)8X§ Wzaxé/axg
w(t,x) = !

t+ (1/uox(x))

Ol

v
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Hamiltonian approach

S

uDP—Global existence

Theorem

Let s > 3. Assume that ug € H*(S') has non-zero mean and
satisfies the condition

/\iuo >0 (or <0).

Then the Cauchy problem for uDP has a unique global solution u
in C(R, H5(S1)) n CY(R, H°~1(S1)).
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Hamiltonian approach
pB: Lax pair and bihamiltonian structure

uBurgers—Lax pair

Vrocx = I)\m%ﬁ, (13)
e = — S thxx — Ux + uxt),
o A € Cis a spectral parameter,
@ (t,x) is a scalar eigenfunction and
@ M= —Ux
for
—Upox — Sl — Ul = 0. (1B)
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Hamiltonian approach
pB: Lax pair and bihamiltonian structure

pBurgers—Bihamiltonian structure

dHy (5H2
= J = J
Osm ~ om
with Hamiltonian functionals
1
Hoz—gfmdx and Hg——6/u3dx

the operators Jy and J, are given by

Jo = —m?BPo.m303mBo,m?? and =

X

and m = —uy.
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Hamiltonian approach

pBurgers' equation and the [%-geometry of Diffs — Diff*/S!

Burgers' equation

us +uuy =0 (B)

o Diff*(S!) circle diffeomorphisms of Sobolev class H*
o L2 inner product on T, Diff*(S!) induces a weak Riemannian

metric on Diff*(S?)
e a geodesics 7(t) in Diff*(S?) satisfy the equation
Vﬁﬁ:ﬁ:(ut—f—uux)onzo (14)

and hence correspond to (classical) solutions of the Burgers
equation. Here n(t) is the flow of u(t, x), i.e.

ﬁ(t,X) = u(tv n(tvx))
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Hamiltonian approach

pBurgers' equation and the [%-geometry of Diffs — Diff*/S!

L2-geometry of Diff* — Diff*/S?

@ homogeneous space Diff§ = Diff*/S! is a smooth Hilbert
manifold for s > 3/2 with T[Diff§ = H3(S").

e 7 : Diff® — Diff§ is a Riemannian submersion with each
tangent space decomposing as

TeDiff® = Pe(TeDiff*) @0 Qe( T¢Diff®).

e the two orthogonal projections P : T¢Diff* — T )Diffg and
Q¢ : T¢Diff* — R are given explicitly by the formulas

Pe(W) =W — fo W(x)dx and Q¢(W fo (x) dx.
e a curve 7(t) in Diff*(S1) is an L2 geodesm (and hence
correspond to a solution of Burgers' equation) <=

P,V = @,Vyn =0.
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Hamiltonian approach

3 i struc
;1Burgers equatlon and the L?-geometry of Diff> — Diff® /St

Theorem

A smooth function u = u(t, x) is a solution of the uB equation
Upx + Sl Uy + Ul = 0

if and only if the horizontal component of the acceleration of the
associated flow n(t) in Diff*(St) is zero i.e. P,V;n = 0. In fact,
given any ug € H5(S') the flow of u has the form

n(t,x) = x + t(uo(x) — uo(0)) + n(t,0) for all sufficiently small t.

4

@ integrating the uB equation twice in x gives
ur + uuy = puy), (15)

@ integrating 7j(t,x) = fol ij o n~1(t, x) dx = j(t,0) twice in t
gives the explicit formula for the flow.
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Hamiltonian approach

pBurgers' equation and the [%-geometry of Diffs — Diff*/S!

Corollary

Suppose that u(t,x) is a smooth solution of the uB equation and
let u(0, x) = uop(x).

@ The following integrals are conserved by the flow of u

1 1
/ (u—,u(u))de:/ (uo—u(uo))pdx, p=123....
0 0

@ There exists T, > 0 such that ||ux(t)||cc /00 ast N Te.
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Hamiltonian approach

3 i struc
;1Burgers equatlon and the L?-geometry of Diff> — Diff® /St

p(ur) — U + bp(u)ux = buy Uyy + Uliyxx, beZ (16)
b=2=— pCH and b =3 = uDP.

Theorem

For any c € R and b # 0,1, equation (16) admits the peaked
period-one traveling-wave solution u(t,x) = ¢(x — ct) where

o(x) = —(12x° + 23) (17)

26(

for x € [-1 55 2] and ¢ is extended periodically to the real line.

@ one-peakon solutions of (16) are the same for any b,
@ they travel with a speed equal to their height.
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ructure

Hamiltonian approach
onian structure

Multi-peakons

m(t, x) = Zp,(t)5(x —q'(1) (18)

Theorem

The multi-peakon (18) satisfies the p-equation (16) in the nonlocal
form in distributional sense if and only if {q', p,-}{v evolve according
to

g =ulq) ,  pi=-(b-Dp{uld)} (19
where {u,(q')} denotes the regularized value of u, at q' defined by
{uc(g")} = Zszl pig'(q" — ¢/) and the Green function is given by
g(x)=ix(x-1)+B for xe[0,1)~S.
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uati b d
d bihamiltc
Hamiltonian approach

;1Burgers equation and the s geometry of Diff* — Diff*/S!

Shock-peakons for uDP

u=Y" (piglx —q) +sig'(x - 7)) (20)
i=1

The shock-peakon (20) satisfies DP in distributional sense if and
only if {q', pi,si}Y evolve according to
g =u(q), pi=2(si{ux(q)} - pi{ux(q)}),
s5i=—si{ux(q)}, (21)

where

{u@)} =S pig' (@ =)+l s, {uald)} =50 Pj- |
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EP equations and orbit invariants

Lagrangian Approach

Euler-Poincaré equations

G Lie group and g its Lie algebra

L: TG — R right invariant Lagrangian determined by /: g — R

The Euler-Lagrange equation for L

d d/ ol
—— = —ad), — EP
dtou Y 5u (EP)
is called the right Euler-Poincaré equation
o u=+y"1is the logarithmic derivative of the curve v in G

o (adga,n) = (a,adgm) for « € g* and ;7 € g.
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EP equations and orbit invariants

Lagrangian Approach

Orbit invariants

The group coadjoint operator Adz, is given by the formula
(Adz- Oé, 5) = (aa Adg 6)7 Vf € g

Along solutions u of the EP equation the quantity

/
Ad] m = Ad] c(;u = const. (22)

is conserved for any curve «y in G satisfying u = 7L
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EP equations and orbit invariants

Lagrangian Approach

Examples of EP equations

1. Burgers' equation
Oru = —3ud (23)

_ o _
Om—éu—u

o orbit invariant Ad}, u = (uo)(7')? is conserved.

2. Camassa-Holm equation

Oru — Opt” + 3ud — " — 240" =0 (24)
is the geodesic equation on Diff(S1) for the right invariant H!
metric.
e 'momentum’ is m = % =u—u"

2

o orbit invariant Ad, m = (mo ~)(7')? is conserved.
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EP equations and orbit invariants

Lagrangian Approach

3. uHS equation (introduced by Khesin, Lenells and Misiotek)
Ot = 2p(u) — 20" " — ud”, (25)

where pu(u) = [ udx is the geodesic equation on Diff(S*) for
the right invariant metric defined by

(i, = [ G ton) + ) = (un, (1= o)

o m=p(u)—u"
o orbit invariant Ad’, m = (mo y)(v')? is conserved.
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Generalized EP equations

Lagrangian Approach

Generalized Euler-Poincaré equations

A generalized Euler-Poincaré equation associated to a right
invariant Lagrangian function L: TG — R with value / : g — R at
the identity and to a G—action © on g is

d 6/ L Ol
diou ~ Tusy’ (gEP)
where

@ u is the right logarithmic derivative of a curve v in G,

@ 0 is the infinitesimal action associated to the (left) group
action ©,

e 0¢ is the adjoint of f¢ for £ € g.

For m = % the gEP equation %m = —0;m.
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Generalized EP equations

Lagrangian Approach

Orbit invariants for gP

Proposition

The quantity
. L (0l
©5(m) = @7(a> = const.

is conserved along solutions u of the generalized Euler-Poincaré

equation for any curve v in G satisfying u = 4y~ L.
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EP equations and orbit invariants
Generalized EP equations

Lagrangian Approach

An abstract Noether theorem for gEP

Theorem

Given a G—manifold C and a G—equivariant map k : C — g**, i.e. it
satisfies k(v - c) = ©%*k(c) for all ¢ € C, with © the adjoint of
©z, the Kelvin quantity I(c,u) = (r(c), 2L) defined by r is
conserved for u solution of the generalized right Euler-Poincaré
equation, where c = v - ¢y, ¢ € C, for v a curve in G with

u=~"y1
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Generalized EP equations

Lagrangian Approach

Examples of gEP equation

1. Degasperis-Procesi equation

Oru — O + dud — ud” — 340" =0 (DP)

e It has a geometric interpretation on the space of tensor
densities on the circle: Let © be the left action of Diff(S') on
F_> and ©* the right action of Diff(S') on F3 its dual. The
corresponding generalized EP equation on Diff(S?) for the
right invariant H' Lagrangian is the DP equation:

Om=—um —3u'm, m=u—ud".
@ orbit invariant is conserved
3
©1(m) = (moy)(')), m=u—u
for 4y~ = u.
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Generalized EP equations

Lagrangian Approach

Examples of gEP equation

2. puDP equation
w(Oru) — Ot + 3p(u) = 3" —ud”" =0 (26)

o coadjoint action ad’ replaced by 6% = ud, + 3v/
e orbit invariant is conserved:

©5(m) = (mo)(')’, m=p(u)—u"

for 4471 = u.

3. generalized EPDiff equation
dm+u-Vm+ (Vo) -m+ (b—1)m(divu) =0. (27)

o In the special case b = 3 and m = u — Au it extends the
Degasperis-Procesi equation to higher dimensions.

e the Kelvin quantity fc %mb is conserved along generalized
EPDiff.
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Lagrangian Approach EP equations on homogeneous spaces

Given a smooth curve 5 : | =[0,1] — G/H, we compare the left
logarithmic derivatives of two smooth lifts v,~1 : | — G of 7, i.e.
¥ =mo~y =mo~. There exists a smooth curve h: | — H such
that y1 = vh, hence

up =8y =8'(vh) = iy (Y h+4H) = Ad(h Y u +6'h
foru=24d'v:1—-g.

We notice that u; is obtained from v via a right action of the
group element h € C>(/, H):

u-h=Ad(hY)u+dh. (28)

It is a right action because of the identity
6'(h1ha) = Ad(hy1)6'hy + 6" ha.
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Lagrangian Approach EP equations on homogeneous spaces

This means one can define the left logarithmic derivative §' of a
curve 7 in G/H as an orbit under the right action (28) of
C>(I,H) on C>(l,g), namely the orbit u- C>°(/, H) of the left
logarithmic derivative u of an arbitrary lift v : | — G of 7, so

6 C®(1,G/H) — C>=(1,9)/C>®(I,H), &5 =24"y-C>(,H).

When the subgroup H is trivial, we recover the ordinary
logarithmic derivative 6’ for curves in G.
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EP equations on homogeneous spaces

Lagrangian Approach

The following are equivalent data:
@ left G—invariant function L on T(G/H);
@ right TH—invariant and left G—invariant function L on TG;
© b-invariant and Ad(H)—invariant function | on g;
@ Ad(H)-invariant function | on g/}.
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EP equations and orbit invariants
Generalized EP
EP equations on hom

Lagrangian Approach Generalized EP equations o

Theorem

A solution of the Euler-Lagrange equation for a left G—invariant
Lagrangian L : T(G/H) — R is a curve 7 in G/H such that the
left logarithmic derivative u = y~14 of a lift -y of 7 satisfies the
left Euler-Poincaré equation

dol_ .o

dtéu Y éu’
for | the (h—invariant and Ad(H)—invariant) restriction of
L=LoTwtog.

(29)
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Lagrangian Approach EP equations on homogeneous spaces

Orbit invariants on homogeneous spaces

Proposition

The quantity Adz_l g—LI, € g* is conserved along the left Euler
Poincaré equation (29) on G/H with h—invariant and
Ad(H)—invariant Lagrangian function | on g, where ~ is any lift of
5 and u = ¢'~.

The independence on the choice of the lift v is immediate: for
71 =7h,

. ol . )
Ad’Yfl E — Ad(,yh),l Adh a - Ad,y,1 a
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Lagrangian Approach

An abstract Noether theorem for homogeneous spaces

Theorem

Considering a G—manifold C and a map k : C — g** which is
G—equivariant, the Kelvin quantity

ol
I:Cxg =R, I(c,u)= (K;(c), 5—) (30)
u
is conserved along solutions 7 of the Euler-Lagrange equation on
G /H with left invariant Lagrangian L, namely for v a curve in G
lifting 4, u its left logarithmic derivative and ¢ =~ - cg, ¢ € C.
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EP equations on homogeneous spaces

Lagrangian Approach

@ The H-equivariance of A ensures the Ad(H)—invariance of /
and / descends to an Ad(H)-invariant Lagrangian
1: g/f) —R.

o m= 6 = Au, so the left Euler-Poincaré equation on G/H
writes thu = ad}(Au). It is the image under the inertia
operator A of the Euler equation, the left invariant version of
the Euler equation:

d T

—u=ad .

pl (u)'u

This can be interpreted as the geodesic equation on G/H for
the left invariant Riemannian metric coming from the
degenerate inner product (£,n) = (A&, 1) on g.
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Lagrangian Approach EP equations on homogeneous spaces

Examples of EP equations on homogeneous spaces

1. The Hunter-Saxton equation
O = =20t — ud” (31)

is a geodesic equation on the homogeneous space
S\ Diff(S?) of right cosets with the right invariant metric
defined by (u1, u2) = [ ujuhdx on X(Sh).

It fits into our framework above when A(u) = —u”. The two
conditions are easily verified: the kernel of A is R, the Lie
algebra of the subgroup of rigid rotations, and A is
Sl—equivariant.
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EP equations on homogeneous spaces

Lagrangian Approach

In this case /(u) = 3(u,u) = 5 [ (v')?dx, so m = A=y

satisfies
Orm = —um’ —2u'm,

which gives Hunter-Saxton equation.
A conserved quantity for the Hunter-Saxton equation is
2
Adym = —(u" 0 7)(v)%,

where v : | — Diff(S1) is any lift of the curve 7.
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Lagrangian Approach EP equations on homogeneous spaces

Examples of EP equations on homogeneous spaces

2. Let K be a Lie group with Lie algebra ¢ possessing a
K—invariant inner product ( , ). The Lie algebra of the loop
group LK := C°°(S!, K) is the loop algebra Lt = C>°(S1, ).
The subgroup of constant loops, identified with K, defines the
homogeneous space of right cosets K \ LK.

Each t-invariant and Ad(K)-invariant Lagrangian / on L¢
determines a right Euler-Poincaré equation on K\ LK:

ol

== (32)

Oem=1[u,m], m

Here m is a curve in LE, since the inner product (, )¢ permits
the identification of the regular dual of Lt with LE.
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EP equations on homogeneous spaces

Lagrangian Approach

@ In the special case K = SO(3) and H~! Lagrangian

1 1
I(u) = 2/51<0x_luaax_lu>edx = _2/51@;2”’ u)edx

we obtain the Landau-Lifschitz equation
Ol = LxL",

where one identifies the Lie algebras (s50(3),[, ]) and (R3, x).

@ This equation is equivalent to the vortex filament equation
Orc = c!xc”, for L = ¢’ the tangent vector to the filament, a
closed arc-parametrized time-dependent curve ¢ in R3.
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Lagrangian Approach
grang PP eneous spaces

Generalized Euler-Poincaré equations on homogeneous

spaces

Proposition

Let H be a subgroup of G with Lie algebra by, and let 0* be a Lie
algebra action of g on g*. If the map 0* : gxg* — g* is
H—equivariant and if the action 0* restricted to b equals the
coadjoint action ad® restricted to b, then C*°(l, H) is a symmetry
group of the equation %% = —63%, for the left action
h-u=Ad(h)u+o6"h.
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Lagrangian Approach Generalized EP equations on homogeneous spaces

Example of generalized EP equation on homogeneous
spaces

uBurgers equation
— 0" = 3" —ud" =0 (33)

is a generalized EP equation on homogeneous space S* \ Diff(S?).
o The Lagrangian is given here by the H! inner product:

I(u) = ;/ (u')?dx. (34)
@ Orbit invariant

©:(m) = (mo)(7), m=—u,
is conserved for any lift  : | — Diff(S') of the solution curve
5 : 1 — S\ Diff(S1) whose right logarithmic derivative is
i=C>®(,SY) u ie Yoy l=u.
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Applications

Orbit invariants in global existence results

The four integrable equations: CH, xCH, DP and uDP are special
cases of the equation

Oem = —um' —X\u/m, m= du, (35)
where the operator ® on the space of smooth functions on the
circle is either

@ a linear differential operator of the form Z}ZO(—l)J'&%J, or

e the linear operator yu — 2, where p(u) is the mean of the
function u on S1.

The equation (35) is a generalized EP equation on the group of
diffeomorphisms of the circle for the reduced Lagrangian

1
I(u) = 3 /51 ududx.
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Applications

In this case the Diff(S!) action ©* is the action on A\—densities on
the circle, with associated infinitesimal action 6 f = uf’ + bu'f.
The coadjoint action is obtained for b = 2 and in this special case
(35) is the geodesic equation on Diff(S!) with respect to the right
invariant metric defined by the H" inner product.

We consider the periodic Cauchy problem for (35):
Opu+ud = -0~ ([u, ®]u' + Ad'du), xe St teRT (36)

u(0, x) = up(x) (37)

where ¢ : H* — H*~", & = Z}ZO(—l)jE))z(j and A is an arbitrary
real number.
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Applications

We prove the following global (in time) existence and uniqueness
theorem using orbit invariants.

Theorem

Let s > 2r+ 1. Assume that the initial data ug € H*(S?) satisfies

(DUQ > 0.

Then the Cauchy problem (36)-(37) has a unique global solution
in

C(RT, H5(SY)) N CL(RT, H—1(SY)).

u
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Applications

References

B
B
B
[
B
B
[
B

Arnold, V., Sur la géometrie différentielle des groupes de Lie de dimension infinie et ses application a
I'hydrodynamique des fluides parfaits, Ann. Inst. Fourier (Grenoble) 16 (1966), 319-361.

Arnold, V. I., Khesin, B. A., Topological Methods in Hydrodynamics, Springer, Berlin, 1998.
Bourguignon, J. P. and Brezis, H., Remarks on the Euler equation, J. Functional Analysis, 15 (1974)
341-363.

Beale, J. T. and Kato, T. and Majda, A., Remarks on the breakdown of smooth solutions for the 3-D Euler
equations, Comm. Math. Phys. 94 (1984) 61-66.

R. Beals, D. Sattinger and J. Szmigielski, Multipeakons and the classical moment problem, Adv. Math. 154
(2000), 229-257.

Camassa, R., Holm, D. D., An integrable shallow water equation with peaked solitons, Phys. Rev. Lett. 71
(1993) 1661-1664.

A. Constantin and H. P. McKean, A shallow water equation on the circle, Comm. Pure Appl. Math. 52
(1999), 949-982.

Degasperis, A., Procesi M., Asymptotic integrability, Symmetry and Perturbation Theory (Rome 1998),
World Scientific Publishers, New Jersey 1999.

Fields Institute, May 2011 slide 49/54



Applications

L P A P 1 Y 1 P01

Constantin, A. and Kappeler, T. and Kolev, B. and Topalov, P., On geodesic exponential maps of the
Virasoro group, Ann. Global Anal. Geom., 31 (2007).

A. Degasperis, D. D. Holm and A. N. W. Hone, A new integrable equation with peakon solutions, Teoret.
Mat. Fiz. 133 (2002), 1463-1474.

D. Ebin and J. E. Marsden, Groups of diffeomorphisms and the motion of an incompressible fluid, Ann. of
Math. 92 (1970).

Escher, J., Kolev, B., The Degasperis-Procesi equation as a non-metric Euler equation, arXiv:0908.0508
(2009).

Fuchssteiner, B. and A. S. Fokas, Symplectic structures, their Backlund transformation and hereditary
symmetries, Physica D 4 (1981), 47-66.

Gay-Balmaz, F., Ratiu, T., The geometric structure of complex fluids, Adv. Appl. Math. 42 (2009),
176-275.

L. Guieu and C. Roger, L'Algebre et le Groupe de Virasoro: aspects geometriques et algebriques,
generalisations, Publications CRM, 2007.

Holm, D. D., Euler-Poincaré dynamics of perfect complex fluids, in Geometry, mechanics, and dynamics,

volume in honor of the 60th birthday of J. E. Marsden, edited by P. Newton et al., New York, Springer,
113-167 (2002).

Fields Institute, May 2011 slide 50/54



Applications

e & ) ) & D

Holm, D. D., Geometric mechanics. Part Il: Rotating, translating and rolling, Hackensack, NJ: World
Scientific, 2008.

Holm, D. and J. E. Marsden, Momentum maps and measure-valued solutions (peakons, filaments and
sheets) for the EPDIff equation, Progr. Math., 232 (2004) 203-235.

Holm, D., Marsden, J., Ratiu, T., The Euler-Poincaré equations and semidirect products with applications
to continuum theories, Advances in Math., 137 (1997) 1-81.

D. D. Holm and M. F. Staley, Wave structure and nonlinear balances in a family of evolutionary PDEs,
SIAM J. Appl. Dynam. Syst., 2 (2003), 323-380 (electronic).

Holm, D., Tronci, C., Geodesic flows on semidirect product Lie groups: geometry of singular measure-valued
solutions, Proc. R. Soc. A, 465 (2009) 457-476.

A. N. W. Hone and J. P. Wang, Prolongation algebras and Hamiltonian operators for peakon equations,
Inverse Problems 19 (2003), 129-145

Hunter, J. K. and R. Saxton, Dynamics of director fields, SIAM J. Appl. Math. 51 (1991), 1498-1521.

Kambe, T., Geometrical Theory of Dynamical Systems and Fluid Flows, Advanced Series in Nonlinear
Dynamics 23, World Scientific, Singapore, 2004.

Fields Institute, May 2011 slide 51/54



Applications

Khesin, B., Misiotek, G., Euler equations on homogeneous spaces and Virasoro orbits, Adv. Math., 176
(2003) 116-144.

Khesin, B., Lenells, J., Misiotek, G., Generalized Hunter-Saxton equation and geometry of the circle
diffeomorphism group, Math. Ann., 342 (2008) 617-656.

Khesin, B. and R. Wendt, The Geometry of Infinite-Dimensional Groups, Ergebnisse der Mathematik vol.
51, Springer, New York 2008.

A. Kirillov, Infinite dimensional Lie groups: their orbits, invariants and representations. The geometry of
moments, Lect. Notes in Math. 970, Springer-Verlag, New York 1982, 101-123.

A. Kirillov and D. Yuriev, Kihler geometry of the infinite dimensional homogeneous space
M = Diff + (S')/Rot(S'), Funkt. Anal. Prilozh. 21 (1987), 35-46.

Kriegl, A., Michor, P.W., The Convenient Setting of Global Analysis, Mathematical Surveys and
Monographs 53, American Mathematical Society, Providence, RI, 1997.

Lenells, J., Misiotek, G., Preston, S.C., Curvatures of right-invariant Sobolev metrics on diffeomorphism
groups and their Euler-Arnold equations, Preprint (2009).

J. Lenells, Traveling wave solutions of the Camassa-Holm equation, J. Diff. Eq. 217 (2005), 393-430.

Fields Institute, May 2011



Applications

) &) ) e & D D

Lenells, J., Misiotek, G., Tiglay, F., Integrable evolution equations on spaces of tensor densities and their
peakon solutions, to appear in Comm. Math. Phys., arXiv:0903.4134v1[math.AP] (2009).

H. Lundmark, Formation and dynamics of shock waves in the Degasperis-Procesi equation, J. Nonlinear Sci.
17 (2007), 169-198.

H. Lundmark and J. Szmigielski, Degasperis-Procesi peakons and the discrete cubic string, Int. Math. Res.
Pap. 2 (2005), 53-116.

Marsden, J. E., Ratiu, T., Introduction to Mechanics and Symmetry, 2nd edition, Springer, 1999.
Marsden, J. E., Scheurle, J., The reduced Euler-Lagrange equations, Fields Institute Comm. 1 (1993)
139-164.

G. Misiotek, A shallow water equation as a geodesic flow on the Bott-Virasoro group, J. Geom. Phys. 24
(1998), 203-208.

Misiotek, G., Classical solutions of the periodic Camassa-Holm equation, Geom. Funct. Anal., 12 (2002)
1080-1104.

Misiotek, G., Preston, S. C., Fredholm properties of Riemannian exponential maps on diffeomorphism
groups, Invent. Math., 179 (2010).

Fields Institute, May 2011 slide 53/54



Applications

) WE) WE) & EY

Neeb, K.-H., Towards a Lie theory of locally convex groups, Japanese Jour. of Math., 1 (2006) 291-468.

V. Ovsienko, Coadjoint representation of Virasoro-type Lie algebras and differential operators on

tensor-densities, Infinite dimensional Kahler manifolds (Oberwolfach 1995), DMV Sem. 31, Birkhauser,
Basel, 2001, 231-255.

V. Ovsienko and S. Tabachnikov, Projective Differential Geometry, Cambridge Univ. Press 2005.

R. Saxton and F. Tiglay, Global existence of some infinite energy solutions for a perfect incompressible fluid,
SIAM J. Math. Anal. 40 (2008), 1499-1515.

M. Taylor, Pseudodifferential Operators and Nonlinear PDE, Birkhauser, Boston 1991.

Vizman, C., Abstract Kelvin-Noether theorems for Lie group extensions, Lett. in Math. Phys., 84 (2008)
245-256.

Vizman, C., Geodesic equations on diffeomorphism groups, SIGMA Symmetry Integrability Geom. Methods
Appl. 4 (2008).

Fields Institute, May 2011 slide 54/54



	Outline
	Introduction
	Hamiltonian approach
	A family of equations on b densities
	DP: Lax pair and bihamiltonian structure
	Cauchy problem
	B: Lax pair and bihamiltonian structure
	Burgers' equation and the L2-geometry of Diffs Diffs/S1

	Lagrangian Approach
	Euler-Poincaré equations and orbit invariants
	Generalized Euler-Poincaré equations
	Euler-Poincaré equations on homogeneous spaces
	Generalized Euler-Poincaré equations on homogeneous spaces

	Applications

