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1. Motivations

Simulate fusion by inertial confinement in laboratory

. Setting of the problem

o

Laser beams target

o : Angle between two crossing heams.

Collaborators: CEA: G. Gallice, R. Belaouar.
University of Bordeaux :T. Colin, C. Galusinski, G. Métivier, V. Tikhonchuk
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2. Three waves inter action model.

a. The equations.

6T€
(ng + ne) (Osve + v - Vo, ) = 7
MmMe
Ly
(no + ns) (Byv; + v: - V) = —'Vm'

One + V- ((ng +ne)ve.) =0

Vi, _ e(ng + ne)

1
(F+ —v. x B)
c

e(ng + n;)

1
Vni + (E + —v; X B)
C
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2. Three waves inter action model.

For the electronic-plasma waves :

(7tB +cV X F = O,
(9tE —cV X B =4re ((no + ne)ve) )

For the electromagnetic waves

&ﬂp =cVA
Ot A+ cE = cV
OE —cV xV x A=dre(ng + ne)ve
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2. Three waves inter action model.

b. Polarization conditions.

Linearization + Decomposition

longitudinal part + transverse part

B:B”—FBL
with

VXB”:O
and

V-B, =0

same for E et v,
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2. Three waves inter action model.

electronic-plasma waves:
8753” — O, 8,5EH — 47T6n0?)e|‘

€T€
i Vn, — ¢

MeNo Me

atUeH = — E”, Oine +ngV - Ve|| = 0

[0752 — ’UtQhA + wp62]ve” =0

Plasma Pulsation w,e = \/@
me

and thermal velocity vy, = Yele

me
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2. Three waves inter action model.

electronic-plasma waves:
atBH — O, 8,5EH — 47T6n0?)e|‘

€T€
i Vn, — ¢

MeNo Me

atUeH = — E”, Oine +ngV - Ve|| = 0

[0752 - ’UtQhA + wp62]ve” =0

Plasma Pulsation w,e = \/@
me

and thermal velocity vy, = Yele

me

dispersion relation :

2 _ 2 2,2
w* = Wy, + kv,
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2. Three waves inter action model.

Electromagnetic waves
8tBJ_—|—CV X EJ_ =0

O F | —cV X B =4rmengu,. |

€

8tveJ_ — EJ_

Me
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2. Three waves inter action model.

Electromagnetic waves
8tBJ_—|—CV X EJ_ =0

O F | —cV X B =4rmengu,. |

€

8tveJ_ — EJ_

Me

=>0{F, —*AE| +w B =0

dispersion relation :

2 _ 2 2 2
w* = w,, + k.
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2. Three waves inter action model.

Ao : (Ko,wo), Ap: (KR,(,UR), E (Kl,wl +wpe)

Condition for interactions :

Wo = Wpe + WR + w1, Kg = K+ K,
with
2 2 2 2
Wo :wpe+c ‘KO‘ )
2 2 2 2
wR:wpe+c ’KR‘ )

(wpe +w1)” = wye + viy | K|
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2. Three waves inter action model.

have different status

3.5

Uip << C

[8752 — Ut2hA + wpe2]EH — ()

(07 — 2A + wge]EL =0

3.0

2.5

2.0

1.5

1.0

10
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2. Three waves inter action model.

e electromagnetic waves under the form:
elhe=t) 7 (¢t z) with O, | <« wE | et 9, F| < kE | .

e electronic-plasmas waves under the form e—i”petEH
with 8tEH < wpeEH.
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2. Three waves inter action model.

e electromagnetic waves under the form:
elhe=t) 7 (¢t z) with O, | <« wE | et 9, F| < kE | .

e electronic-plasmas waves under the form e—iwpetEH

with 8tEH < wpeEH.

Oscillations + nonlinearity create low frequency waves: ionic accoustic
waves.

Scenario: send the laser,

=> backscattered electromagnetic wave (Raman component).
—> electronic plasma wave.

=> lonic accoustic wave.

And retroaction!

.—p.12/51



2. Three waves inter action model.

Weakly nonlinear theory

F — Foez(KOX_th) _|_FR€Z(KRX—th) _|_Fee—iwet

and collect !
—=> phase mismatch

ei (Kl -X—wlt)

.—p.13/51



2. Three waves inter action model.

Electromagnetic waves:

(0? A w;e)EL =0,

. k
(AJ_,EJ_,UeJ_) :eZK.X_wt(AJ_aEJ_aveJ_)_I_CCa K = ( ] )

W €
E, = ?AL, Vel =

Al

MeC

—iwE | +cK x (K x A) = 4wengvey

— (B, A,v.) € K+
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2. Three waves inter action model.

Equation on Ay:

, c? 1/, ct 2
Z(@t + — K - V>A0 + —(C A — —2(K0 . v> )AO
wo 2w Wy
27me? e o Ko Kp
_ <ne>Ag— V- E)Age " -
WoMe " 0 2w0me( ) Re | Ko||KR|
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2. Three waves inter action model.

Equation on Ay:

, c? 1/, c* 2
Z(@t + —Ko . V>A0 + —(C A — —2(K0 . v> )AO
Wo 2w Wy
27me? e o Ko Kp
= <ne > Ay — V- E)Ape .
WoMe " 0 2w0me( ) Re | Ko||KR|

Equation on Ag:

4

(00 + < Kn. V) Ap + ZL(CZA - 55 (Kr-V)*)Ar

WR WR Wr

27me? e o Ko Kp
= <ne>Ap — V - E*) Age' .
WRMe " H Qmee( ) 0¢ | Ko||KR|
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2. Three waves inter action model.

Equation on E

2 2
i0,Ep + —th YV . Ey— -V x V x Ep
2Wpe 2Wpe
Wpe e (Ao e Ko - Kr )
== < e > E v A ° A 1 .
2~ O Imeer Y\ RS TR T
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2. Three waves inter action model.

, c? g [ 5 ct 2
i(00+ S Ko V) Ao+ 5 (2A = 55 (Ko - V)*) 4o
wo 2w Wy
e i KO-KR
— —¢ V- -E|)Ape 1 :
o, B AR R TR
, c? E [ 5 c* 2
Z(@t—|— —KRV)AR+ —(C A — —2(KRV> )AR
WR 2WR Wh
€ : KQ-KR
= —¢ V- -E5)Ayet :
Zmee( ) Ao Ko||Kr|

i) + (VY By — 55V x V x E )

2w 2w

_ EWpe x 101 Ko KR
_€2meCQV(AOAR€ |KO||KR|>.
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2. Three waves inter action model.

E|| = gei(Kl'X_wlt), with (9tE|| << leH, VEH << K1E||

(wpe +w1)* = wpe +vp [ K[,

then
N vt2h|K1‘2

2Wpe
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2. Three waves inter action model.

E|| = gei(Kl'X_wlt), with (9tE|| << leH, VEH << K1E||

(wpe +w1)* = wpe +vp [ K[,

then
~ vt2h|K1‘2

2Wpe

i(at+vfhK1.v)5+eA5 = i ey (Ao Afyatta ) K

EWpe x Ko Kgr
+ean, C2V<A0A |K0||KR|>
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2. Three waves inter action model.

wpe K -5
Agr, f=

Wpe
fOZ iAOa fR—

Take f; fixed (pump wave). Leading order in ¢ :

2
K
<at—|—C—KR )fR— e| 1‘ f fOCOS( )
WR
th G‘Kl‘ *
<8t+ peK V)f 2mewpefochos(Q).

0 = angle betweelk, andkK
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2. Three waves inter action model.

wpe K -5
Agr, f=

Wpe
fOZ iAOa fR—

Take f; fixed (pump wave). Leading order in ¢ :

2
K
<at—|—C—KR )fR— e| 1‘ f fOCOS( )
WR
th G‘Kl‘ *
<8t+ peK V)f 2mewpefochos(Q).

0 = angle betweelk, andkK

Amplification rate is proportional to

cos?(0)|K1|*  |Ki]* Ko-Kr
WRWpe wr | Kol|[KR|

B2 =

.—p.19/51



2. Three waves inter action model.
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2. Three waves inter action model.

wE=1+ko?, wh=1+(k*+1°)

1+w))=14+a*k2+12), a= U%h << 1

.—p.20/51



2. Three waves inter action model.

System

V2 + 1,2 ko — k1|

Maximize J =
\/1 + (ko — k1) + 1) \/(ko — k)2 + 1,7

with \/1—|—]€02 = \/1—|— (ko —k1)2—|—l12 + \/1—|‘Oé(k12‘|‘Z12)

.—p.21/51



2. Three waves inter action model.

Results:
Backscaterred Raman :

Forward Raman:

5 T T T T
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.811
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2. Three waves inter action model.
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2. Three waves inter action model.

|
E = Byemionet 4 10 4 gitkoX—wot) L Wk 41 (il X—whn)
¢ c
1BL. 2,sym , ;
LR p2 (KR X —wht) W™ Az R X
¢ C
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2. Three waves inter action model.

.1
E = Ege —iwpet 4+ M_OA ez(KO.X—wot) 4+ M_RA}%ei(K}%.X—w}%t)
C C
ZWQ Zw2 sym 2,sym 2,sym
—I——RA z(KRX wht) 4 R A2 sym z(K Y X —wR)
C C
(0 + Ko - V) Ao+ — (28 — (Ko - V)) A,
t Wo 0 2w Wo
2me? e Ky - K
= <ne > Ag - (V- B)ARe™™ B
WoMe e " 2wome (V-E) | Ko|| K 3|
02 KO K2 2. sum _-92,sym KO . K?isym
+(V - E)A%e "1 + (V- E)A7Y e ™ Sm)
e TRoIRE] 5 | Kol [ K™
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2. Three waves inter action model.

c? 1 ct
(0 + —TKp-V)Ap+ = (A — — (K- V)?) A}
Z(t+w]1% k- V) R+2wR< (w@g( r-V)7)Ag
WhHMe R Qmee ’ |K0HK |
i(0 + —2K V)AL + i( AN i(K2 . V)?) A7
t wh o T 2wh (wg)2 " &
U (V- E*) Agei®i 220 K
Ne — : e
WM, o 2wZm, ’ | Kol|| K%
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2. Three waves inter action model.

2
iOhE + —AE =222 (< n. > E) + 25 V(A A

2wpe 2 2mc? i |K0HK§|
KO K - N2 2 KO . K278ym -62,sym
+Ag A% o071 4 A, AZSYT R 0107
PR KK TR K| | KB )
2

(07— 2A) < e >= ——A(1EP+ 52 (| Ao+ | AR+ A%+ |45 2)

47'('7%

Pertinent parameter :

E|€
vl Vi

.—p.26/51



2. Three waves inter action model.

x € [0, 150], y€[0,80], N,=150, N, =80

T=50, N; = 288
Collision test case + (A},Ky) in the z-axis.

Ac(0) = 0.36—0.03(31—75)2e—O.Ol(y—4O)2.

A}{(O) _ 0.036—0.003(33—90)26—00.1(y—40)2
A%(O) _ 0.036—0.003(33—55)26—00.1(y—40)2

E0)=0, <n.>=0 <n.>=0

.—p.27/51



2. Three waves inter action model.

0.06

0.055

0.05

0.045

0.04

0.035

0.03

0.062

0.06

0.058

0.056

0.054

0.052

0.05

0.048

Maximum of'Ar1

Maximun of'Ar2

1.2

.—p.28/51



3. The Cauchy problem.

Structure of the system:

V1 Ag Ao
P10+ | vy | 0. AR | +A | AR
0 Eq Eq

Ap —V - EgAR

—n| AR |+| V. EA,

Eyq V(AR - Ao)

(02 — A)n= A (JAo|* + |Ar|* + | Eo[?),

.—p.29/51



3. The Cauchy problem.

The system is an extension of :

i0.F + AE = nE.
0?n — An = A|E|?

Cauchy problem: Sulem-Sulem ( 79), Added-Added (88),
Ozawa-Tsutsumi (92), Bourgain (96), Ginibre-Tsutsumi-Velo (97).

Finite-time blow-up: Glangetas-Merle (94).

Numerical scheme: Glassey, huge physical litterature

.—p.30/51



3. The Cauchy problem.

Theorem (Colins) The system is locally well-posed in H®.

Conservation:

ldea: couple Ozawa-Tsutsumi with energy estimates for quasilinear
hyperbolic systems.

Problem :
—V - EgA
Ao AR O
z@t I — -V - ESAO
0
V(A% - Ao)

IS not hyperbolic!

.—p.31/51



3. The Cauchy problem.

If Ag = u1 + tus, Agr = us + 1uyg, Fy = us + iug, the system reads:

[

(051

U2

)

Mo,

[ w
U2

)

.—p.32/51



3. The Cauchy problem.

with
[0 0 0 0 -—u —ug\
0 0 0 0 Uz  —Ug
A — 0 0 0 0 —Uy U
0 0 0 0 U1 U9
—U4 U3 Uz —Up 0
\—’U,g —Uy  —U]  —UD 0 )

Idea : /% behaves like —A.

.—p.33/51



4. Solitary waves

a) The semi-trivial waves.

i@tul
i@tug

’iatU3

A —

-1 -

P uq + yusus,
-1 S

P U — yusus,

-1
P ug — YUuiuz,

.—p.34/51



4. Solitary waves

a) The semi-trivial waves.

. -1 -
101 = —Aug — |ug [P ur + Yusus,
: -1 __
10ps = —Aug — |us|P™ T us — yusuy,
: 1

10yuz = —Auz — |uz|P” uz — yugus,

(621'th0’ O7 O), (O, Ginth, O), (O7 O, Gintgp)
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4. Solitary waves

a) The semi-trivial waves.

. -1 -
101 = —Aug — |ug [P ur + Yusus,

1 __
—Auy — |ua [P ug — yusuy,

i@tug

- —1
10yuz = —Auz — |uz|P” uz — yugus,

(621'th0’ O7 O), (O, Ginth, O), (O7 O, Gintgp)

—Ap + 2wp — [p[PTlp =0

.—p.34/51



4. Solitary waves

e Conserved Quantities :

B (@) =

M-

I
[T

1 1 1 __
] (5190l = i) = are [ wuswmas,

Q1 (4)

luillZz + llusllz> and  Qo(a@) = [luzllZ> + luslZ.,

.—p.35/51



4. Solitary waves

e Conserved Quantities :

M-

I
[T

B (@) =

1 1 1 __
(5190l = sl ) = vRe [ wrwmds

J

Q1 (4)

luillZz + llusllz> and  Qo(a@) = [luzllZ> + luslZ.,

e Global Well-Posedness : in H* for N=1,2,3,1 <p<1+4/N,~v > 0.

see T. Cazenave
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4. Solitary waves

e Conserved Quantities :

M-

I
[T

B (@) =

1 1 1 __
(5190l = sl ) = vRe [ wrwmds

J

Q1 (4)

luillZz + llusllz> and  Qo(a@) = [luzllZ> + luslZ.,

e Global Well-Posedness : in H* for N=1,2,3,1 <p<1+4/N,~v > 0.
see T. Cazenave
o u,(t) = e?"™p solution to
i0u = —Au — |ulPtu
— stableif1 <p <4/N

—unstableif1+4/N <p<1+4/(N —2) .~ p.35/51



4. Solitary waves

e \What about

(627;001590,070)7 (0,62?:Wt§0,0), (O,O,@Ziwt@)?
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4. Solitary waves

e What about
(627;001590,070)7 (0,62?:Wt§0,0), (0707627;001590)?
o Def : (e*™yp,0,0) is stale if for any £ > 0 there exists § > 0 such that if

ug € HY(RYN,C3) and ||ug — (¢,0,0)||z1 < 6, then the solution u(t) with
u(0) = ug satisfies

e inf ull) — 67;9 -t 7070 < €.
tEIODQER,yeRN Ju(t) — (e o(- +y) N &

.—p.36/51



4. Solitary waves

e \What about

(62iwtgp, O7 O), (O 2zwt90, O) (O, O, 62iwtg0)?

o Def : (e*™yp,0,0) is stale if for any £ > 0 there exists § > 0 such that if
ug € HY(RYN,C3) and ||ug — (¢,0,0)||z1 < 6, then the solution u(t) with
u(0) = ug satisfies

e inf ull) — 67;9 -t 7070 < €.
tZIODQER,yeRN Ju(t) — (e o(- +y) N &

.—p.36/51



4. Solitary waves

Theorem 1: (MC, T. Colin and M. Ohta, Ann. IHP, 09")) Let 1 < N < 3,
l<p<1+4/N,~>0,w >0, Then, the solitary wave solutions
(e2tp, 0,0) and (0, e**“iyp, 0) are orbitally stable.

~+ Variational method

.—p.37/51



4. Solitary waves

Theorem 1: (MC, T. Colin and M. Ohta, Ann. IHP, 09")) Let 1 < N < 3,
l<p<1+4/N,~>0,w >0, Then, the solitary wave solutions
(e2tp, 0,0) and (0, e**“iyp, 0) are orbitally stable.

~+ Variational method

Theorem 2 : (MC, T. Colin and M. Ohta, Ann. IHP,09’) Let 1 < N < 3,
1 <p<1+4/N,w > 0. Then, there exists a positive constant ~*
satisfying the following.

1) If0< v < ’y*, then the solitary wave solution 0, 0, 62i:'tg0 IS orbitally
stable.

(i) Assume further that N < 2 and p > 2. If v > ~*, then the solitary
wave solution (0, 0, ") is orbitally unstable.

~ Spectral method —p.37/51



4. Solitary waves

S G\ 2 T L PR
= f{fww@)\v(xnwx' < HE) (03]
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4. Solitary waves

S G\ 2 T L PR
= f{fww@)\v(xnwx' < HE) (03]

Theorem 3 : (MC, T. Colin and M. Onhta, Funkciala] Ekvacioj, 09') Let
I<N<3,1<p<l+4+4/N,w >0.Ify>~* then the standing wave
solution (0, 0, e**!y) is orbitally unstable.

.—p.38/51



4. Solitary waves.

b) Bifurcation from Semi-Trivial solitary waves

z’@tul
i@tu2

’iatU3

A —

-1 S

P uq + yusus,
-1 -

b U — YyuszUus,

1
P ug — YUuiuz,

.—p.39/51



4. Solitary waves.

b) Bifurcation from Semi-Trivial solitary waves

. -1 _

101 = —Aug — |u [P ur + yusus,
i@tug = _AU/Q — (U2 p_1UQ — ’yu3u_1,
iOpus = —Aug — |us P~ ug — yuqus,

~+ v Is a bifurcation point (Crandall and Rabinowitz)

.—p.39/51



4. Solitary waves.

b) Bifurcation from Semi-Trivial solitary waves

. -1 S
101 = —Aug — |u [P ur + yusus,
i@tug = _AU/Q — (U2 p—1u2 — ’yu3u_1,
: —1

10yuz = —Auz — |uz|P” uz — yugus,

~+ v Is a bifurcation point (Crandall and Rabinowitz)

~» What about the structure and stability properties?
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4. Solitary waves.

b) Bifurcation from Semi-Trivial solitary waves

. -1 S
101 = —Aug — |u [P ur + yusus,
i@tug = _AU/Q — (U2 p—1u2 — ’yu3u_1,
: —1

10yuz = —Auz — |uz|P” uz — yugus,

~ ~v* IS a bifurcation point (Crandall and Rabinowitz)
~» What about the structure and stability properties?
~ Difficult to answer in the general setting!

wp:2andu1:u2

.—p.39/51



4. Solitary waves.

101 = —Auy — Klug|uy — yuus
i0pug = —2Aus — 2|ug|ug — yu?
> ’y* =1

~ (O, €2thQO)

Theorem4: Let N <3,k € R,y >0, w > 0. Then, the semi-trivial
standing wave solution (0, e**!y) is stable if 0 < v < 1, and it is unstable if
v > 1.

. — p.40/51



4. Solitary waves.

Bifurcation Branch : (ayp, By), (o, ) €]0, cof?

—Ap + 2w — ? =0

—Ap1 +wpr = Klp1|er +YPre2
—Apa + wpa = |pa2|p2 + (7/2)¢1

ra+y8 =1, ~ya*+28°=28

.—p.41/51



4. Solitary waves.

Sry = {(2,y) €]0,00[%: ki +y =1, va* + 2y = 2y}.

(2 =)k £yVE2+ 29(y — 1)

a4+ =

2532_"73
5 :/12+72:|:/<;\//<;2+2'y(7—1)
+ 2/4324_73 ,
2 _ 2 2
g = LA =

_21,{-/2_'_/73’ 21,{-/2_'_73

.—p.42/51



4. Solitary waves.

Sry = {(2,y) €]0,00[%: ki +y =1, va* + 2y = 2y}.

(2 =)k £yVE2+ 29(y — 1)

a4+ =

2532_"73
5 KPP ERVRE A+ 29(y - 1)
+ — 2/{24_,)/3 )
2— YK K2 + 2
“o = | 2 )3’ Bo= 553
2K% 4 7y 2K% 4 7y

ok <0, (asi,6_)—(0,1)asy—=1+0: {(arp, B_yp):~v > 1} bifurcate
from (0,p) aty =1

¢ x>0, (a_,B4) = (0,1)asy = 1-0: {(a—p,Brp) 1 9m <7y <1}

.—p.42/51



4. Solitary waves.

T3 ={(k,7): 0<y <1, k=12v(1—7)}

T

Proposition 1 : (0) If (k,7v) € Jo, then S  is empty.
(1) If (k,y) € J1,then S, , = {(a4,5-)}.

(2) If (’i77) € Ja, then 8%,7 — {(O‘—HB—)? (04—754-)}'
(3) If(k,v) € T3, then S, , = {(ao, Bo) }-

.—p.43/51



4. Solitary waves.

Theorem 5 : (MC and M. Onhta, 11’) Let N > 3. Then
1) If (k,v) € J1 U Js, the standing wave (e*“tap, e*“t[_yp) is stable.
2) If (k,7v) € J2 , the standing wave (e™'a_qp, e?“t3, ) is unstable.

3) If « > 0 and v = 1, then for any w > 0, the standing wave (0, e?*“tp) is
unstable.

4) If k <0 and v = 1, then for any w > 0, the standing wave (0, e?*“!y) is
stable.

.— p.44/51



4. Solitary waves.

(S"(®)u, 1) = (LrReW), Re(W)) + (LIm(@), Im(x))

o —A+w 0 | QatBle yap
! 0  —Adw yap  2Bp |
s | Atw 0 (= B)p g
] = — .
0 —A+w Yo By

.—p.45/51



4. Solitary waves.

c) The Ground State problem.

{ —Ap1 +wpr = Klp1|er +YPr2
—Ap2 + w2 = |p2|p2 + (7/2)¢7

Su(@) =3 (IVurllZz + Vuall7z) — §llurlzs — 3lluzllzs

—IRe [,y Tad + wi (T[22 + [Jua2,)

Ground state : solution which minimize the action S, among all the
solutions.
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4. Solitary waves.

.—p.47/51



4. Solitary waves.

G, ={G(0)7,(0,) : 0 € R, y € RV},

Gl = {G(O)T,(ayp, B_p): 0 €R, y € RN}

Theorem 6 : (MC and M. Ohta, 11') Let N < 3 and w > 0.
(1) If (k,7) € K1, then G, =G}

(2) If (k,v) € Ka, then G, = G

(3) If (k,y) € K3, thengG, =G° UG!.

.—p.48/51



4. Solitary waves.

e First step : Variational characterization of .

il = inf {loll3, /lell3s -0 € H'®RY)\ {03}

{ve H'(RY) :|jvllz = llvllzs = lollzs} = {0 +y) : 0 € R, y € R},

.—p.49/51



4. Solitary waves.

e First step : Variational characterization of .

il = inf {loll3, /lell3s -0 € H'®RY)\ {03}
{ve H'®) : ol = [olids = lel3} = {e0(-+y) -0 € R, y € RV},

e Second step : Let (u1,uz) € G, and put
a=|uilles/llewlls, b= |luzllzs/|lewllLs-
Then,a >0,b>0

a? < a*(ka +vb), 2b<2b*+~a®, a*+b* < /.

) ai—kﬁz if (k,7v) € Kq,
1 If (K,,’)/)GICQUIC;),,

.—p.49/51



. Solitary waves.
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4. Solitary waves.

e Third step :
(1) If (k,v) € K1, then (a,b) = (as, B-).
(2) If (k,v) € Ko, then (a,b) = (0,1).

(3) If (k,7) € K3, then (a,b) € {(ay,5-),(0,1)}. —p.50/51



4. Solitary waves.

lur/ec i = llwwllzs = llur/o|Izs

luz/B-1171 = llpwllzs = llua/B-17s

| utmde = fur 3 uall s
RN

.—p.51/51
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