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Talk’s plan

@ The NLKG (NLS) equations and our goals
@ What's known and our results
@ Very brief idea of the proof

© The critical case : variational characterization
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The NLKG equations & our goals

Consider the NLKG
i—Au+u—f(u)=0, wu:RTY SR,
{ u(0,-) = uo(-) € H'(RY), 9u(0,-) = w(-) € I*(RY),
or NLS

(1)

{2@'12 +Au+f(u)=0, u:R -, @)

u(0,-) = uo(-) € H'(RY)
where N > 3 and f typically has the form

flu) = ar|u[" T+ Lag u|P
where a; > 0 and 1+%<p1<"<pk§%=2*—1, and for
N > 3, the index 2* := % is related to the Sobolev embedding

Il 2+ < Cl[ Vg2, forall f € HY(RY). (3)
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The NLKG equations & our goals

Conservation laws :
© The NLKG e Energy

B(u, i) = |Vul gz + g2 + ullg2 — 2F(u) = E(uo, ).

e Momentum [ Vud;u dz = [ wVug dx
@ The NLS e Energy

E(u) = || Vul|Z2 — 2F (u) = E(u)

e Mass
lull72 = lluoll72

e Momentum

f/uVu dx
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The NLKG equations & our goals

Our goals are :

@ Does the Cauchy problem (1) have a global/finite time
solution

@ When global, what is the asymptoctic of the solution as
t— o0?
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What's known & our results

Theorem (Small data scattering, Strauss .., Ginibre-Velo)

There exists 6 > 0 such that for any ||(uo, u1)|| g1« 2myy < 9, the
solution u to (1) with initial data (up,w) at t = 0 exists globally
in time and scatters.
If on some interval I

lullsr(r) = 400,

then, u blows up in I.
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What's known & our results

@ It is known that finite energy solutions to (1) satisfy the
conservation of the energy. Recall that Cazenave 79’ has
shown that if E(u,%)(0) <0, then the corresponding solution
blows up in finite time.

@ W. Strauss showed that if the initial data is sufficiently small
in the energy space (hence with positive energy), then the
corresponding solution is global in time.

Main goal : to quantify how large should/can be the initial data to
have an optimal bound for the global wellposedness and scattering.
A first attempt in this direction was done by Shatah.
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What's known & our results

@ Shatah : Global wellposedness versus instability

@ Ohta-Todorova : Strong instablity via blow up

@ For the wave equation (Klein-Gordon without mass) :
Kenig-Merles, ‘06 : Sharp global existence and scattering
threshold for the energy critical NLW.

@ For the nonlinear Schradinger equation : Kenig-Merle, '05 :
Similar result as for the wave, but for radially symmetric
solutions.
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What's known & our results

To state our results, we start first with the subcritical case.

Let K(u) = ||Vull7: + [[ulf2 - /RN u(x)f'(u(z)) dz

and denote by @) the ground state i.e. the positive radially
symmetric solution to

—AQ+Q-f(Q)=0 (4)

minimizing the energy J
1
J(u) = 5 (IVulZe + llullzz — 2F (u)), (5)

under the constraint K = 0. Then consider

HE = {(uo, wm) : E(up,u1) < E(Q,0)and + K (ug) > 0}.
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What's known & our results

Theorem ( » '10, NLKG : the subcritical case)

Let N > 3 and f be energy subcritical. Then

@ Any (up,u1) € &~ leads to a finite time blow up solution :

limsup [|u(t, )| g1 yy = +00, 0< T™ < +oo0.
t—T*

@ Any (up,u1) € T leads to a global solution which scatters

at both oo : there exists a unique (ui, uiF) such that

115? [[(u, @)(¢) — Uo(t )(Uo 7“1 )l (H x12)®RN) =0,

t—

where Up(t)(up, u1) is the KG propagator.
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What's known & our results

@ Hypothesis p1 > 1+ % is only required to prove the scattering
part in Theorem 2.2.

@ For NLS : Akahori-Kikushi-Nawa, '11 similar result but with a
different K

@ In the critical case, the elliptic equation does not have a
solution in H' contrary to the massless equation.

@ In the critical case, take

f'(w) = |ul”" 2w, (6)
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What's known & our results

Our results : the critical case

Let W be the positive, radially symmetric solution of

—AW = W, ()

minimizing the “wave energy”

]. 2 2 *
T = 5 IVl = = ful],.).

Namely W is Talenti function. Similarly, define
K ) = [Valfe = [ Ju@)” o= K = s

and

. 1 ) 2 *
B, i)(1) = 5 (I uC, O+l D=l ) = B=luli
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What's known & our results

Theorem ( , '10, NLKG : the critical case)
Define the sets

H* = {(uo, w) : En(uwo, w) < E(W,0)and + K(ug) > 0},
Then

@ Data in (up, u1) € £~ leads to a finite time blow up solution.

@ Data in (up,w1) € A" leads to a global solution which
scatter at both £oo.

Presented by: Slim Ibrahim

On sharp scattering threshold for the focusing critical NLS &



Idea of the proof in the subcritical case

Variational characterization, splitting & invariances

K, p(u) = 8>\J(u2”3), with u/\/g(ac) = e u(e® ).

«,

Then we have

Lemma

Ifa>0, 2a—(N—-2)3>0, 2a—NB>0 then

M8 : = inf{J(u) | Ky p5(u) =0, u#0}

I=tepfapttlos inf{Hp(u) | Kap(u) =0, u# 0}
inf{ Ho(u) | Keoyo(u) <0, u 0}
J(Q).

e
—~
>
—

—
w
=
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Idea of the proof in the subcritical case

Splitting & Invariance

Define the subsets
%j,[,@‘ = {(uo, w1) : En(u,w) < En(Q,0)and =+ K, z(up) > 0}

Then,

Lemma

X
2H
I
H&
SH

Moreover, ;5 1o are invariant sets of H' x L? under the NLKG
flow. That is : if data are in #* then solution stays there (as long
as it exists).
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Blow-up versus global existence

The blow-up side.

Define y(t) := [|u(t,-)||32. Then
§ = 2llallz2 — 2K10(u) >0, (8)

and using the energy conservation, the superquadratic growth of f
and Cauchy-Schwarz we have

i (@tolili: —22+e)E +e(IVullz: + ulz2) (9)
4+ e j?
> 1_53;, for large t. (10)

Since % > 1, then necessarily y blows up in finite time, a

contradiction.
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Scattering

Idea of the proof

The main task is to show the finiteness of a global space-time
norm (Strichartz norm).
o Let S5 := {(uo,u1) € " such that E(up, u1) < 4}, and
define

E* :=sup{d : any solution u with data (ug, u1) € Ss scatters}

o If |[(up, w1)||fr1xz2 < 1, then (up,up) is in £, and from
small data scattering, we have § > 0.

@ Main task : E*iE(Q,O)

@ By contradiction : If not, there's a sequence of solutions u,,
with initial data (¢, 1,) € # T such that
E(n,¥n) — E* < E(Q,0), and |un || s7r) = +o0.
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Scattering

Lemma

construction of a critical element

@ There exists an initial data (ug,c, u1.c) € T with
En(uo,c, w1,c) = E* such that the corresponding solution wu.

to (1) satisfies ||uc|| g7, r) = +o00.
@ One can find a path x(t) such that the set

K = {(u,u4)(z — z(t),t), te€(0,00)}

is precompact in H' x L?.
© For any e > 0, there exists Ro(¢) > 0 and c(t) : R — RY
such that at any t € R we have

ERQ,C(t)(t) S €.
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Scattering

Lemma (Properties of the critical element)

Let u be a critical element. Then

M(u) = /utVudm =0

Moreover, let Ry(g) > 0, c(t) € RN such that the exterior energy
)

is small, and §», > 0 be a lower bound of ﬂ”ﬂ MO PP Soo
and R > Ry(e) then we have
le(t) — ¢(0)] < R — Ro(e),

for 0 < t < ty till some ty 2 6o R/c.
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Scattering

Proof’s ideas :

@ If not, then the Lorentz transform reduces the energy while it
preserves the LV (or Strichartz) norms.

@ Forany R >0 let Pr(t) = [zdre(u)dz. Then

Pr(t) = —NM(u) + /[N(l ~ 6n) + (r0,) bRl wVu,

and if u is a critical element, the first term disappears by the
above lemma.Since M = 0, then we have

|Pr(t)| S Er(t) <e.

@ Estimate Pp in the direction of ¢(t).
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Scattering

step 1l : Extinction of the critical element

Vr(t) = (¢prut|roru + gu)

Then we have for any solution u (local virial identity),
Vr(t) < — Ky 2,1 (u(t)) + CER(t)
< —6y + CER(t).
Contradiction : Now we choose positive £ < 0205 and R > Ry(e).

Then by Lemma 5.2 there exists ty ~ do R/ such that Fr(t) <e
for 0 < ¢t < tg. Then from local viriel identity we have

02000
—Vr(to) + VR(0) > batg — Cety = daty ~ 25 R, (11)

while the Ieft hand side is dommated by RE, which is a
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Scattering

Construction of the critical element

Recall that we are arguing by contradiction : assume there's a
sequence of solutions u,, of

O+ Du=f(u), u:RT?I SR (12)

with initial data (5, %,) € £ such that
EN(n,Yn) — E* < E(Q), and |lu[|s7®) = +oo. For u we
associate 4 = (V)u — i%. Then

O+ Du=0 < (i0;+ (V)@ =0, Ey(u)=[ill72, (13)




Scattering

Using the profile decomposition, we can write 1, (0) = ¥, (0) with

it (15)
gk = itV phyk ke = (pky=d/2p((5 — F)/pky,

with orthogonality and smallness of R/ in L*® B d/2
To each sequence {7¥},cn, we associate a nonllnear profile : a

sequence {%¥},en satisfying :

iy (t) = U(t=t5) Typho.  and |G —73)(0)] 12 = o(1), n — oo
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Scattering

U

Hence

(—th)TEoE + RE + 0(1)

3

(—tn) Th s + Ry + 0(1)

1
K

(1) =) Ut —t5) Typhs + ey (1).
k=1

But S0, U(t — tF) Tk is an approximate solution which
scatter, so by perturbation argument, does the actual solution .
A contradiction.
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Scattering

Concluding remarks

Under the assumption E" (ug, v1) < E*(W,0), K-M result states
as follows

+||Vug|| 2 < £||V W | 2 = Scattering/finite time bup

Note that

°
Vugllz < [[VW| 2 <= Kip >0

Kwﬂ = COQ/BKlu,)O‘

(&%)
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Scattering

For the NLS, the only functional which is relevant in both blow up
and scattering is Ky /5 1. Indeed, if

% —/mw -

then
d2
@V = KN/2,1

from which one derives

[ ] 7/(1&)57/(0)4—1?—1?2 I.f-SllpKN/QJ <0
t>0

— £ if inf K
o V(0)—t+t2SV(t) if inf Kz >0
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The general critical case

A typical model

Au+ wu — plulP™ u—]u\f\ 2u =0

W|thw >0 and 1+ 4 < p < X2 Let J,, Ty and T be the
2 and H! scalings, respectively. Recall that

N(p-1

)
K(u) =Ky, (u) =2|Vu|j —p | — 2| ul| Fo-
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The general critical case

Recall also

my, = inf{J,(u) : u € H' — 0, K(u) = 0},
iy = inf{I,(u) : w € H' — 0, K (u) = 0},
o =inf{||Vulf. : u € B, |Jul|2r =1},

= H IVWHL2 = H 1W’ L2*
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The general critical case

Theorem (

Assume that N > 4, w > 0 and p > 0. Then there exists a
minimizer for m,,. Moreover,

My, = My > 0

Theorem (

Assume that N = 3, w > 0 and 0 < pu << 1, then there is no a
minimizer for my,. Also, there is no ground state.

|
A\

N
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The general critical case

The equation
4
Au 4 wu — plulP "ty — |u| T2y =0

does not have a solution. Indeed,

N(p—-1)

— p+1

1
0= Kox = 5K(u) = wl| QI + (1 -
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The general critical case

Sketch of the proofs : Existence of a ground state

Q m, =my,
d
@ For n > 4 we have m, < %05 : Take W, = Tg’,1 and choose
0 < A¢ < 1 such that

K(T\,W.)=0
. (N=2)(p+1)
...computation A\ = 1 — Cpe™~ L 0(eN=2). Then
note that m,, < L,(T\. W)
© The above bound prevents concentration when getting a
minimizer.

Presented by: Slim Ibrahim On sharp scattering threshold for the focusing critical NLS &



The general critical case

Sketch of the proofs : N = 3, non existence a
ground state

Suppose u is a minimizer for m,,. Then u* is a minimizer for 7,
solving the static NLKG. Set ®(r) = ru*(r), and take g(r)
smooth and multiply by gu :
155 (g" — 49)®@% dr =
3 - _
ufo B9 — ooy rd)r P @t 3 50 (g — rg))r @l

@ Choose g(r) = IET and note that

p+3 - 1 1
[ e rlep S g S st
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The general critical case

Thank you
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The general critical case

Lemma
The following two subsets

HE = {(uwp, w1) : En(up,u1) < EN(Qu,0) and + Kio(ug) > 0}

are invariant sets of H' x L? under the NLKG flow. That is : if
data are in J#* then solution stays there (as long as it exists).
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The general critical case

Thank you

Presented by: Slim Ibrahim On sharp scattering threshold for the foc



The general critical case

Let ¥, be a sequence of free solutions in the form
(i0; + (V) ¥, =0,  Up(pn) = Tht). (16)
We define a sequence 4, (¢, z), and then ¢, (z), by the equations

(10 + (V))iin = F((V) ' Re@in), n(0) = ¥,(0), iin(pn) = Tnion.
(17)

Next we define v, and %, by undoing the transforms
Uy = TnUn((t = pn)/hn)s U = Tnln((t — pu)/ha).  (18)
Then they satisfy
(10 +(V), )0, =0,  0,(0) =1,
(10, + (V) )i = F((V)7 Re @), Wnl0) = o, an(—pn/h(n> - (-
19




The general critical case

Let v, = —pn/hy. Then we have equivalent integrated equations

U= e Vg, Uy =T, — i/t e =)V f (V) T Re ) ds.
(20)
Extracting subsequence, we may assume that
hy — Jhoo € [0,1],  Yn — Foo € [—00, 0] (21)
Then the limit equations are naturally given by
Too = eV, Ty = o — i/t e =) Voo (V) I Re Tln ) ds,
) (22)

and ¥, — Yoo = Uso(0).
We can call Uy or ¢ the nonlinear profile.
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