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First main result

Ostrovsky/Ostrovsky-Hunter/Vakhnenko

Consider
U = U+ (UP)xx, (t,Xx) € RL xR ™)
u(0) = f € HS(R"),
The case p=2

@ Also called reduced Ostrovsky, Ostrovsky-Hunter,
Vakhnenko equation, ...

@ modeling of small-amplitude long waves in rotating fluids of
finite depth

@ Ostrovsky’78, Hunter'90, Boyd '05,
Morrisson-Parkes-Vakhnenko’'99, Vakhnenko-Parkes’'02.
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The Short pulse equation

The case p=3

@ Short Pulse Equation

@ completely integrable, equivalent to sine-Gordon equation,
infinite hierarchy of conserved quantities,
Sakovich-Sakovich’05,

@ explicit analytical solutions of loop and of breather form,
Sakovich-Sakovich’06

@ wave breaking, Liu-Pelinovsky-Sakovich, 09 (both in
periodic and whole line context)
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Local Solutions to (gO)
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The Ostrovsky equation

Ostrovsky equation - motivation
Short Pulse Equation

Ostrovsky equation - local solutions
First main result

Local Solutions to (gO)

Schéfer-Wayne’04 showed the following

The (gO) equation is locally well-posed in H>(R").

Question: What is a solution?

u € H'/2+(R") is a weak solution, if

/ / u(t, X)) (t, x)dxdt + /_Z fihydx =

_ /O /_ Lo+ wPoldat,
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The Ostrovsky equation
Ostrovsky equation - motivation
Short Pulse Equation
Ostrovsky equation - local solutions
First main result

Local solutions - cont.

We say that the equation (1) is locally well-posed in H%, sq > 0,
if
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The Ostrovsky equation
Ostrovsky equation - motivation
Short Pulse Equation
Ostrovsky equation - local solutions
First main result

Local solutions - cont.

We say that the equation (1) is locally well-posed in H%, sq > 0,
if

@ For sy >> 1, f e H%, there exists To = T(|f||y%) and a
classical solution u € C[(0, Ty), H%') N C'[(0, Tp), HS1—1).
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The Ostrovsky equation
Ostrovsky equation - motivation
Short Pulse Equation
Ostrovsky equation - local solutions
First main result

Local solutions - cont.

We say that the equation (1) is locally well-posed in H%, sq > 0,
if
@ Forsy >> 1, f e H%, there exists Ty = T(||f||ys) and a
classical solution u € C[(0, Ty), H%') N C'[(0, Tp), HS1—1).
@ There exists s, : 0 < 55 < s, so that for any f,g € HS!,
there exists C = C(||f|| g, |9/ ) ; SO that

sup [[u(t) = v(D)l[n=2 < ClIfll o0, (|9l o) I = Gl 2

0<t<T,

Note:

local well-posedness = 3! weak solution
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Local well-posedness for the gO equation

Letp > 2 be an integer, s > 3/2.
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Local well-posedness for the gO equation

Letp > 2 be an integer, s > 3/2.
Then (gO) is locally well-posed in H3(R").
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The Ostrovsky equation
Ostrovsky equation - motivation
Short Pulse Equation
Ostrovsky equation - local solutions
First main result

Local well-posedness for the gO equation

Theorem

Letp > 2 be an integer, s > 3/2.
Then (gO) is locally well-posed in H3(R").

In particular, for any f ¢ HS(R"), there exists a time
0 < Top = To(||fllns) < oo, so that the problem (1) has a unique
strong solution in the space C([0, Ty), HS(R")).
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The Ostrovsky equation
Ostrovsky equation - motivation
Short Pulse Equation
Ostrovsky equation - local solutions
First main result

Remarks

@ This is a quasilinear wave equation. Thus, one does not
expect to produce a solution via a fixed point argument.

Is that last result sharp?

Atanas Stefanov, Y. Shen, P. Kevrekidis Global well-posedness for the Ostrovsky equation



The Ostrovsky equation
Ostrovsky equation - motivation
Short Pulse Equation
Ostrovsky equation - local solutions
First main result

Remarks

@ This is a quasilinear wave equation. Thus, one does not
expect to produce a solution via a fixed point argument.

@ Such equations will in general not have Lipschitz
dependence on the initial data (which would be one of the
consequences of a fixed point iteration procedure).

Is that last result sharp?

Atanas Stefanov, Y. Shen, P. Kevrekidis Global well-posedness for the Ostrovsky equation



The Ostrovsky equation
Ostrovsky equation - motivation
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First main result

Remarks

@ This is a quasilinear wave equation. Thus, one does not
expect to produce a solution via a fixed point argument.

@ Such equations will in general not have Lipschitz
dependence on the initial data (which would be one of the
consequences of a fixed point iteration procedure).

@ In fact, for this problem, we only get

sup_[lu(t) — v(t)]|

< C(||f
oS e = CUI

lgll g I =gll 3.

H3*

Is that last result sharp?
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Global solutions - statements
The Pelinovsky and Sakovich result
Second main result - global regularity and scattering

Global solutions for the case p = 3

Pelinovsky and Sakovich, [2010] have shown that for p = 3, the
problem has global solutions for small data.

Atanas Stefanov, Y. Shen, P. Kevrekidis Global well-posedness for the Ostrovsky equation



Global solutions - statements
The Pelinovsky and Sakovich result
Second main result - global regularity and scattering

Global solutions for the case p = 3

Pelinovsky and Sakovich, [2010] have shown that for p = 3, the
problem has global solutions for small data.

Their approach is based on exploiting the conservation laws
and this particular equation relation’s to the cubic 1 + 1
Klein-Gordon model.

Atanas Stefanov, Y. Shen, P. Kevrekidis Global well-posedness for the Ostrovsky equation



Global solutions - statements
The Pelinovsky and Sakovich result
Second main result - global regularity and scattering

Global solutions for the case p = 3

Pelinovsky and Sakovich, [2010] have shown that for p = 3, the
problem has global solutions for small data.

Their approach is based on exploiting the conservation laws
and this particular equation relation’s to the cubic 1 + 1
Klein-Gordon model.

Question: Does (some norm of) the solution tend to zero as
t — 00?
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Global solutions - statements
The Pelinovsky and Sakovich result
Second main result - global regularity and scattering

Global well-posedness and scattering for the gO
equation, p > 4

Letp > 4 be an integer. If ||f||s + || fllwss < e, the (9O)
equation has an unique global solution in C([0, o), H>(R")).
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Global well-posedness and scattering for the gO
equation, p > 4

Theorem

Letp > 4 be an integer. If ||f||s + || fllwss < e, the (9O)
equation has an unique global solution in C([0, 00), H*(R")). In
addition,

sup ||u(t)||pys < 4e

0<t<oo
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Global well-posedness and scattering for the gO
equation, p > 4

Theorem

Letp > 4 be an integer. If ||f||s + || fllwss < e, the (9O)
equation has an unique global solution in C([0, 00), H*(R")). In
addition,

sup ||u(t)||pys < 4e
O0<t<oo

and it scatters

||U||L;7W3/2,, < Cpe.

forallq,r € (2,00):1/q+1/r <1/2,
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Global solutions - statements
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Global well-posedness and scattering for the gO
equation, p > 4

Theorem

Letp > 4 be an integer. If ||f||s + || fllwss < e, the (9O)
equation has an unique global solution in C([0, 00), H*(R")). In
addition,

sup ||u(t)||pys < 4e
O0<t<oo

and it scatters

||U||L;7W3/2,, < Cpe.
forallg,r € (2,00) :1/q+1/r < 1/2, Heuristically,
lu8)llr ~ =02/
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Global solutions - statements
The Pelinovsky and Sakovich result
Second main result - global regularity and scattering

Remarks:

@ One could push the p index down to the Strauss exponent

L 3HVIAT ase.
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Remarks:

@ One could push the p index down to the Strauss exponent
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Certainly not down to p = 3!
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Global solutions - statements
The Pelinovsky and Sakovich result
Second main result - global regularity and scattering

Remarks:

@ One could push the p index down to the Strauss exponent

L 3HVIAT ase.

Certainly not down to p = 3!

@ In doing so, the smoothness requirement for initial data will
increase!
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The main energy estimate
Energy estimate implies l.w.p.
Energy + Strichartz estimates implies global regularity & scattering

Tools used in the proof: local results

Energy estimate

Lemma

Let u solves

U = U+ ox(F(t,x)ux) + G(t,x), t>0 (2)
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The main energy estimate
Energy estimate implies l.w.p.
Energy + Strichartz estimates implies global regularity & scattering

Tools used in the proof: local results

Energy estimate

Lemma

Let u solves
U = U+ ox(F(t,x)ux) + G(t,x), t>0 (2)
Then, for every s > 0,

/é(t) < Cs”Fx(t7')||L°°Is(t)+
+ 2VIs()IG(t, ) s—1 + Clitxllege 1F (2, )l ),

where Is(t) = |Ju(t, ")

||i[s
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Tools used in the proof: local results

Energy estimate implies L.w.p.

@ Proof of the energy estimate is via Littlewood-Paley theory.
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@ For existence, we construct the solutions as limits of
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Tools used in the proof: local results

Energy estimate implies L.w.p.

@ Proof of the energy estimate is via Littlewood-Paley theory.
@ For existence, we construct the solutions as limits of

1
O Un = U + (PUR_ OxUN)x

@ In order to close the iteration scheme (i.e. the energy
estimates should have the same Sobolev norms on L.H.S.
and R.H.S))
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The main energy estimate
Energy estimate implies l.w.p.
Energy + Strichartz estimates implies global regularity & scattering

Tools used in the proof: local results

Energy estimate implies L.w.p.

@ Proof of the energy estimate is via Littlewood-Paley theory.
@ For existence, we construct the solutions as limits of

1
O Un = U + (PUR_ OxUN)x

@ In order to close the iteration scheme (i.e. the energy
estimates should have the same Sobolev norms on L.H.S.
and R.H.S.) one needs to control (observe G = 0)

IF()ll1e + 10x[F(u)llli < [lullfs’ where F ~ uP~

This AND Sobolev embedding necessitates s > 3/2.
Uniqueness is similar (but G appears!)
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The main energy estimate
Energy estimate implies l.w.p.
Energy + Strichartz estimates implies global regularity & scattering

Tools used in the proof: local results

Energy keeps it small until HUHL,;q oo << 1

Applying the energy estimates to the local solution implies
—Js(o < Cs pds(t)([|ux(DIIF=" + u(d)[IF1).
for Js(u) = || u(t)||3s.
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The main energy estimate
Energy estimate implies l.w.p.
Energy + Strichartz estimates implies global regularity & scattering

Tools used in the proof: local results

Energy keeps it small until HUHL,;q oo << 1

Applying the energy estimates to the local solution implies
©Us(1) < Copds ()12 + u(D25").

for Js(u) = || u(t)||3s.

By Gronwall’s (for all s > 0!)

Js(T) < J(0) exp(Gs U7y 7y )
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The main energy estimate
Energy estimate implies l.w.p.
Energy + Strichartz estimates implies global regularity & scattering

Tools used in the proof: local results

Energy keeps it small until HUHL,;q oo << 1

Applying the energy estimates to the local solution implies

©Us(1) < Copds ()12 + u(D25").
for Js(u) = |[u(t)||2s.

By Gronwall’s (for all s > 0!)

Js(T) < J(0) exp(Gs U7y 7y )

In particular,
[Ull o ps < 3| f| 1 3)

aslong as [ul?, ", . <1/Cop.
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Strichartz/decay estimates
Decay estimates ensure a posteriori control

Tools used in the proof: global results Tl e @i = A

Strichartz/decay estimates
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Strichartz/decay estimates
Decay estimates ensure a posteriori control

Tools used in the proof: global results Tl e @i = A

Strichartz/decay estimates

U = U (t,x) € R x R!
u(0, x) = f(x)

We have i(t, €) = 1(¢) exp(—i})
@ (energy conservation, decay estimate )

1

(e = L2t NeOllogary < Cot &P, 5

N

olw
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Strichartz/decay estimates
Decay estimates ensure a posteriori control

Tools used in the proof: global results Tl e @i = A

Strichartz/decay estimates

U = U (t,x) € R x R!
u(0, x) = f(x)

We have i(t, €) = 1(¢) exp(—i})
@ (energy conservation, decay estimate )

1

(e = L2t NeOllogary < Cot &P, 5

N

olw

@ There is also Strichartz: Let2/q+1/r < 1/2, then

lull gy < CllFll gt /201/a-1/0
t =x
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Strichartz/decay estimates
Decay estimates ensure a posteriori control

Tools used in the proof: global results Tl s G > 4

Comments/ldeas

@ Strichartz follows from energy + decay (Keel-Tao)
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Strichartz/decay estimates
Decay estimates ensure a posteriori control

Tools used in the proof: global results Tl s G > 4

Comments/ldeas

@ Strichartz follows from energy + decay (Keel-Tao)
@ Energy is obvious by Plancherel’'s

N . t .
lu(ll 2 = [[a(@)l 2 = [If(-) exp(=i-)ll2 = [Ifll 2 = lI£ll 2.
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Strichartz/decay estimates
Decay estimates ensure a posteriori control

Tools used in the proof: global results Tl s G > 4

Comments/ldeas

@ Strichartz follows from energy + decay (Keel-Tao)
@ Energy is obvious by Plancherel’'s

Ju(Oll iz = 1882 = () exp(—i°

@ Decay estimates are scale invariant

e = 1Fll2 = I£1].2-
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Decay estimates ensure a posteriori control

Tools used in the proof: global results Tl s G > 4

Comments/ldeas

@ Strichartz follows from energy + decay (Keel-Tao)
@ Energy is obvious by Plancherel’'s

Ju(Oll iz = 1882 = () exp(—i°

@ Decay estimates are scale invariant

e = 1Fll2 = I£1].2-
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Strichartz/decay estimates
Decay estimates ensure a posteriori control

Tools used in the proof: global results Tl s G > 4

Comments/ldeas

@ Strichartz follows from energy + decay (Keel-Tao)
@ Energy is obvious by Plancherel’'s

()2 = 18()] 2 = I7(-) exp(~i- )||L2 = fll2 = lIfll.2-

@ Decay estimates are scale invariant -> suffices to show
Jto(t, )L < HfoHu
Vi

i) = [ ([ ¢ nte e p(crde) fy)ay
Van der Corput Lemma to the phase (&) = 1/(€) + *F2¢,
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Strichartz/decay estimates
Decay estimates ensure a posteriori control

Tools used in the proof: global results Tl s G > 4

Comments/ldeas

@ Strichartz follows from energy + decay (Keel-Tao)
@ Energy is obvious by Plancherel’'s

()2 = 18()] 2 = I7(-) exp(~i- )||L2 = fll2 = lIfll.2-

@ Decay estimates are scale invariant -> suffices to show
Jto(t, )L < HfoHu
Vi

i) = [ ([ ¢ nte e p(crde) fy)ay

Van der Corput Lemma to the phase x(¢) = 1/(£) + *F£¢,
W= 3~
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Strichartz/decay estimates
Decay estimates ensure a posteriori control

Tools used in the proof: global results el s G > 4

Continuation argument - setup, |

Recall

Need to control HUHL,;A W)
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Strichartz/decay estimates
Decay estimates ensure a posteriori control

Tools used in the proof: global results el s G > 4

Continuation argument - setup, |

Recall

Need to control HUHL,;A W)

U= A = T(Hf + /O Tt — 8)0uluP(s)]ds.

where T(1)(¢) = H(¢) exp(—it).
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Strichartz/decay estimates
Decay estimates ensure a posteriori control

Tools used in the proof: global results el s G > 4

Continuation argument - setup, |

Recall

Need to control HUHL,;A W)

U= A = T(Hf + /O Tt — 8)0uluP(s)]ds.

where T(1)(¢) = H(¢) exp(—it).
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Strichartz/decay estimates
Decay estimates ensure a posteriori control

Tools used in the proof: global results el s G > 4

Continuation argument - setup,

We will show
IA[Ulllxr < ClIIll s =+ (1]l e ]TT + IIUIlﬁ’(f],
where

ullx ~ |lu +u .
lullx ~ 1l ||L?Wxg,oc | HL?OHXg
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Strichartz/decay estimates
Decay estimates ensure a posteriori control

Tools used in the proof: global results el s G > 4

Continuation argument - setup,

We will show
—1
IA[U]llxy < ClIFlls + 1l yeallt + ull, "],
where
ullx ~ Jju +||u :
lullx ~ 1l ||L?Wxg,oc | HL?OHXg
If so, continuation argument will ensure that

1l o=t 1,00 = Cllullx << 1
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Strichartz/decay estimates
Decay estimates ensure a posteriori control

Tools used in the proof: global results el s G > 4

Continuation argument - setup,

We will show
—1
IA[U]llxy < ClIFlls + 1l yeallt + ull, "],
where
ullx ~ Jju +||u :
lullx ~ 1l ||L?Wxg,oc | HL?OHXg
If so, continuation argument will ensure that

1l o=t 1,00 = Cllullx << 1

Q.E.D.
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Strichartz/decay estimates
Decay estimates ensure a posteriori control

Tools used in the proof: global results el s G > 4

Decay estimates

By the decay estimates

AL llwer < Crlt1™ V20| ] asaso—ayrer +

! | Oxx [UP (S)]I] 3723/
+Cr/0 s/ ds.
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Strichartz/decay estimates
Decay estimates ensure a posteriori control

Tools used in the proof: global results el s G > 4

Decay estimates

By the decay estimates

AL llwer < Crlt1™ V20| ] asaso—ayrer +

| Oxx [UP ()] | s sa—syrr
/ It — s[1/2=1/r ds.

By commutator estimates

i

100 [UP ()]l waaz—a/rrr S HUHLfo(o,T)Ha+2+3/2—3/rHU\ (015
LP=I8(1,T)L,

(P12,
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Strichartz/decay estimates
Decay estimates ensure a posteriori control

Tools used in the proof: global results el s G > 4

Decay estimates

By the decay estimates

AL llwer < Crlt1™ V20| ] asaso—ayrer +

! | Oxx [UP (S)]I] 3723/
0 |t_s|1/2—1/r

+Cy ds.

By commutator estimates

-1
10 [UP ()]l wearz—s/rr S HU”L;w(o,T)/-/a+2+3/2—3/rHUV;p_w(1 T)L(pq),é—’z'

t X

Note by energy estimates
||U||L;>Q(O7T)Ha+2+a/2—3/r < C||f|| yaratasa—a/r-
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Strichartz/decay estimates
Decay estimates ensure a posteriori control
It all works out if p 4

Tools used in the proof: global results

By Hardy-Littlewood-Sobolev inequality (in the time variable)

[l awe.r < Cllllwars/z-a/mr +

p—1
+cuf||Ha+2+3/273/,||u||L(p_1)BL(p71)r2_7,2.

t X
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Strichartz/decay estimates
Decay estimates ensure a posteriori control
It all works out if p 4

Tools used in the proof: global results

By Hardy-Littlewood-Sobolev inequality (in the time variable)

[l awe.r < Cllllwars/z-a/mr +

p—1
+cuf||Ha+2+3/273/,||u||L(p_1)BL(p71)r2_7,2.

t X

1 r-2
where1+a_r2—r+

=
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Strichartz/decay estimates
Decay estimates ensure a posteriori control
It all works out if p 4

Tools used in the proof: global results

By Hardy-Littlewood-Sobolev inequality (in the time variable)

[l awe.r < Cllllwars/z-a/mr +

p—1
+cuf||Ha+2+3/273/,||u||L(p_1)BL(p71)r2_7,2.

t X

where1+%:%+ . Note that if g > 2, p > 4,

=
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Strichartz/decay estimates
Decay estimates ensure a posteriori control
It all works out if p 4

Tools used in the proof: global results

By Hardy-Littlewood-Sobolev inequality (in the time variable)

[l awe.r < Cllllwars/z-a/mr +

p—1
+cuf||Ha+2+3/273/,||u||L(p_1)BL(p71)r2_7,2.
t X

where1+%:%+ . Note that if g > 2, p > 4,

(R B [1+1]<1
(P-18 (p-1)52 p—1 ql — 2

=
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Strichartz/decay estimates
Decay estimates ensure a posteriori control

Tools used in the proof: global results It all works out if p > 4

Numerology

Recast the last estimate as

lullx = sup [u(O) | awer < Cllfllwassz-s/rr +
q,r:1/q+1/r<1/2
—1
+  C|lfl|yasessje—s;r  SUP Hu(t)H’L’?WQV,:

q,r:1/q+1/r<1/2

= O|f|l yassse—ssrar + Cl|fllyasesarz—sse|ully -
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Strichartz/decay estimates
Decay estimates ensure a posteriori control

Tools used in the proof: global results It all works out if p > 4

Numerology

Recast the last estimate as

lullx = sup [u(O) | awer < Cllfllwassz-s/rr +
q,r:1/q+1/r<1/2
—1
+  C|lfl|yasessje—s;r  SUP Hu(t)H’L’?WQV,:

q,r:1/q+1/r<1/2

= O|f|l yassse—ssrar + Cl|fllyasesarz—sse|ully -

Thisrequiresp>4...,a>1/2,say a = 3/2.
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Open questions

Questions

@ Study the Lipschitzness of the solution map
S(t) : H® — H® for any s.
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Open questions

Questions

@ Study the Lipschitzness of the solution map
S(t) : H® — H® for any s.
For example, for s > 3/2, what is the biggest a = a(s), so
that

sup [u(t)=v(D)l[He < C([tol| s, Vol He) || o= Vol| e
0<t<T([[toll sl vollps)
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Open questions

Questions

@ Study the Lipschitzness of the solution map
S(t) : H® — H® for any s.
For example, for s > 3/2, what is the biggest a = a(s), so
that

sup [u(t)=v(D)l[He < C([tol| s, Vol He) || o= Vol| e
0<t<T([[toll sl vollps)

@ Is it true that solutions with small data to (SPE) (p = 3) and
Ostrovsky-Hunter/Vakhnenko (p = 2) will be global and
decaying?
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Open questions

Questions

@ Study the Lipschitzness of the solution map
S(t) : H® — H® for any s.
For example, for s > 3/2, what is the biggest a = a(s), so
that
sup [u(t)=v(t)l[He < C(l|Uoll s, [ Vol )l lo—Voll e
0<t<T([[toll s | vollps)

@ Is it true that solutions with small data to (SPE) (p = 3) and
Ostrovsky-Hunter/Vakhnenko (p = 2) will be global and
decaying?

© The argument here can be improved to powers p > %ﬁ
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Open questions

Questions

@ Study the Lipschitzness of the solution map
S(t) : H® — H® for any s.
For example, for s > 3/2, what is the biggest a = a(s), so
that
sup [u(t)=v(t)l[He < C(l|Uoll s, [ Vol )l lo—Voll e
0<t<T([[toll s | vollps)

@ Is it true that solutions with small data to (SPE) (p = 3) and
Ostrovsky-Hunter/Vakhnenko (p = 2) will be global and
decaying?

© The argument here can be improved to powers p > %ﬁ

© The lower the p, the more difficult it is
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Open questions

Questions

@ Study the Lipschitzness of the solution map
S(t) : H® — H® for any s.
For example, for s > 3/2, what is the biggest a = a(s), so
that
sup [u(t)=v(t)l[He < C(l|Uoll s, [ Vol )l lo—Voll e
0<t<T([[toll s | vollps)

@ Is it true that solutions with small data to (SPE) (p = 3) and
Ostrovsky-Hunter/Vakhnenko (p = 2) will be global and
decaying?

© The argument here can be improved to powers p > %ﬁ

© The lower the p, the more difficult it is
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Open questions

Questions

@ Study the Lipschitzness of the solution map
S(t) : H® — H® for any s.
For example, for s > 3/2, what is the biggest a = a(s), so
that

sup [u(t)=v(D)l[He < C([tol| s, Vol He) || o= Vol| e
0<t<T([[toll sl vollps)

@ Is it true that solutions with small data to (SPE) (p = 3) and
Ostrovsky-Hunter/Vakhnenko (p = 2) will be global and
decaying?

© The argument here can be improved to powers p > %ﬁ

© The lower the p, the more difficult it is (not enough decay in
the non-linearity)
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Normal forms for p = 2

Scattering for small data for p = 2, 3?

Some ideas

Normal forms
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Normal forms for p = 2

Scattering for small data for p = 2, 3?

Some ideas

Normal forms

Idea: For (SPE), find “good” change variable
u= T(u,u,u)+ v, so that

Vix =V + M(u,u,u, u,u),
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Normal forms for p = 2

Scattering for small data for p = 2, 3?

Some ideas

Normal forms

Idea: For (SPE), find “good” change variable
u= T(u,u,u)+ v, so that
Vix =V + M(u,u,u, u,u),
Need spaces X, Y (based on Strichartz/decay estimates), so

that
Q wi = w+ Fimplies [|w|x < [|Flly,
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Normal forms for p = 2
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Some ideas

Normal forms

Idea: For (SPE), find “good” change variable
u= T(u,u,u)+ v, so that
Vix =V + M(u,u,u, u,u),
Need spaces X, Y (based on Strichartz/decay estimates), so

that
Q wi = w+ Fimplies [|w|x < [|Flly,
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Normal forms for p = 2

Scattering for small data for p = 2, 3?

Some ideas

Normal forms
Idea: For (SPE), find “good” change variable
u= T(u,u,u)+ v, so that
Vix =V + M(u,u,u, u,u),

Need spaces X, Y (based on Strichartz/decay estimates), so
that

Q wi =w+ Fimplies |w|[x < [Fllv,

(2]

1T (u, v, w)llx < llullxllvilxlwllx
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Normal forms for p = 2

Scattering for small data for p = 2, 3?

Some ideas

Normal forms

Idea: For (SPE), find “good” change variable
u= T(u,u,u)+ v, so that

Vix =V + M(u,u,u, u,u),
Need spaces X, Y (based on Strichartz/decay estimates), so

that
Q@ wi = w+ Fimplies [|w|x < [[Fllv,
o
IT(u, v, w)llx < llullxvix|iwllx
(s

5
IM(ut, ..., us)lly < | [ llulx
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Normal forms for p = 2

Scattering for small data for p = 2, 3?

It can be done for p = 2

For
Utx =u + 8)()([”2],
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Normal forms for p = 2

Scattering for small data for p = 2, 3?

It can be done for p = 2

For
Utx =u + 8)()([”2],

setu= v+ T(u,u), where
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Normal forms for p = 2

Scattering for small data for p = 2, 3?

It can be done for p = 2

For
Utx =u + 8)()([”2],

setu= v+ T(u,u), where

T(uy,up) = /0(51752)01(71,51)UAz(Tz,51)ei(§1+52)x+(“+72)td€_df
(O — 1) T(u, u) = Ik [U?] + M(u, u, ).

Atanas Stefanov, Y. Shen, P. Kevrekidis Global well-posedness for the Ostrovsky equation



Normal forms for p = 2

Scattering for small data for p = 2, 3?

It can be done for p = 2

For
Utx =u + 8)()([”2],

setu= v+ T(u,u), where

T(uy,up) = /0(51752)01(71,51)UAz(Tz,51)ei(§1+52)x+(“+72)td€_df
(O — 1) T(u, u) = Ik [U?] + M(u, u, ).
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Normal forms for p = 2

Scattering for small data for p = 2, 3?

It can be done for p = 2

For
Utx =u + 8)()([”2],

setu= v+ T(u,u), where
T(uy, ) = /0(51752)01(71,51)UAz(Tz,51)ei(§1+52)x+(“+72)td€_df
(O — 1) T(U, 1) = Dex[LP] + M(u, U, ).

If that is the case, then

Vix — vV = M(u, u, u)
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Normal forms for p = 2

Scattering for small data for p = 2, 3?

It can be done for p = 2, Il

Note

(11 + )& + &)+ 1= (& +1) + (&2 + 1) + (&2 + 7€ — 1

1€ + &1 — 1 :(7'161 +1)§?+(TZ€2+1)€1_(2+§?+1)

&2
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Normal forms for p = 2

Scattering for small data for p = 2, 3?

It can be done for p = 2, Il

Note

(11 + )& + &)+ 1= (& +1) + (&2 + 1) + (&2 + 7€ — 1

1€ + &1 — 1 :(7'161 +1)§?+(TZ€2+1)€1_(2+§?+1)

&2
So, select o
(&1 +&)?

o(&,6)=c
&, &
&2 +£1 +1
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Normal forms for p = 2

Scattering for small data for p = 2, 3?

It can be done for p = 2, Il

Note

(11 + )& + &)+ 1= (& +1) + (&2 + 1) + (&2 + 7€ — 1

1€ + &1 — 1 :(7'161 +1)§?+(TZ€2+1)€1_(2+§?+1)

&2
So, select o ,
+
o(&1,&) = 05(151552)1
at+g+

Note that o is non-singular and Coifmann-Meyer symbol of
order 2.
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Normal forms for p = 2

Scattering for small data for p = 2, 3?

It can be done for p = 2, Il

we get
(O — NT(u,u) = 2T((O — 1)U, U) + Oxx[U?] +
+ 2T((0x — 1)05 'u, 0xu) =
2T (9xx[UP], U) + 2T (9x[U?], Dx ) + Dxx[UP].
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Normal forms for p = 2

Scattering for small data for p = 2, 3?

It can be done for p = 2, Il

we get
(O — NT(u,u) = 2T((O — 1)U, U) + Oxx[U?] +
+ 2T((0x — 1)05 'u, 0xu) =
= 2T (Oxx[U?], U) + 2T (0x[UP], Oxu) + Oxx[U?].
Thus, u = v + T(u, u) satisfy
Ix[U?] = (O —Nu= (O — 1)V + (0 — 1) T(u,u) =
= (O — 1)V + Oxx[U?] + 2T (Oxx[U?], 1) + 2T (Ox[L?], Bxu1).
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Normal forms for p = 2

Scattering for small data for p = 2, 3?

It can be done for p = 2, Il

we get

(O — NT(u,u) = 2T((O — 1)U, U) + Oxx[U?] +
+ 2T((0x — 1)05 'u, 0xu) =
= 2T (Oxx[U?], U) + 2T (0x[UP], Oxu) + Oxx[U?].

Thus, u = v + T(u, u) satisfy

OuxlU?] = (O —1u= (0 — 1)V + (O — )T (u,u) =
= (O — 1)V + Oxx[U?] + 2T (Oxx[U?], U) + 2T (O [U?], Dxr).

(O — 1)V = —2T (8xx[U?], u) — 2T (0x[U?], Bxu) cubic term!
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Normal forms for p = 2

Scattering for small data for p = 2, 3?

Thank you for your attention.
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